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PREFACE. 

The  unusual  character  of  the  recognition  which  the  Text- 
Book  OF  Algebra,  Part  I.,  has  received  encourages  the  authors 
to  believe  that  a  book  on  the  same  lines,  but  in  briefer  form, 
will  have  a  still  wider  field  of  usefulness.  This  book  retains 
the  distinctive  features  of  the  larger  volume ;  but  it  is  in  many- 
respects,  for  younger  students,  an  improvement  on  the  latter. 

The  needs  of  beginners  have  been  constantly  kept  in  mind. 
The  aim  has  been  to  make  the  transition  from  ordinary  Arith- 
metic to  Algebra  natural  and  easy.  No  efforts  have  been 
spared  to  present  the  subject  in  a  simple  and  clear  manner. 
Yet  nothing  has  been  slighted  or  evaded,  and  all  difficulties 
have  been  honestly  faced  and,  explained.  New  terms  and 
ideas  have  bt^en  intrqcTuced  onij;  when  the  development  of  the 
subject  made  thejn  necessary.     Special  attention  has  been  paid 

to  making  clear  th^  i  ea&on  fci  every  step  taken.     Each  prin- 

*    .1 »   ' 
ciple  is  first  ilkistraite^  b^  particular  examples,  thus  preparing 

the  mind  of  the  smdent  to  grasp  the  meaning  of  a  formal 
statement  of  the  principle  and  its  proof.  Directions  for  per- 
forming the  different  operations  are,  as  a  rule,  given  after 
these  operations  have  been  illustrated  by  particular  examples. 
The  importance  of  mental  discipline  to  every  student  of 
mathematics  has  also  been  fully  recognized.     On  this  account 

great  care  has  been  taken  to  develop  the  subject  m  ^  Yo^^c^*^ 

... 
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maimer.  Eigorous,  but,  as  a  rule,  simple,  proofs  of  all  princi- 
ples liave  been  given. 

If  mathematics  is  to  develop  the  reasoning  power  of  the 
student  and  to  teach  him  to  think  logically,  it  is  better  to  omit 
a  proof  altogether  than  to  give  as  a  proof  logically  incorrect 
statements,  thus  training  the  mind  of  the  student  in  illogical 
thinking. 

Concrete  illustrations,  such  as  receiving  and  paying  out 
money,  going  north  and  going  south,  have  their  proper  places, 
but  cannot  be  said  to  constitute  proofs.  If  Algebra,  like 
Arithmetic,  treats  of  number,  then  the  laws  governing  the 
operations  with  numbers  should  be  derived  from  the  properties 
of  and  the  relations  between  them. 

The  subject-matter  in  the  book  has  been  printed  in  two 
sizes  of  type.  The  matter  in  smaller  type  consists  of  the 
formal  proofs  of  principles  and  of  the  more  difficult  portions 
of  each  topic  treated.  The  matter  given  in  the  larger  type  is 
logically  complete  (except  for  the  proofs  of  principles),  and 
can  be  taken  up  as  a  first  course  in  the  subject. 

To  economize  space  the  ^xercig^.havfi  ]pe§i^^j)ut  in  smaller 
type,  and  not  the  explana^o'bfe*<^d;solMWns*;(^  illustrative 
examples  in  the  text.     It  is  reg5,tdedj8ps:]0[i(i»a; important  that 

the  student  should  have  th§se;*whieft»?ie«*is«to  study,  most 

•  •'•*-2   •*••••••••     •    . 

clearly  represented  rather  th^Cn  >6Q*.^xaftf^I^  ^hich  he  is  to 

copy  and  then  work  from  his  paper. 

The  attention  of  teachers  is  especially  invited  to  the  follow- 
ing features  of  the  book : 

The  introductory  chapter  and  the  development  in  Chapter  II. 
of  the  fundamental  operations  with  algebraic  numbers. 

The  use  of  type-forms  in  multiplication  and  division  (Chap- 
ter  YI.)  and  in  factoring  (Chapter  VIII.). 
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The  application  of  factoring  to  the  solution  of  equations 
(Chapters  VIIL  and  XXI.).  By  the  early  introduction  of 
this  method  it  has  been  possible  to  give  problems  which  lead 
to  quadratic  equations  before  the  formal  treatment  of  that 
topic. 

The  solutions  of  equations  based  upon  equivalent  equations 
and  equivalent  systems  of  equations  (Chapter  IV.,  etc.).  This 
method  is  of  extreme  importance,  even  to  the  beginner.  The 
ordinary  way  of  treating  equations  is  illogical,  leads  to  serious 
errors,  and  is  therefore  also  pedagogically  wrong. 

Thus,  no  one  will  dispute  that  if  both  sides  of  an  equation 
be  multiplied  by  the  same  algebraical  number  an  equation  is 
obtained ;  but  whether  it  is  legitimate  to  assume  that  the  solu- 
tions of  this  equation  are  the  solutions  of  the  given  equation 
is  quite  another  matter. 

The  treatment  of  irrational  equations  (Chapter  XXIII.). 

The  special  suggestions  given  in  the  first  chapter  on  prob- 
lems (Chapter  V.),  and  applied  subsequently  to  assist  the 
student  in  acquiring  facility  in  translating  the  verbal  language 
of  the  problem  into  the  symbolic  language  of  the  equation. 

The  discussion  of  general  problems  (Chapter  XI.)  and  the 
interpretation  of  positive,  negative,  zero,  indeterminate,  and 
infinite  solutions  of  problems  (Chapter  XII.). 

The  outline  of  irrational  numbers  (Chapter  XVIII.). 

The  brief  introduction  to  imaginary  and  complex  numbers 
(Chapter  XX.). 

The  exercises  are  voluminous.  The  aim  has  been  not  only 
to  give  examples  for  sufficient  drill  in  the  applications  of  the 
principles,  but  to  include  also  many  which  tend  to  develop  the 
thinking  power  of  the  student,  rather  than  to  develop  him  in 
a  treadmill  way. 
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Errors  in  the  text  and  in  the  exercises  may  have  been  over- 
looked.  Any  suggestions  from  teachers  and  students  with 
respect  either  to  errors  in  the  text  and  exercises  or  to  the 
mode  of  presenting  the  subject  will  be  highly  appreciated. 

The  authors  take  pleasure  in  acknowledging  their  indebted- 
ness to  their  colleagues  in  secondary  schools  and  colleges  for 
many  helpful  suggestions  and  criticisms  which  have  been  of 
much  assistance  to  them  in  preparing  this  book. 

The  book  is  published  in  two  forms : 

(1)  School  Algebra.     (2)  Elements  of  Algebra. 

The  Elements  contains  the  matter  in  the  School  Algebra 
and  additional  brief  chapters  on  the  more  advanced  subjects 
required  for  admission  to  universities  and  scientific  schools. 


G.  E.  F. 


University  op  Pennsylvania, 
Philadelphia,  April,  1899. 
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In  this  edition  a  number  of  typographical  errors  have  been 

corrected.    We  cordially  thank  those  who  have  called  any  of 

them  to  our  attention. 

G.  E.  F. 

I.  J.  S. 
University  of  Pennsylvania, 

Philadelphia,  August,  1899. 
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CHAPTER  I. 

INTRODUCTION. 

Algebra,  like  Arithmetic,  treats  of  number.  But  the  mean- 
ing of  number,  and  the  mode  of  representing  it,  are  extended 
in  passing  from  ordinary  Arithmetic  to  Algebra. 

§1.    GENERAL  NUMBER. 

1.  In  ordinary  Arithmetic  all  numbers  have  particular  values 
and  are  represented  by  definite  symbols,  the  Arabic  numerals, 
1,  2,  3,  etc.  The  symbol  7,  for  instance,  stands  for  a  group  of 
seven  units. 

In  Algebra,  however,  such  symbols  as  a,  b,  x,  y,  are  used  to 
represent  numbers  which  may  have  any  values  whatever,  or 
numbers  whose  values  are,  as  yet,  unknown. 

Just  as  we  speak  of  10  miles,  of  95  dollars,  etc.,  in  Arith- 
metic ;  so  in  Algebra  we  speak  of  a  miles,  meaning  any  num- 
ber of  miles  or  an  unknown  number  of  miles;  of  x  dollars, 
meaning  any  number  or  an  unknown  number  of  dollars,  etc. 

For  the  sake  of  brevity,  we  shall  say  the  number  a,  or  simply 
a,  meaning  thereby  the  number  denoted  by  the  symbol  a, 

2.  The  symbols  of  Arithmetic,  1,  2,  3,  etc.,  are  retained  in 
Algebra  with  their  exact  arithmetical  meanings.  The  numbers 
represented  by  letters  are,  for  the  sake  of  distinction,  called 
Literal  or  General  Numbers.  Other  symbols  than  letters  might 
be  used  to  represent  general  numbers,  but  letters  are  more  con- 
venient to  write  and  to  pronounce. 

3.  The  operations  of  Addition,  Subtraction,  Multiplication, 
and  Division  are  denoted  by  the  same  symbols  in  Algebra  as  in 
Arithmetic. 
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4.  The  Symbol  of  Addition,  +,  read  plus,  is  placed  between 
two  numbers  to  indicate  that  the  number  on  its  right  is  to  be 
added  to  the  number  on  its  left. 

E.g.y  just  as  5  +  3,  read  Jive  plus  three,  means  that  3  is  to 
be  added  to  5 ;  so  a  +  b,  read  a  plus  h,  means  that  h  is  to  be 
added  to  d. 

5.  The  Symbol  of  Subtraction,  — ,  read  minus,  is  placed  be- 
tween two  numbers  to  indicate  that  the  number  on  its  right  is 
to  be  subtracted  from  the  number  on  its  left. 

E.g.,  just  as  5  —  3,  read  five  minus  three,  means  that  3  is  to 
be  subtracted  from  5 ;  so  a  —  6,  read  a  minus  b,  means  that  b  is 
to  be  subtracted  from  a. 

In  a  chain  of  additions  and  subtractions  the  operations  are 
to  be  performed  successively  from  left  to  right. 

E.g.,       7  +  4-3  +  2  =  11 -3  +  2  =  8+2  =  10. 

6.  The  Symbol  of  Multiplication,  x,  read  multiplied  by,  or 
times,  means  that  the  number  on  its  left  is  to  be  multiplied  by 
the  number  on  its  right. 

E.g.,  just  as  5x3,  read  five  multijylied  by  three,  or  three 
times  five,  means  that  5  is  to  be  multiplied  by  3 ;  so  a  x  6, 
read  a  multiplied  by  b,  or  b  times  a,  means  that  a  is  to  be  multi- 
plied by  b. 

A  dot  (•)  is  frequently  used,  instead  of  the  symbol  x,  to 
denote  multiplication ;  as  a  •  &  for  a  x  b. 

The  symbol  of  multiplication  between  two  literal  numbers, 
or  one  literal  number  and  an  Arabic  numeral,  is  frequently 
omitted. 

E.g.,  the  product  x  x  y  x  z,  or  x  *  y  -  z,  is  usually  written, 
xyz.     The  product  a  x  6,  or  a  •  6,  is  written,  a  6. 

It  will  be  proved  later  that  a  x  b  =  b  x  a,  oy  ab  =  ba.  On 
this  account  the  product  a  6  is  usually  written  6  a,  the  Arabic 
numeral  being  placed  first. 

But  the  symbol  of  multiplication  between  two  numerals 
cannot  be  omitted  without  changing  the  meaning. 

E.g.,  if  in  the  indicated  multiplication,  3  x  6,  or  3  •  6,  the 
^vTTiVini    X,  or  .,  were  omitted,  we  should  have  36,  not  18. 
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7.  The  Symbol  of  Division,  -?-,  read  divided  by,  is  placed 
between  two  numbers  to  indicate  that  the  number,  on  its  left 
is  to  be  divided  by  the  number  on  its  right. 

E,g,,  just  as  10  -^  5,  read  ten  divided  by  Jive,  means  that  10  is 
to  be  divided  by  5 ;  so  a-r-b,  read  a  divided  by  b,  means  that  a 
is  to  be  divided  by  6. 

In  a  chain  of  multiplications  and  divisions  the  operations 
are  to  be  performed  successiistely  from  left  to  right. 

E.g.,      12  X  2  -.  3  X  4  =  24  ^  3  x  4  =  8  x  4  =  32. 

8.  The  use  of  letters  to  represent  general  numbers  may  be 
illustrated  by  a  few  simple  examples. 

Ex.  1.  If  a  boy  has  3  books  and  is  given  2  more,  he  has 
3-1-2  books.  If  he  has  a  books  and  is  given  5  more,  he 
has  a-\-  5  books.  If  he  has  m  books  and  is  given  n  more, 
he  has  7n  +  n  books. 

Ex.  2.  If  a  boy  has  5  oranges  and  gives  away  2,  he  has  left 
5  —  2  oranges.  If  he  has  p  oranges  and  gives  away  7,  he  has 
left  p  —  7  oranges.  If  he  has  u  oranges  and  gives  away  v,  he 
has  left  u  —  v  oranges. 

Ex.  3.  If  a  man  buys  5  city  lots  at  120  dollars  each,  he  pays 
120  X  5  dollars  for  the  lots.  If  he  buys  a  lots  at  150  dollars 
each,  he  pays  150  a  dollars  for  the  lots.  If  he  buys  u  lots  at 
V  dollars  each,  he  pays  vu  dollars  for  the  lots. 

Ex.  4.  If  a  train  runs  GO  miles  in  2  hours,  it  runs  60  -r-  2 
miles  in  1  hour.  If  it  runs  a  miles  in  5  hours,  it  runs  a  -i-  5 
miles  in  1  hour.  If  it  runs  p  miles  in  q  hours,  it  runs 
p  -s-  g  miles  in  1  hour. 

Ex.  5.  If  a  pupil  buys  2  note  books  at  10  cents  each  and  3 
note  books  at  12  cents  each,  he  pays  10  x  2  + 12  x  3  cents  for 
all.  If  he  buys  a  note  books  at  m  cents  each  and  b  note 
books  at  n  cents  each,  he  pays  ma  -\-7ib  cents  for  all. 

Ex.  6.  If,  in  a  number  of  Uvo  digits,  the  digit  in  the  luiits^ 
place  is  3  and  the  digit  in  the  tens^  place  is  5,  the  number  is 
10  X  5  -I-  3.  If  the  digit  in  the  units'  place  is  a  and  the 
digit  in  the  tens'  place  is  b,  the  number  is  10  6  -h  a. 
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Ex.  7.  Just  as  2  =  1  +  1,  and  3  =  1  +  1+1, 
so  2 a  =  a  +  a,  and  3a  =  a  +  a  +  a. 

Therefore,  just  as  3  +  2  =  5,  so  3a  +  2a  =  5a. 
In  like  manner,  ^a?  +  fa?  =  ^a?. 

9.  Observe  that  in  the  preceding  examples  the  reasoning  is 
the  same  whether  the  numbers  are  represented  by  letters  or  by 
Arabic  numerals.  The  results  of  these  operations  are  numbers 
in  all  cases,  whether  letters  or  numerals,  or  both,  are  involved. 

Thus,  the  result  of  adding  h  to  a,  a  +  6,  is  a  number,  just 
as  5  +  3,  or  8,  is  a  number.  Likewise,  a-\-b  —  c,  ah  —  cd, 
3a  —  5  6,  a-5-6  +  a-f-c?,  etc.,  are  numbers,  expressed  by  means 
of  the  signs  and  symbols  of  Algebra, 

EXERCISES  I. 

1.  What  number  exceeds  7  by  3  ?  What  number  exceeds  6  by  o  ? 
What  number  exceeds  «  by  4  ?    What  number  exceeds  m  by  n  ? 

2.  The  width  of  a  room  is  a  feet,  and  the  length  is  b  feet  more  than 
the  width.     What  is  the  length  of  the  room  ? 

8.  A  man  is  now  n  years  old.  How  old  will  he  be  in  20  years? 
How  old  in  m  years  ? 

4.  What  number  is  less  than  16  by  8  ?  Less  than  a  by  9  ?  Less  than 
11  by  6  ?    Less  than  w  by  »  ? 

5.  A  number  N"  is  divided  into  two  unequal  parts,  the  greater  of 
which  is  6  ;  what  is  the  less  ?    If  the  less  is  a,  what  is  the  greater  ? 

6.  What  number  added  to  16  gives  25  ?  What  number  added  to  m 
gives  n  ? 

7.  What  number  subtracted  from  8  gives  6?  What  number  sub- 
tracted from  p  gives  q  ? 

8.  A  man  is  n  years  old ;  how  old  was  he  6  years  ago  ?  How  old 
was  he  m  years  ago  ?  How  long  must  he  live  to  be  90  years  old  ?  How 
long  to  be  p  years  old  ? 

9.  What  are  the  two  even  numbers  nearest  to  6,  one  greater  and  the 
other  less  than  6  ? 

10.  If  m  is  an  even  number,  what  are  the  two  nearest  even  numbers, 
one  greater  and  the  other  less  than  m  ?  The  two  nearest  odd  numbers, 
one  greater  and  the  other  less  than  m  ? 

11.  If  1  pound  of  tea  cost  76  cents,  how  much  do  3  pounds  cost  ?  If 
1  pound  cost  76  cents,  how  much  do  n  pounds  cost  ?  If  1  pound  cost  a 
cents,  how  much  do  6  pounds  cost  ? 
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12.  If  3  men  can  do  a  piece  of  work  in  8  hours,  in  how  many  hours 
can  1  man  do  the  work  ?  If  <z  men  can  do  a  piece  of  work  in  9  hours,  in 
how  many  hours  can  1  man  do  the  work  ?  If  6  men  can  do  a  piece  of 
work  in  h  hours,  in  how  many  hours  can  1  man  do  the  work  ? 

13.  10  X  2,  10  X  3,  etc.,  are  particular  multiples  of  10;  express  any 
multiple  of  10. 

14.  Write  a  number  containing  6  units,  6  tens,  3  hundreds. 

15.  Write  a  number  containing  a  units,  h  tens,  c  hundreds. 

16.  The  speed  of  sound  is  1100  feet  per  second.  What  is  the  distance 
of  a  cloud,  if  the  thunder  is  heard  3  seconds  after  the  flash  of  lightning  ? 
What  is  the  distance  of  a  cloud,  if  the  thunder  is  heard  h  seconds  after 
the  flash  ? 

17.  If  A  rides  a  wheel  4  hours  at  the  rate  of  10  miles  an  hour,  and  B 
rides  3  houi-s  at  the  rate  of  14  miles  an  hour,  how  many  miles  do  they 
both  ride  ?    How  many  more  miles  does  B  ride  than  A  ? 

18.  If  A  rides  a  wheel  h  hours  at  the  rate  of  r  miles  an  hour,  and  B 
rides  k  hours  at  the  rate  of  s  miles  an  hour,  how  many  miles  do  they 
both  ride  ?    How  many  more  miles  does  B  ride  than  A  ? 

19.  By  what  number  must  20  be  multiplied  to  give  40?  By  what 
number  must  20  be  multiplied  to  give  a  ?  By  what  number  must  a  be 
multiplied  to  give  20  ?    By  what  number  must  n  be  multiplied  to  give  h  ? 

20.  How  many  revolutions  does  a  wheel  21  feet  in  circumference  make 
in  passing  a  distance  of  36  yards  ?  How  many  revolutions  does  a  wheel 
c  feet  in  circumference  make  in  passing  a  distance  of  d  yards  ? 

21.  A  house  costs  a  dollars,  and  rents  for  h  dollars  a  month.  What 
per  cent  does  the  investment  pay  ? 

22.  If  22  yards  of  cloth  cost  $33,  and  7  yards  are  sold  for  $14,  what 
is  the  gain  on  each  yard  sold  ? 

23.  If  d  yards  of  cloth  cost  c  dollars,  and  h  yards  are  sold  for  a  dollars, 
what  is  the  gain  on  each  yard  sold  ? 

10.  Parentheses,  (),  and  Brackets,  [],  are  used  to  indicate 
that  whatever  is  placed  within  them  is  to  be  treated  as  a  whole. 

E.g.,  10  —  (2  +  5)  means  that  the  result  of  adding  5  to  2,  or 
7,  is  to  be  subtracted  from  10 ;  that  is, 

10  _  (2  +  5)  =  10  -  7  =  3. 

But  10  —  2  4-  5  means  that  2  is  to  be  subtracted  from  10  and 
5  is  then  to  be  added  to  that  result ;  that  is, 

10  -  2  -f  6  =  8  +  5  =  13. 
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In  like  manner,  [27  —  (3  +  2)  x  5]  -5-  2  means  that  the  resiilt 
of  multiplying  the  sum  3  -f  2  by  5  is  first  to  be  subtracted 
from  27,  and  the  remainder  is  then  to  be  divided  by  2 ;  that  is, 

[27  -  (3  +  2)  X  5]  -5-  2  =  [27  -  25]  -5-  2  =  2  ^  2  =  1. 

Likewise,  the  result  of  multiplying  a  +  6  by  c  is  (a*-h  b)c,  etc. 

EXERCISES  II. 
Find  the  values  of  the  following  indicated  operations : 


1. 

18 +(7 -3). 

2.    12 -(8 -4). 

3. 

(25-ll)-(18-7). 

4.    (6  +  7)2. 

5. 

i2+(4-3)2. 

6.    (7  +  8)^5. 

7. 

(12-6)-i-2. 

8.    25-(16-7)h-2. 

9. 

17-[(3  +  5)-(2  4-4)]. 

10.    [7+(11-2)-(8-6)]x2. 

11.  What  is  the  result  of  subtracting  from  x  a  number  5  greater  than  6  ? 

12.  One-third  of  a  man's  property  is  a  +  100  dollars.  What  is  his 
entire  property  ? 

13.  The  length  of  a  rectangular  field  is  a  rods,  and  its  width  is  h  rods 
less.    What  is  the  area  of  the  field  ? 

14.  The  older  of  two  brothers  is  20  years  old;  if  he  were  6  years 
younger,  he  would  be  three  times  as  old  as  his  younger  brother.  How 
old  is  his  younger  brother  ? 

15.  The  older  of  two  brothers  is  n  years  old ;  if  he  were  a  years 
younger,  he  would  be  h  times  as  old  as  his  younger  brother.  How  old  is 
the  younger  brother  ? 

11.  An  Algebraic  Expression  is  a  number  expressed  by  means 
of  the  signs  and  symbols  of  Algebra ;  as  a6  —  cd,  etc. 

12.  The  Symbol  of  Equality,  =,  read  is  equal  to,  has  the 
value,  etc.,  is  placed  between  two  numbers  or  expressions  to 
indicate  that  they  have  the  same  or  equal  values ;  as  S  -f  2  =  5. 

An  Equation  is  a  statement  that  two  numbers  or  expressions 
are  equal ;  as  7  x  9  =  63,  4  x  7  -f  3  =  31. 

The  first,  or  left-hand  member,  or  side,  of  an  equation  is  the 
expression  on  the  left  of  the  symbol  = ;  the  second,  or  right- 
hand  member,  or  side,  is  the  expression  on  the  right  of  the 
symbol  =. 

13.  The  Symbol  of  Inequality,  >,  read  is  greater  than,  is 
used  to  indicate  that  the  number  or  expression  on  its  left  is 
greater  than  that  on  its  right ;  as  7  >  5. 
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The  Symbol  of  Inequality,  <,  read  is  less  than,  is  used  to 
indicate  that  the  number  or  expression  on  its  left  is  less  than 
that  on  its  right ;  as  3  <  4  -f  2. 

AziomB. 

14.  An  Axiom  is  a  truth  so  simple  that  it  cannot  be  made 
to  depend  upon  a  truth  still  simpler. 

Algebra  makes  frequent  use  of  the  following  mathematical 
axioms : 

(i.)  Every  number  is  equal  to  itself.     E.g.,  7  =  7,  a  =  a. 

(ii.)  The  whole  is  equal  to  the  sum  of  all  its  paints. 

E.g.,  7  =  3  +  4,   5  =  1  +  1  +  1  +  1  +  1. 

(iii.)  If  two  numbers  be  equal,  either  can  repla^ce  the  other  in 
any  algebraic  expression  in  which  it  occurs. 

E.g.,  If  a  +  6  =  c,  and  b  =  d,  then  a-\-d  =  c,  replacing  b  by  d. 

(iv.)  Two  numbers  which  are  each  equal  to  a  third  number  are 
equal  to  each  other. 

E.g.,  If  a  =  b,  and  c  =  b,  then  a  =  c. 

(v.)  TTie  whole  is  greater  than  any  of  its  paHs  ;  and,  con- 
versely, any  part  is  less  than  the  whole. 

E.g.,  3  +  2  >  2  and  2  <  3  +  2. 

Fundamental  Principles. 

15.  The  following  principles  can  be  inferred  directly  from 
the  axioms : 

(i.)  If  the  same  number,  or  equal  numbers,  be  added  to  equal 
numbers,  the  sums  will  be  equal. 

(ii.)  If  the  same  number,  or  equal  mnnbers,  be  subtracted  from 
equal  numbers,  the  remainders  ivill  be  equal. 

(iii.)  If  equal  numbers  be  multiplied  by  the  same  number,  or 
by  equal  numbers,  the  products  ivill  be  equal. 

(iv.)  If  equal  mnnbers  be  divided  by  the  same  number  (except  0), 
or  by  eqiial  numbers,  the  quotients  will  be  equal. 
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16.  Literal  numbers,  as  has  been  stated,  are  used  to  repre- 
sent numbers  which  may  have  any  values  ivhatever,  or  numbers 
whose  values  are,  as  yet,  unknown.  But  it  is  frequently  neces- 
sary to  assign  particular  values  to  such  numbers. 

Substitution  is  the  process  of  replacing  a  literal  number  in 
an  algebraic  expression  by  a  particular  value.    See  axiom  (iii.). 

Ex.  1.  If  in  a  -f  6,  a  =  3  (read  a  has  the  value  3)  and  6  =  5, 

then 

a-f6  =  3H-5  =  8,  or  a-\-b  =  S. 

Notice  that  the  last  step  involved  an  application  of  axiom  (iv.). 
For  we  have  a  -{-  b  =  3  -\-  5,  and  3  +  5  =  8;  therefore,  by 
axiom  (iv.),  a-\-b  =  S. 

Ex.  2.  If  in  a  —  (b-\-  c),  a  =  11,  6  =  2,  and  c  =  3,  we  have 
a  -  (6  +  c)  =  11  -  (2  +  3)  =  11  -  5  =  6. 

Ex.  3.  If,  in  a-\-b-2a-\-3b-c,  we  let  a  =  6,  b  =  11  J, 
c  =  1^,  we  have 

a-h6-2a  +  36-c='6  +  ll^-2x6-f3xlH-| 

=  6  +  ^3^-12  +  iyL-|  =  38i 

Observe  that  in  the  work  of  the  last  example,  the  expres- 
sion aH-6  —  2a  +  36  —  cis  to  be  understood  on  the  left  of  the 
symbol,  =,  in  the  second  line. 

Ex.  4.  If,  in  the  last  example,  a  =  3,  6=1,  and  c  =  1,  we 
have  a-f6-2a-f36-c  =  3-f-l-6-f-3-l=4-6  +  3-l. 

We  cannot  further  reduce  4—6+3—1,  since  we  are  unable, 
as  yet,  to  subtract  6  from  4. 

EXERCISES    III. 

What  are  the  values  of  the  following  expressions  when  a  =  6,  6  =  4, 
C  =  2: 

!.«  +  &.  2.   a  —  b.  3.   ab.  4.   a  -^  b. 

6.   a  —  6  +  c.  6.   a  -»*ft  —  c.  7.   abc.  8.   a  -^  b  x  c. 

9.   a-^(b  —  c).     10.    a-(b  +  c).      11.    (a  -  6)c.     12.    c^(a-b), 

.13.    [a+(6-c)]a.        14.    [a -(6  -  c)]h- 6.         16.    (a-6)(c-l}. 

16.    (12-a)-H(7-6).        17.    [15 -(7  -  a)]  x  [(25  -  6)-(16  -  c)]. 
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17.  Some  of  the  advantages  of  using  literal  numbers  are 
shown  by  the  following  example : 

Ex.  The  two  equations 

7^7         7         7  11^11        11        11 

are  particular  examples  of  the  following  arithmetical  principle : 

The  sum  of  two  fractions  which  have  a  common  denominator 
is  a  fraction  whose  denominator  is  that  common  denominator,  and 
whose  numerator  is  the  sum  of  the  two  given  numerators  ;  or, 

1st  num.       2d  wim.  __  1st  num.  +  ^d  num. 
com.  den.      com.  den.  com.  den. 

This  principle  can  be  stated  still  more  concisely  if  the  terms 
of  the  fractions,  which  may  be  any  numbers  whatever,  are  rep- 
resented by  three  symbols,  say  a,  6,  c.     We  then  have 

a     5  __  a-\-b 
c      c         c 

This  equation  states  by  means  of  signs  and  symbols  all  that 
is  contained  in  the  verbal  statement  of  the  principle.  It  is 
thus  a  symbolic  statement  of  a  general  principle,  and  includes 
all  particular  cases  that  result  from  assigning  particular  values 
to  a,  b,  c. 

18.  Notice  the  following  advantages  thus  secured  by  intro- 
ducing general  numbers : 

(i.)  General  laics  and  relations  can  be  expressed  with  great 
brevity,  and  yet  include  all  that  the  most  general  verbal  state- 
ments  can  express. 

(ii.)  Such  symbolic  statements  mass  under  the  eye  the  various 
operations  involved,  and  thus  enable  the  eye  to  assist  the  under- 
standing and  memory. 

EXERCISES    IV. 

Express  in  algebraic  langunffe  {i.e.,  by  means  of  the  signs  and  symbols 
of  Algebra)  the  following  principles  of  Arithmetic  : 

1.  If  a,  b,  and  c  are  any  three  numbers,  their  sum  diminished  by  any 
one  of  them  is  equal  to  the  sum  of  the  other  two. 
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If ;;;  is  the  result  of  subtracting  y  from  x,  express  in  algebraic  language 
the  following  principles  of  subtraction : 

2.  The  minuend  is  equal  to  the  subtrahend  plus  the  remainder. 

3.  The  subtrahend  is  equal  to  the  minuend  diminished  by  the  remainder. 

If  z  is  the  result  of  multiplying  x  by  y,  express  in  algebraic  language 
the  following  principles  of  multiplication ; 

4.  The  multiplicand  is  equal  to  the  product  divided  by  the  multiplier. 
6.   The  multiplier  is  equal  to  the  product  divided  by  the  multiplicand. 

If  a  is  exactly  divisible  by  6,  and  q  is  the  quotient,  express  in  algebraic 
language  the  following  principles  of  division  : 

6.  The  dividend  is  equal  to  the  divisor  multiplied  by  the  quotient. 

7.  The  divisor  is  equal  to  the  dividend  divided  by  the  quotient. 

If  —  is  any  fraction,  and  m  is  any  integer,  express  in  algebraic  language 
b 

the  following  principles  of  fractions  : 

8.  If  the  numerator  of  a  fraction  is  multiplied  by  any  integer,  the 
value  of  the  fraction  is  multiplied  by  that  integer. 

9.  If  the  denominator  of  a  fraction  is  multiplied  by  any  integer,  the 
value  of  the  fraction  is  divided  by  that  integer. 

Problems  solved  by  Stations. 

19.  Another  advantage  of  using  literal  numbers  is  shown  by 
the  following  problem : 

Er.  The  older  of  two  brothers  has  twice  as  many  marbles 
as  the  younger,  and  together  they  have  33  marbles.  How 
many  has  the  younger  ? 

The  number  of  marbles  the  younger  brother  has  is,  as  yet,* 
an  unknown  number.  Let  us  represent  this  unknown  number 
by  some  letter,  say  x.  Then,  since  the  older  brother  has  twice 
as  many,  he  has  x  x2,  or  2x,  marbles.     The  problem  states, 

in  verbal  language:  the  number  of  marbles  the  younger  has  plus 
the  number  the  older  has  is  equal  to  33 ; 

in  algebraic  language :  a?  +  2  a;  =  33,  or  3  x  =  33. 

Dividing  by  3  \_kxt.  15  (iv.)],  x  =  11,  the  number  of  marbles 
the  younger  has.     The  older  has  2  x,  =  22. 

ChecJc:  a;  -f-  2aj  =  11  +  22  =  33. 
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EXERCISES  V. 

1.  What  number  added  to  three  times  itself  gives  28  ? 

2.  Divide  69  into  two  parts  so  that  the  greater  shall  be  twice  the  less. 

8.  If  twice  a  number  be  added  to  three  times  the  number,  the  sum 
will  be  63.     What  is  the  number  ? 

4.  If  three  times  a  number  be  subtracted  from  five  times  the  number, 
the  remainder  will  be  6.     What  is  the  number  ? 

6.   Divide  160  into  two  parts  so  that  the  less  is  one-fifth  of  the  greater. 

6.  A  and  B  together  have  $180,  and  A  has  five  times  as  much  as  B. 
How  many  dollars  has  each  ? 

7.  In  a  school  are  120  pupils  ;  in  the  second  grade  are  twice  as  many 
as  in  the  first,  and  in  the  third  three  times  as  many  as  in  the  first.  How 
many  pupils  are  in  each  grade  ? 

8.  A,  B,  and  C  together  invest  .$8000  ;  A  invests  twice  as  much  as  B, 
and  B  five  times  as  much  as  C.     How  many  dollars  does  each  invest  ? 

9.  Divide  30  into  three  pails,  so  that  the  second  shall  be  one-half  of 
the  first,  and  the  third  one-third  of  the  second. 

10.  Divide  52  into  three  parts,  so  that  the  second  shall  be  one-half  of 
the  first,  and  the  third  one-fourth  of  the  second. 

11.  Divide  86  into  three  ^arts,  so  that  the  first  shall  be  four  times  the 
second,  and  one-third  of  the  third. 

13.  If  one-fourth  of  a  number  be  subtracted  from  one-third  of  the 
number,  the  remainder  will  be  6.    What  is  the  number  ? 

18.  Three  boys.  A,  B,  and  C,  have  together  27  pencils.  B  has  twice 
as  many  as  A,  and  C  twice  as  many  as  A  and  B  together.  How  many 
pencils  has  each  ? 

14.  Three  boys,  A,  B,  and  C,  have  together  32  pens ;  B  has  one-third 
as  many  as  A,  and  C  three  times  as  many  as  A  and  B  together.  How 
many  has  each  ? 

15.  Three  boys.  A,  B,  and  C,  have  together  16  note  books  ;  A  has  five 
times  as  many  as  B,  and  the  number  that  A  has  more  than  B  is  twice 
the  number  that  C  has.     How  many  note  books  has  each  ? 

20.   General  numbers  are  most  frequently  represented  by 
the  italicized  letters  of  the  English  alphabet.     But  letters  of 
other  alphabets  are  sometimes  employed,  and  there  is  often  an 
advantage  in  using  the  same  letter  with  some  d\%t\xi^>\\^\xv% 
marks  to  represent  differ^t  numbers  in  tlie  aaia^  dAacM^^\RrcL. 

/ 
J 
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We  add  a  list  of  the  more  common  symbols. 

Greek  letters:  a,  ^,  y,  8,  etc.,  read  alpha,  beta,  gamma,  delta, 
etc. ; 

with  prime  marks:  a\  a",  a'",  a^"\  read  a  prime,  a  two  prime, 
a  three  prime,  a  nj)vime; 

with  subscripts :  a,,  as,  ag,  etc.,  read  a  sub-one,  a  sub-two,  a  sub- 
three,  etc.,  or  simply  a  one,  a  two,  a  three,  etc. 

§2.    POSITIVE    AND    NEGATIVE    NUMBERS,   OR    ALGEBRAIC 

NUMBERS. 

1.  A  still  greater  extensiou  of  the  idea  of  number  in  passing 
from  Arithmetic  to  Algebra  is  arrived  at  by  the  following  con- 
siderations: 

In  ordinary  Arithmetic  we  subtract  a  number  from  a  greater 
or  an  equal  number.     We  are  familiar  with  such  operations  as 

7-5  =  2,    6-5  =  1,    5-5  =  0.  (L) 

But  such  operations  as 

4  —  5,    3  —  5,  etc.,  (ii.) 

have  not  occurred  in  ordinary  Arithmetic  and  cannot  be  car- 
ried out  in  terms  of  arithmetical  numbers.  For,  from  an 
arithmetical  point  of  view,  we  cannot  subtract  from  a  number 
more  units  than  are  contained  in  that  number.  In  general,  the 
indicated  operation  a  —  b  can,  as  yet,  be  performed  only  when 
a  is  greater  than  b.  But  if  a  and  b  are  to  have  any  values 
whatever,  the  case  in  which  a  is  less  than  b,  that  is,  in  which 
the  minuend  is  less  than  the  subtrahend,  must  be  included  in  the 
operation  of  subtraction. 

2.  Now  observe  that,  as  the  minuend  in  equations  (i.)  de- 
creases by  1,  2,  or  more  units  {the  subtrahend  remaining  the 
same)  the  remainder  decreases  by  an  equal  number  of  units. 
When  the  minuend  is  equal  to  the  subtrahend,  the  remainder 
is  0.  If  then,  as  in  the  indicated  operations  (ii.),  the  minuend 
becomes  less  than  the  subtrahend  by  1,  2,  or  more  units,  the 
remainder  must  decrease  by  an  equal  number  of  units,  and 
therefore  become  less  than.  0  by  1,  2,  "or  more  units. 
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The  operation  of  subtracting  a  greater  number  from  a  less  is 
therefore  possible  only  when  numbers  less  than  zero  are  introduced. 

We  then  have  from  (i.)  and  (ii.) : 

Min.  -  Subt.  =  Kem. 

7-5  =  2 

6-5  =  1 

5-5  =  0  (iii.) 

4  —  5  =  a  number  one  unit  less  than  0 

3  —  5  =  a  number  two  units  less  than  0  , 

3.  Numbers  less  than  zero  are  called  Negative  Numbers. 
Numbers  greater  than  zero  are,  for  the  sake  of  distinction, 
called  Positive  Numbers. 

Positive  and  negative  numbers  are  called  Algebraic  or  Rela- 
tive Numbers. 

4.  The  Absolute  Value  of  a  number  is  the  number  of  units 
contained  in  it  without  regard  to  their  quality  (i.e.  whether 
positive  or  negative). 

A  positive  number  may  be  indicated  by  placing  a  small  sign,  +, 
to  the  left  and  a  little  above  its  absolute  value ;  as,  "^5,  +10,  +16 ; 
read  positive  5,  positive  10,  positive  16. 

A  negative  number  may  be  indicated  by  placing  a  small  sign, "", 
to  the  left  and  a  little  above  its  absolute  value ;  as,  "5,  "10,  "16 ; 
read  negative  5,  negative  10,  negative  16. 

We  must,  as  yet,,  carefully  distinguish  these  symbols  of 
quality,  ■*"  and  "",  from  the  (larger)  symbols  of  operation^  -f  and  — . 

5.  Equations  (iii.)  can  now  be  written  as  follows : 

Min.      —     Subt.    =    Rom. 

pos.  7  —  pos.  5  =  pos.  2 
pos.  6  —  pos.  5  '=  pos.  1 


pos.  5  —pos.  5  =  0 
pos.  4  —  pos.  5  =  neg.  1 
pos.  3  —  pos.  5  =  neg.  2  , 


or 


Min.  -  Pnbt.  =  Rem 

■  +7  -  +5  =  +2 


+6  -  +5  =  +1 

+5- +5=  0 
+4  -  +5  =  -1 
+3  -  +5  =  -2 


(iv.) 


A  negative  remainder  does  not  mean  that  move  \\\\\\,^  \v^n^ 
been  taken  from  the  minuend  than  were  contamftdL  m  *\\»\  »^<^ 
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a  remainder  indicates  that  the  subtrahend  is  greater  than  the 
minuend  by  as  many  units  as  are  contained  in  the  remainder. 

Thus,  in  +10  -  +15  =  "5  and  +87  -  +92  ="5,  the  remainder, 
"5,  indicates  that  the  subtrahend  is,  in  each  case,  5  units 
greater  than  the  minuend. 

6.  The  results  of  the  preceding  articles,  restated  briefly,  are : 
A  positive  number  is  a  number  greater  than  zero,  by  as  many 

units  as  are  contained  in  its  absolute  value. 
E.g.,  +2  is  two  units  greater  than  0. 

A  negative  number  is  a  number  less  than  zero  by  as  many  units 
as  are  contained  in  its  absolute  value. 

E.g.,  "3  is  three  units  less  than  0. 

Zero  is  the  result  of  subtracting  a  number  from  an  equal 
number. 
E.g.,         0  =  +7  -  +7  =  -5  -  -5  =  +/I  -  +/I  =  -/I  -  -/i, 

wherein  n  denotes  any  absolute  number. 

Since  zero  can  be  neither  greater  nor  less  than  itself,  it  is 
neither  a  positive  nor  a  negative  number.  It  stands  by  itself, 
as  the  number  from  which  positive  and  negative  numbers  are 
counted. 

7.  The  Sign  of  Continuation,  •••,  read  and  so  on,  or  and  so  on 

to,  is  used  to  indicate  that  a  succession  of  numbers  continues 
without  end,  as  1,  2,  3,  •••,  read,  one,  twOf  three,  and  so  on;  or 
that  the  succession  continues  as  far  as  a  certain  number  which 
is  written  after  the  sign  •••,  as  1,  2,  3,  •••,  10,  read  one,  two, 
three,  as  far  as,  or  to,  10. 

We  may  now  write  the  series  of  algebraic  numbers : 

...  -4,  -3,  -2,  -1,  0,  +1,  +2,  +3,  +4,  ... 

In  this  series  the  numbers  increase  from  left  to  right,  and 

decrease  from  right  to  left;  or  a  number  is  greater  than  any 

number  on  its  left  and  less  than  any  number  on  its  right. 

The  numbers  of  ordinary  Arithmetic  are  the  absolute  values" 

of  the  positive  and  negative  numbers  of  Algebra. 
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Relations  between  PoEdtive  and  Negative  Numbers  and  Zero. 

&  From  the  results  of  the  preceding  article,  we  obtain  the 
following  general  relations : 

(i.)  Of  two  positive  numbers,  thai  number  is  the  greater  which 
has  the  greater  absolute  value;  and  thai  number  is  the  less  which 
has  the  less  absolute  value. 

(ii.)  Of  two  negative  numbers,  that  number  is  the  greater  which 
has  the  less  absolute  value;  and  thai  number  is  the  less  which  has 
the  greaier  absolute  value. 

For  example,  "3  >"5,  or  "5  <  "3,  since  "5  is  five  units  less 
than  0,  and  ""3  is  only  three  units  less  than  0. 

9.  Although  negative  numbers  arise  through  the  extension 
of  the  operation  of  subtraction,  it  is  necessary  to  treat  them  as 
numbers  apart  from  this  particular  operation. 

As  in  Arithmetic,  so  in  Algebra,  any  integer  is  an  aggregate 
of  like  units. 

Just  as  4  =  l-fl-fl  +  l, 

so        -^4  =n  ++1  -f  n  +n,  and  -4  ="1  +"1  +-1  +-1. 

Just  as  2  __  ^  ^  ^^ 

so    ^  ^(|)=-^a)+^(4),  and  -(|)=-(i)+-(i). 

Since  letters  are  to  represent  numbers  which  may  have  any 
values  whatever,  they  can  represent  either  positive  or  negative 
numbers.  Thus,  in  one  case  a  may  have  the  value  "^2,  in 
another  case  the  value  "7 ;  in  the  first  case  the  absolute  value 
of  a  is  2,  in  the  second  case  the  absolute  value  of  a  is  7. 

EXERCISES  VI. 
1.    What  is  the  absolute  value  of +8  ?    Of -11  ?    Of +(2  +  2/)  ? 
For  what  values  of  x  do  the  following  expressions  reduce  to  0  : 
3.    a;- +3?  8.   a;  - -18  ?  4.   a:-+a?  6.   a;  - -(a  +  0)  ? 

What  values  of  a  make  the  first  members  of  the  following  equations 
identical  with  the  second  members : 
6.   a  -  +7  =  +2  ?  7.   a  -  +7  =  -2  ?  8.    a  -  +7  =  -5  ? 

What  are  the  results  of  the  following  indicated  operations  : 
9.   +17- +2?      10.   -^2-+30?      11.    +19 -+25?      U.  +(A^~'^''' 
li.  ■*-(a'h»)--f-SP         14.   +«-+Cn  +  3)?  U.  -^^-^V?^ 
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How  many  units  is  each  of  the  following  numbers  greater  or  less  than  0 ; 
16.   +10?  17.    -3?  18.   -(J)?  19.   +«?  20.   -y? 

Which  number  is  greater, 
21.   +3  or -6?  22.    -12  or -5  ?  23.   0  or -3  ?  24.   -6  or +4? 

25.   +(5  +  (z)or+a?    26.   -(6  + a)  or -a?    27.   -(6  +  a)  or +(2  +  a)  ? 
28.    -(a  +  1)  or  -(a  -  1)  ?  29.  -(a  +  1)  or  +(a  -  1)  ? 

Positive  and  Negative  Numbers  are  Opposite  Numbers. 

10.  The  student  is  familiar  with  the  principle  of  subtraction 
in  Arithmetic  that  the  remainder  added  to  the  subtrahend  is  equal 
to  the  minuend.  This  principle,  like  all  principles  of  arith- 
metical operations,  is  retained  in  Algebra.  Consequently, 
continuing  equations  (iv.),  Art.  5,  we  have : 

Min.  -  Subt.  =Kein.  Subt.  +  Rom.  =Min. 

+5 +-2  =+31 
+5-f-3=+2 


+3-+5=-21 
+2-+5=-3 


0-+5=-5j 


'  (v.) J     and 
+l-+5=-4     ^   ^'  +5+-4=+l 


■^5+^5=  0 


(vi.) 


11.  The  last  of  equations  (vi.),  +5  -fS  =  0,  furnishes  an 
important  relation  between  positive  and  negative  numbers : 

The  sum  of  a  positive  and  a  negative  number  having  the  same 
absolute  value  is  equal  to  zero;  i.e.,  two  such  numbers  cancel  each 
other  when  united  by  addition. 

E.g.,         +!+-!=  0,  +3  +  -3  =  0,  "IT^  +  +17^  =  0. 
In  general,  +/i  -|--/i  =  0. 

For  this  reason,  positive  and  negative  numbers  in  their  . 
tion  to  each  other  are  called  opposite  numbers.     When  th. 
absolute  values  are  equal,  they  are  called  equal  and  oppot^ 
numbers. 

12.  Any  quantities  which  in  their  relation  to  each  other  are 
opposite,  may  be  represented  in  Algebra  by  positive  and  negative 
numbers ;  as  credits  and  debits,  gain  and  loss. 

Ex.  1.   100  dollars  credit  and  100  dollars  debit  cancel  each 
other.     That  is,  100  dollars  credit  united  with  100  dollars  dehU 
ts  egual  to  neither  credit  7ior  debit ;  ot, 
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100  dollars  credit  -\-  100  dollars  debit  =  neither  credit  nor 
debit 

If  credits  be  taken  'positively  and  debits  negatively,  then  100 
dollars  credit  may  be  represented  by  +100,  and  100  dollars  debit 
by  "100.  Their  united  effect,  as  stated  above,  may  then  be 
represented  algebraically  thus : 

+100 +-100  =  0. 

The  result,  0,  means  neither  credit  nor  debit. 

Similarly  for  opposite  temperatures. 

Ex.  2.  If  a  body  is  first  heated  10°  and  then  cooled  down  8°, 

its  final  temperature  is  2°  above  its  original  temperature;  or, 

stated  algebraically, 

+10  +-8  =+2. 

^Dhe  result,  +2,  means  a  rise  of  2°  in  temperature. 
Similar  reasoning  applies  to  opposite  directions, 

Ex.  3.  If  a  man  walks  10  miles  due  north,  and  turning,  walks 

14  miles  due  south,  he  is  then  4  miles  south  of  his  starting 

point;  or, 

+10+ -14  =-4. 

The  result,  "4,  means  that  he  is  now  4  miles  soxdh  of  his 
starting  point. 

13.  It  is  evidently  immaterial  which  of  two  opposite  quanti- 
ties is  taken  positively  and  which  negatively  in  any  particular 

•'>blem.  Thus,  we  might  call  distances  south  positive  and  dis- 
•  'f.'-jjes  noiih  negative.  We  have  only  to  interpret  results 
■  «fferently. 

.»>  EXERCISES  VII. 

State  algebraically  in  two  ways  each  of  the  following  relations  (by 
Art.  13): 

1.  100  dollars  gain  and  20  dollars  loss  is  equivalent  to  80  dollars  net 
gain. 

9.  260  dollars  gain  and  250  dollars  loss  is  equivalent  to  neither  gain 
nor  lo^. 

S.  A  rise  of  16®  in  temperature  followed  by  a  iaW  ol  I'i^  Sa  ^q^^^^qX 
to  a  iaU  of  y"". 
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4.  If  a  man  ascends  from  the  foot  of  a  ladder  20  steps,  and  then 
descends  7  steps,  he  is  13  steps  up. 

5.  If  a  man  ascends  from  the  foot  of  a  l§.dder  10  steps,  and  then 
descends  10  steps,  he  is  at  the  foot  of  the  ladder. 

6.  If  a  man  walks  150  feet  to  the  right,  then  60  feet  to  the  left,  and 
then  76  feet  to  the  right,  he  is  finally  176  feet  to  the  right  of  his  original 
position. 

7.  Two  men,  A  and  B,  run  a  race.  The  first  minute  A  runs  6  feet 
more  than  B,  the  second  minute  A  runs  8  feet  less  than  B ;  in  the  two 
minutes  A  runs  3  feet  less  than  B. 

14.  We  have  defined  negative  numbers  as  numbers  less  tha^  zero ; 
that  is,  as  the  result  of  enlarging  our  conception  of  the  operation  of  sub- 
traction. We  afterward  find,  as  we  have  seen,  that  they  often  have  a 
meaning  when  applied  to  practical  problems.  Yet  even  if  they  had  not, 
we  should  be  justified  in  introducing  them  in  order  to  make  our  principles 
general.     Sometimes,  indeed,  negative  results  indicate  an  impossibility. 

E.g.,  a  men  are  at  work  on  a  building,  and  h  men  quit  work.  How 
many  are  still  working  ?  Evidently  a  —  b.  If  6  >  a,  the  negative  result 
has  no  meaning,  and  indicates  that  we  have  stated  an  impossibility. 

A  uian  has  a  dollars  and  pays  out  h  dollars.  How  many  dollars  has  he 
left?    Evidently  a  -  6. 

When  6>a,  the  negative  result  has  no  meaning,  if  the  money  be 
regarded  as  actually  handled.  But  in  dealing  with  book  accounts,  it  is 
quite  possible  that  the  debits  shall  exceed  the  credits ;  a  state  which 
would,  as  we  have  seen,  be  indicated  by  a  negative  result  (if  credits  be 
taken  positively  and  debits  negatively) .  So,  too,  when  applied  to  opposi- 
tion in  direction,  etc.,  negative  results  are  as  intelligible  as  positive 
results. 

In  fact,  there  is  no  more  objection  to  the  use  of  negative  numbers  than 
to  the  use  of  fractions,  for  each  kind  of  number  may  indicate  an  impos- 
sible state.  For  instance,  there  are  a  men  in  a  company,  which  is  divided 
into  6  equal  groups.  How  many  men  are  there  in  each  group?  Evi- 
dently a-^h.  If  a  be  not  exactly  divisible  by  6,  the  result  is  as  impossible 
as  taking  6  men  from  a  men,  when  h'^a. 

In  Arithmetic  we  proceed  to  prove  all  the  laws  of  fractions,  without 
inquiring  whether  they  can  be  applied  in  all  cases.  So,  in  Algebra,  we 
shall  proceed  to  operate  with  and  upon  negative  numbers  without  inquir- 
ing whether  or  not  they  will  always  have  a  meaning  in  particular 
problems. 


CHAPTER   II. 

THE  FOUR  FUNDAMENTAL   OPERATIONS  WITH 

ALGEBRAIC  NUMBER. 

§  1.    ADDITION  OF   ALGEBRAIC   NUMBERS. 

1.  Addition  of  one  algebraic  number  to  another  is  the  process 
of  uniting  it  with  the  other  into  one  aggregate. 

As  in  Arithmetic,  the  one  number  is  said  to  be  added  to  the 
other,  and  the  result  of  the  addition  is  called  the  Sum. 

Addition  of  Numbers  with  Like  Signs. 

2.  Ex.  1.  Add  +3  to  +4. 

The  three  positive  units,  "^3,  when  united  by  addition  with 
the  four  positive  units,  +4,  give  an  aggregate  of  four  plus  three, 
or  seven,  positive  units.     That  is, 

+4  -f  +3  =  +(4  +  3)  =  +7. 
In  like  manner 

Ex.2.  -4 +  -3  =  -(4 +  3)  =  -7. 

Ex.  3.  +2  +  •*■(!)  =  +(2  +  f)  =  -^21. 

These  examples  illustrate  the  following  principle : 

To  add  one  algebraic  number  to  another,  icith  like  sign  (i.e., 
both  numbers  positive  or  both  negative),  add  arithmetically  the 
absolute  value  of  the  one  number  to  ihe  absolute  value  of  the  other, 
and  prefix  to  the  sum  the  common  sign  of  quality.  Or,  stated 
symbolically, 

+fl++6=-^(a  +  *)     (i.)-  -a+-6=-(a  +  6)     (ii.). 

Addition  of  Numbers  with  Unlike  Signs. 
a  Ex.  1.  Add  -2  to  +o. 

The  two  negative  units,  ~2,  when  united  by  addition  with 
the  five  positive  units,  "^6,  cancel  two  of  the  Jive  pos\U>ie  u^uU 
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(Chap.  I.,  §  2,  Art.  11).     There  remain  then  five  minus  two,  or 
three,  positive  units.     That  is, 

+5 +-^=^(5 -2)  =+3. 

Ex.  2.   Add  +2  to  -5. 

The  two  positive  units,  +2,  when  united  by  addition  ^vith 
the  five  negative  units,  ~5,  cancel  two  of  the  five  negative  units. 
There  remain  then  five  minus  two,  or  three,  negative  units. 

That  is,  -5  -f+2  ="(5  -  2)  ="3. 

Observe  that  in  both  examples  the  sum  is  of  the  sam£  quality 
as  the  number  tvhich  has  the  greater  absolute  value,  and  that  the 
absolute  value  of  the  sum  is  obtained  by  subtracting  the  less  abso- 
lute value,  2,  from  the  greater,  5. 

Ex.3.   ■^2  4--(f)=+(2-f)=+lJ. 
These  examples  illustrate  the  following  principle : 
To  add  one  algebraic  mimber  to  another,  with  unlike  sign,  sub- 
tract arithmetically  the  less  absolute  value  from  the  greater,  and 
prefix  to  the  remainder  the  sign  of  quality  of  the  number  which 
Jias  the  greater  absolute  value.     Or,  stated  symbolically, 
+a  +~6  =+(a  —  6),  when  a>  b     (iii.), 
+a  +"6  =~(6  —  a),  when  a<b     (iv.). 

4.  The  proofs  of  principles  (i.)-(iv.)  are  as  follows  : 

In  (i.),  the  positive  units  and  parts  of  positive  units  represented  by  +6, 
when  united  by  addition  with  the  positive  units  and  parts  of  positive  units 
represented  by  +a,  give  an  aggregate  of  positive  units  and  parts  of  posi- 
tive units  represented  by  +(«  +  &).     In  like  manner  (ii.)  can  be  proved. 

In  (iii.),  the  negative  units  and  parts  of  negative  units  represented  by 
—6,  when  united  by  addition  with  the  positive  units  and  parts  of  positive 
units  represented  by  +a,  cancel  an  equal  number  of  positive  units  and 
parts  of  positive  units.  There  remain  positive  units  and  parts  of  positive 
units  represented  by  +  (a  —  6).     In  like  manner  (iv.)  can  be  proved. 

Addition  of  Three  or  More  Numbers. 

5.  To  unite  three  or  more  algebraic  numbers  by  addition, 
add  the  second  to  the  first,  to  that  sum  add  the  third,  again  to 
that  sum  the  fourth,  and  so  on. 

Ex.  1.     +2  +-^3  -{-+7  =+/)  ++7  ==+12, 
Ex.  2.   +11  +-8  +-^2  =+3  -h+2  =+5. 
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BXEBCISES  I. 

Find  the  results  of  the  following  indicated  additions  : 
1.    +11  +  +6.  2.   -9  +  -6.  3.    -2|  +  -3J.  4.    -16  +  +7. 

5.    +16 +  -7.  6.   -3|-|-+li.  7.    +5j4--2f.  8.   0  + -5. 

9.    +7 +  -6 +  +8.     10.    -8 +  +11  +-3.      11.    -81 +  +70  + -ISO +  +12. 

Add 
12.   +17  to  +5.        13.   -6  to  -27.        14.   +13  to  +a.        16.   -18  to  -6. 
16.    +10  to -5.        17.   -20  to +6.        18.   +20  to -6.        19.    "(J)  to +(f). 

20.   +11  to  -a,  when  a  >  11.  21.    +11  to  -«,  when  a  <  11. 

22.   -17  to  +x,  when  x  >  17.  23.    -17  to  +«,  when  x  <  17. 

24.   -2  to +8 +  -4.  25.    +18  to -2  + +35.  28.    -5  to -11 +  +16. 

Find  the  results  of  the  following  indicated  additions,  first  uniting  the 
numbers  within  the  parentheses : 

27.   +7 +(+8 +  -3).  28.    +11 +(-12  + +2). 

29.    (+2  +  -3)  +  (-ll  +  +12).  30.    (+5 +  -8) +  (-12 +  +3). 

What  is  the  value  of  o  +  6, 
31.   When  a  =  +5,     ?>  =  +3  ?  82.   When  a  =  -7J,  6  =  -3i  ? 

83.   When  a  =  +71,  6  =  -53  ?  84.    When  a  =  +25,  6  =  -34  ? 

36.   When  a  =  +2  +  -3,  6  =  -8  +  +7  ? 

36.    When  o  =  -5  +  +3,  6  =  +11  +  -4  ? 

What  is  the  value  of  o  +  6,  wherein  a  =  m  -^  n  and  6  =jo  +  g, 
87.   When  m  =  "1,   n  =  +2,  ^  =  -3,   g  =  +4  ? 
38.    When  m  =  +8,   n  =  -3,  p  =  -5,   g  =  -9  ? 

The  Associative  and  Commutative  Laws  for  Addition. 

6.  In  the  preceding  articles  the  process  of  addition  has  been 
carried  out  from  left  to  right  from  number  to  number. 

E.g.,   +7  +-a+-+5  +--8  =-^4  +-^5  +"8  =+9  +-"8  =  +1. 

But  the  result  is  the  same  if  two  or  more  successive  numbers 
be  associated  in  performing  the  additions. 

E.g.,  +7  +-3  +  (+5  +-8)  =+7  +--3  +--3  =-^4  +"3  =-^1. 
+7  +.  (-3  +-^5)  ^'8  =+7  ++2  +-8  =-^^  +-^  =-^\. 
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This  example  illustrates  the  following  principle : 
The  Associative  Law.  —  The  sum  of  three  or  more  numbers  U 
the  same  in  whatever  way  successive  numbers  are  grouped  or 
associated  in  the  iwocess  of  adding.     Or,  stated  symbolically, 

a  +  b  -\-  c  =  a  -\-  (b  -\-  c)\ 
a4-*+c?+rf=a+*+(c?+rf)=fl  +  (6+c?+</)=fl+(*+c)-f£/. 

J\       7.   In  an  indicated  addition,  the  number  on  the  right  of 
the  sign  -f  is  to  be  added  to  the  number  on  its  left. 

E.g.,  In  ^o+-3,  =+2, 

~3  is  added  to  "'"S ;  while  in 

-3  +^5,  =+2, 
+5  is  added  to  ~3.     But  the  result  is  the  same,  whichever  of 
the  two  numbers,  +5  and  ~3,  be  added  to  the  other.     That  is, 

+5-f-3=-3+-'5. 
This  example  illustrates  the  following  principle: 

The  Commutative  Law.  —  The  sum  of  two  or  more  numbers 
is  the  same  in  ivhatever  order  they  may  be  added.  Or,  stated 
symbolically, 

=  d  +  c-\'b-\-ay  etc. 

'  8.  The  proof  of  the  principles  enunciated  in  Arts.  6  and  7  is  as  follows : 
The  total  number  of  units  and  parts  of  units,  positive  and  negative,  in 
the  given  numbers  is  the  same  in  whatever  way  they  may  be  grouped  or 
arranged  ;  a  given  number  of  positive  units  will  cancel  an  equal  number 
of  negative  units,  and  vice  versa  ;  and  a  given  number  of  parts  of  positive 
units  will  cancel  an  equal  number  of  like  parts  of  negative  units,  and  vice 
versa.  Therefore  the  final  result  will  be  the  same,  whatever  order  or  way 
of  associating  the  units  and  parts  of  units  may  be  used. 

9.  Since  a-\-b  =  b  +  a,  the  two  numbers  a  and  6,  when 
united  by  addition,  are  given  the  common  name  Summand. 

10.  The  Associative  and  Commutative  Laws  may  be  applied 
simultaneously. 

E.g.,  -2  -f -^4  -f -3  +""1  =  (-2  +"3)  +  (^4  -f+1)  ="5  +-^6  =  0. 
In  general,    tf  +  4  +  c  =  a  -f  (c  4-  6)  =  c  -f  (a  +  6),  etc. 
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11.  In  adding  three  or  more  numbers,  some  of  which  are 
positive  and  some  negative,  the  Commutative  and  Associative 
Laws  enable  us  to  employ  the  following  method : 

Add  all  the  numbers  of  one  sigrij  then  all  the  numbers  of  the 
opposite  sign,  and  add  the  two  resulting  sums. 

E.g., 
-8  ++3  -h-5  -h+7  +-^3  =-8  -f-5  +"^3  ++7  +"^3  =-13  +-"13  =  0. 

EXERCISES  II. 

Find,  in  three  different  ways,  by  applying  the  Commutative  Law,  the 
values  of : 

1.    +18  4- -4 +  +2.  2.    +12  +  -13  +  +1.  3.    -20  + -3  + +17. 

Find,  in  the  most  convenient  way,  the  values  of : 

4.   -998  4-  +600  +  "2.  6.    +33:3J  +  -126  +  +66^ 

Find,  in  the  most  convenient  way,  the  value  of  a  +  6  +  c  +  c?, 

6.  When  a  =  -5,  b  =  +100,  c  =  -96,  d  =  +4. 

7.  When  a  =  -763,  b  =  +1000,  c  =  -237,  d  =  S. 

Find  the  values  of  the  following  expressions  by  the  method  of  Art.  11 1 

8.  +3 +-4 +-6 ++9 ++2.  9.    "6 ++7 ++19 +-16 +-22. 

10.    -13 ++5 +-16 ++8 +-4.        XI.    -(|)+-f-(f)  +  -(J)+-(|)  ++(i). 

12.  In  ordinary  Arithmetic  to  add  a  number  to  any  number 
increases  the  latter. 

E.g.,  7  +  4  =  11,  and  11  >  7. 

But  such  is  not  always  the  case  in  adding  one  algebraic 
number  to  another. 

E.g.,  +7  -f+4  =+11,  and  +11  >  +7 ; 

but  +7+-4=+3,  and    +3<+7. 

Property  of  Zero  in  Addition. 

13.  We  have  +3 ++2 +"2  =+3. 

But  +3  -f +2  +  -2  =  +3  4-  (+2  +  "2),  by  Assoc.  Law, 

=  +3  +  0,  since  +2  +"2  =  0. 
Therefore,  by  Axiom  (iv.),  +3  +  0  =+3. 
In  general,  iV++a  +~a  =  N. 

But  JV^++a  +-a  =  iVr+(+a  +-a)=  N-hO. 

Therefore,  by  Axiom  (iv.),   4f  +  0  =  /If.  ^>i 
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§2.  SUBTRACTION  OF  ALGEBRAIC  NUMBERS. 

1.  Subtraction  is  the  inverse  of  addition.  In  addition  two 
numbers  are  given,  and  it  is  required  to  find  their  sum.  In 
subtraction  the  sum  and  one  of  the  numbers  are  given,  and 
it  is  required  to  find  the  other  number. 

As  in  ordinary  Arithmetic,  the  given  sum  is  called  the 
Minuend,  the  given  number  the  Subtrahend,  and  the  required 
number  the  Remainder. 

Ex.  1.   Subtract  "2  from  +9  +"2. 

We  have  (+9  -f  "2)— ~2  =^9,  by  definition  of  subtraction. 

That  is,  if  from  the  sum  of  two  numbers  either  of  the  numbers 
be  subtracted,  the  remainder  is  the  other  number. 

In  general,  if  the  given  sum  be  a  +  6,  we  have,  by  the  defi- 
nition of  subtraction, 

(a  -f  *)  —  6  =  a  (i.),    and    (a  -f  6)  —  a  =  6  (ii.). 

2.  The  minuend  is,  as  a  rule,  a  single  number,  and  does  not 
appear  as  a  sum  of  two  numbers,  one  of  which  is  the  given 
subtrahend.  We  must,  therefore,  derive  from  the  definition  of 
subtraction  a  principle  which  will  enable  us  to  subtract  any 
one  number  from  any  other. 

Ex.  1.   Subtract  +5  from  +7. 

In  +7— "^5,  the  minuend,  +7,  is  to  be  expressed  as  the  sum 
of  two  numbers,  one  of  ichich  is  +5.     But 

+7  =+7  +  (-5  ++o),  by  §  1,  Art.  13, 

=  ("^7  +~5)  -f-"*"r),  by  Assoc.  Law. 

Therefore,  by  definition  of  subtraction, 

+7  -+5  =  [(+7  +-5)  ++o]-+5 

=+7 +-5  =+2. 

That  is,  to  subtract  ^o  from  "^7  is  equivalent  to  adding  "5  to  '^7, 

Ex.  2.   Subtract  "5  from  +7. 
We  have         +7  -  "5  =  [(+7  +  "^5)  +  "5]  -  -5 

=+7 ++5  =+12. 
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That  is,  to  subtract  ~5  from  "^7  is  equivalent  to  adding  +5  to  "*'7. 

These  examples  illustrate  the  following  principle : 

To  subtract  one  number  from  another  number ^  reverse  the  sign 
of  quality  of  the  subtrahend,  and  add. 

Or,  stated  symbolically, 

M-H^M  +-6  (i.),  N--b  =  N  +-^*  (ii.)- 

E.g,,  +2  -+3  =+2  -{-"S,  =-"1.  "2  -+3  ="2  +"3,  ="5. 

+2  --3  =+2  ++3,  =+5.         -2  --3  =-2  ++3,  =+1. 

3.  The  proof  of  the  principle  enunciated  in  Art.  2,  is  as  follows  : 
Let  N  denote  any  number,  positive  or  negative.    Then  in 

iV-+6, 
N  is  to  be  expressed  as  the'  sum  of  two  numbers,  one  of  which  is  +6. 
We  have  N=N  +  i-b  ++6),  by  §  1,  Art.  13, 

=  (iV  +  -6)  +  +6,  by  Assoc.  Law. 
Therefore,  by  the  definition  of  subtraction, 

iV-+6  =[(Ar-f-6)  ++6]-+6  =  N-^-b. 
In  like  manner  iV— -6  = -ZV-f+6. 

SuccesBive  Additions  and  Subtractions. 

4.  Successive  subtractions  are  carried  out  by  applying  the 
principle  of  subtraction  at  each  step  of  the  process. 

E.g.,  +7  --2  -+4  ~-8  =+9  -+4  --8  =+5  -"8  =+13. 
In  like  manner  successive  additions  and  subtractions  are 
performed.* 

E.g,,  +9  +"5  -+2  ++4  =+4  -+2  ++4  =+2  +^4  =+6. 

5.  The  following  definition  is  based  upon  the  principle  that 
every  operation  of  subtraction  is  equivalent  to  an  operation  of 
addition. 

An  Algebraic  Sum  is  an  expression  which  consists  of  a  chain 
of  indicated  additions  and  subtractions. 

E.g.,  a  —  b,  X  -\'  y  —  z,  etc.,  are  algebraic  sums. 

EXERCISES  III. 
Find  the  results  of  the  following  indicated  subtractions : 
1.    (+2++9)-+2.  2.    (+4  4--5)--5.  3.    ("7 -f -U^--^^^. 

4.  (-«+-7)--7.  5.    (-m++n)--m.        B.    (fm-V^tC)-'"^ 
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7.  +18 -+5.  8.    -28 -+17.         9.    +7 -+8.  10.    +11 -+2& 

11.  +41 --60.        12.    -30 --36.        18.    -66 --45.       14.    +44 --52 

15.  -2++3-+4.  16.   +11 -+13 +-12.       17.    "7 --11 +-2. 

18.  (-2 --6) +  (-6 ++3).  19.    (+ll--8)-(-2-+3). 

Subtract : 

20.   +3  from  +a,  when  a  >  3.  21.  +3  from  +a,  when  a  <  3. 

22.   -17  from  -a;,  when  a;  >  17.  28.  -17  from  -»,  when  x  <  17. 

24.    -11  from  +«.  25.  +14  from  -y. 

What  is  the  value  of  a  —  6, 

26.    When  a  =  +4,  6  =  +3  ?  27.   When  a  =  +5,  6  =  +6  ? 

28.    When  a  =  -7,  6  =  +8  ?  29.    When  a  =  -4,  6  =  -0  ? 

80.  When  a  =  "2  +  "3,  6  =  +11  -  +4  ? 

81.  When  a  =  +6  -  -4,  6  =  -18  -  +7  ? 

What  is  the  value  of  a  —  6,  wherein  a-^m  -\-  n  and  6  =  j)  —  g, 

82.  When  m  =  -1,  n  =  +2,  p  =  -3,    g  =  +4  ? 
38.    When  m  =  +5,  n  =  -6,  p  =  -11,  g  =  -12  ? 

6.  The  following  examples  illustrate  the  meaning  of  results  in  the 
subtraction  of  algebraic  numbers. 

Ex.  1.  Two  men,  A  and  B,  starting  from  the  same  point,  P,  walk  at 
different  rates  in  the  same  direction,  A  8  miles  to  the  point  Q,  B  11  miles 
to  the  point  B.    How  far  is  B  then  from  A  ? 

+11 
P^I o oB{B) 

V . , 'V , / 

+8  §(A)       +3 

Fig.  1. 

As  we  have  seen  in  Ch.  T.,  distances  in  one  and  the  same  direction 
may  be  represented  by  numbers  of  the  same  sign.  Let  distances  toward 
the  right  be  taken  positively,  as  in  Fig.  1,  and  consequently  distances 
toward  the  left  negatively. 

The  distance  of  B  from  A  is  then  represented  by  §7?,  and 

QB=  PB-PQ  =  +11  -  +8  =  +3. 

The  positive  result  shows  that  B  is  3  miles  to  the  right  of  A. 

In  general,  however  far  either  may  walk,  the  distance  of  B  from  A 
will  always  be  obtained  by  subtracting  A's  distance  from  the  starting 
point  from  B^s  distance  from  the  same  point. 
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Ex.  2.  If  A  walks  8  miles  to  the  left  and  B  11  miles  to  the  left,  their 
distances  from  P  are  both  negative,  as  in  Fig.  2. 

-11 
(JB)  Ro  i:<^  '  oP 

V ^ . '^ ^ — _— _^ > 

-3      A{q)  -8 

Fig,  2. 

We  then  have     QB  =  PB-PQ  =  -11  -  -8  =  -3. 

The  negative  result  shows  that  B  is  3  miles  to  the  left  of  A. 

In  a  similar  way  other  variations  of  the  problem  may  be  interpreted. 

EXERCISES   IV. 

1.  A's  assets  are  a  dollars  and  B's  are  b  dollars.     What  number' 
expresses  the  excess  of  A's  assets  over  B's,  if  assets,  be  taken  positively  ? 
What  number,  if  assets  be  taken  negatively  ? 

What  are  the  meanings  of  the  results  of  Ex.  1, 

2.  When  a  =  3500,  b  =  2750  ?       3.    When  a  =  2000,  b  =  2000  ? 

4.    When  a  =  2600,  b  =  3000  ? 

5.  The  temperature  in  Chicago  on  a  certain  day  was  a°  and  in  Phila- 
delphia 6°.  What  number  expresses  the  excess  of  temperature  in  Chicago 
over  that  in  Philadelphia  ? 

What  is  the  meaning  of  the  result  of  Ex.  5,  taking  temperature  above 
zero  positively, 

6.  When  a  =  +90,  6  =  +68  ?  7.    When  a  =  +65,  6  =  +98  ? 
8.    When  a  =  "12,  6  =  -4  ?  9.    When  a  =  "5,     6  =  -8  ? 

10.    When  a  =  +6,     6  =  -2  ?  11.    When  a  =  -Q,    &  =  +3  ? 

The  Associative  and  Commutative  Laws  for  Subtraction. 

7.  If  a  number,  preceded  by  the  sign  -|-,  or  the  sign  — ,  stand 
first  in  a  chain  of  additions  and  subtractions,  or  first  within 
parentheses,  it  may  be  regarded  as  added  to,  or  subtracted 
from,  0.     Thus, 

-f-+8  -+3  =  0  +-^8  -+3,     -+3  ++8  =  0  -+3  +-*-8. 

Since  every  operation  of  subtraction  is  equivalent  to  an 
operation  of  addition,  it  follows  that  the  Associative  and  Com- 
mutative Laws  which  were  proved  for  addition  \io\^  ^%o  i.<^'t 
subtraction^  and  for  successive  additions  and  &n\)tt2j^\>\on^. 
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Ex.         -f^8  -+3  =  ^--^S  +"3,  siuce  -+3  =^  +-3 

=  +~3  +^8,  by  Coinm.  Law 
=  -+3  +-"8,  siuce  +"3  =  -+3. 

Observe  that  in  changing  the  order  of  the  operations  the  sign 
of  operation  J  -\-  or  ^,  must  he  transferred  with  each  number. 

The  method  of  applying  the  Associative  Law  depends  upon 
a  proper  use  of  parentheses,  which  will  be  taken  up  in  the 
next  article. 

EXERCISES  V. 

Find  in  three  different  ways,  by  applying  the  Commutative  Law,  the 
values  of : 

1,   +8  +  -  3  -  +4.  2.    -17  -  +12  +  -5.  8.    +28  -  -14  +  -2. 

4.   -31  -  -17  4  -36  +  -^40  -  -11  -  +19  +  -49  +  +11. 
6.    -45  +  +31    -  -15  -  +12  +  -5  -  -9  -+-  -8  +  +4. 
Find,  in  the  most  convenient  way,  the  values  of  : 

6.    +103  -  -12  -  +3.  7.    -799  -  -11  +  -1. 

Removal  of  Parentheses. 

8.  We  have     "^9  f  (+5  ^-'B)  =+9 ++5 ++6, 

since  to  add  the  sum  +5  ++6  is  equivalent  to  adding  succes- 
sively the  single  numbers  of  that  sum. 

Again,  +9  +  ^5  -+6)  =+9  +  (+5  +"6),  since  -+6  =  +"6, 

=  +9 -f +5 -f-~6,  removing  parentheses, 
=+9  4- +5  ^+6,  since  +-6  =~+6. 

This  example  illustrate.^  the  following  principle : 

(i.)*  When  the  sign  of  addition,  -}-,  precedes  parentheses,  they 
may  he  removed,  and  the  signs  of  operation,  +  ayid  — ,  within 
them  he  left  unchanged;  that  is, 

4r  +  (-f  fl  +  6)  =  4r  +  a  +  6, 
//  +  (+  a  -  i)  =  4f  +  fl  -  6,  etc. 
We  have        +9  -  (+5  +  ^6)  =+9  -+5  -+6, 

since  to  subtract  the  sum  '5  4-"^6  is  eouivalent  to  subtracting 
successively  the  single  Lujubers  of  thai  sum. 

Again,  +9  -  (+5  -+6)  =  +9  -  (+5  -h  "6),  since  -+6  =  +"6, 

s=  +9  — +5  —-6,  removing  parentheses," 
=  ^9  -+5  ++6,  since  -"6  =  ++6. 
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This  example  illustrates  the  following  principle: 

(ii.)  When  the  sign  of  subtraction,  — ,  precedes  parentheses, 
they  may  be  removed,  if  the  signs  of  operation  loithin  them  be 
reversed  from  +  to  — ,  and  from  —  to  -\- ;  that  is, 

N—{+a-'b)  =  N  —  a^b,  etc. 

For,  iV^  +  (+Gf  +  +5)=  ivr  4-  +a  +  +&, 

since  to  add  the  sum  +a  -f  +6  is  equivalent  to  adding  successively  the 
single  nuni bet's  of  that  sum. 

JV  +  (+a  -  +6)  =  iST-f  (+a  +  -6),  since  -  +6  =  +  "6, 

=  iV  -I-  +a  +  -6,  removing  parentheses, 

=  JV  4-  +a  —  +6,  since  +  -6  =  —  +6. 

Evidently  the  prec  ding  proof  does  '^ot  liepend  upon  the  signs  of  quality 
of  the  numbers  within  the  parentlieses,  n(^r  upon  how  many  numbers  are 
inclosed.    In  a  similar  manner  (ii.)  is  proved. 

Insertion  of  Parentheses. 

9.  The  insertion  of  parentheses  is  the  converse  of  the  process 
of  removing  them. 

(i.)  An  expression  may  be  inclosed  within  parentheses  pre- 
ceded by  the  sign  of  addition,  if  the  signs  of  operation,  -f-  aiid  —, 
preceding  the  numbers  inclosed  within  the  parentheses  remain 
unchanged. 

E.g.,     ++7  -+5  +-3  --4  =  ++7  4-(--^5  +"3  -"4) 

=  +  +7-+5+(4--3--4) 
=  ++7-+5+-3  4-(--4). 

(ii.)  An  eospression  may  be  inclosed  tcithin  parentheses  pre- 
ceded by  the  sign  of  subtraction,  if  the  signs  of  ojie ration  ptreceding 
the  numbers  inclosed  within  the  parentheses  be  reversed,  from 
4-  to  —  and  from  —  to  +. 

E.g.,     ++7  -+5  +-3  --4  =  ++7  -(++5  -"3  +"4) 

=  ++7_+5_(---3+-4) 
=  4-^7-^5 +-3 -(+-4). 

The  insertion  of  parentheses  is  a  direct  applieaXivoTi  oi  >i)CL^ 
Associative  Law. 
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EXERCISES  VI. 

Find  the  values  of  the  following  expressions,  first  removing  parentheses : 

1.  +12 +  (+4  4- -6).  2.    -15 +(-6- +2). 

3.  +28 +(-5- +6).  4.    +18 +(-2 +  -3 --6). 

6.  +11  -  (+12  +  -6).  6.    +15  -  (-6  -  +2). 

7.  -17 -(-3 --6).  8.    -21 -(-4 +  -5 --6). 
9.  m  +  (w  —p)f  when  m  =  -4,  7i  =  -6,  p  =  +5. 

10.  JK  —  (y  —  «),  when  x  =  +S,  y  =  -4,  z  =  +5. 

Insert  parentheses  in  the  expression  +8  —-5  +-3  — +7, 

11.  To  inclose  the  last  three  numbers  preceded  by  the  sign  +;  pre- 
ceded by  the  sign  — . 

12.  To  inclose  the  last  two  numbers  preceded  by  the  sign  +;  pre- 
ceded by  the  sign  — . 

13.  To  inclose  the  first  and  third  numbers  preceded  by  the  sign  + ; 
preceded  by  the  sign  — . 

10.  In  ordinary  Arithmetic,  to  subtract  a  number  from  any 
number  decreases  the  latter. 

E.g.,  7-4  =  3,  and  3  <  7. 

But  such  is  not  always  the  case  in  subtracting  one  algebraic 
number  from  another.     Thus, 

+7 -+4=  +3,  and    +3<+7; 

but  +7  --4  =+11,  and  +11  >  +7. 

Property  of  Zero  in  Subtraction. 

11.  From  §  1,  Art.  13,  we  have  N-^0  =  N. 

If,  therefore,*  from  N,  which  is  the  sum  of  N  and  0,  be  sub- 
tracted either  N  or  0,  the  remainder  is  0  or  N,  respectively,  by 
the  definition  of  subtraction. 

That  is,  H-H  =  Oy  and  H-0  =  H.  (i.) 

§3.    MULTIPLICATION  OF  ALGEBRAIC   NUMBERS. 

1.  As  in  Arithmetic,  the  number  multiplied  is  called  the 
Multiplicand,  the  number  that  multiplies  the  Multiplier,  and 
the  result  the  Product.  In  ordinary  Arithmetic,  multiplication 
by  an  integer  is  defined  as  an  abbreviated  addition.     Thus,  to 
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multiply  4  by  3,  the  number  4  is  used  three  times  as  a  sum- 

mand;  or 

4x3  =  4  +  4  +  4, 

Now  the  number  3  stands  for  an  aggregate  of  three  units ;  or 

3  =  1  +  1  +  1. 

We  thus  see  that,  just  as  3  is  obtained  by  taking  the  unit,  1, 
three  times  as  a  summand,  so  the  product  4  x  3  is  obtained 
by  taking  4  three  times  as  a  summand. 

2.  We  are  thus  naturally  led  to  the  following  definition  of 
multiplication : 

Tlie  product  is  obtained  from  the  multiplicand  just  as  the  mul- 
tij)lier  is  obtained  from  the  positive  unit. 

The  above  definition  is  an  extension  of  the  meaning  of  arith- 
metical multiplication  when  the  multiplier  is  an  integer,  and 
gives  an  intelligible  meaning  to  arithmetical  multiplication 
when  the  multiplier  is  a  fraction. 

Thus,  f  is  obtained  from  the  unit,  1,  by  taking  one-third  of 
the  latter  twice  as  a  summand ;  or 

i  =  i  +  i- 
In  like  manner,  to  multiply  5  by  |,  we  take  one-third  of  5 
twice  as  a  summand ;  or 

3.  There  are  two  cases  to  be  considered  in  the  multiplica- 
tion of  algebraic  numbers. 

(i.)   The  MultipUer  Positive.  —  Ex.  1.  Multiply  +4  by  +3. 

By  the  definition  of  multiplication,  the  product, 

+4  X  +3, 

is  obtained  from  +4  just  as  +3  is  obtained  from  the  positive 
unit.  But  "•"3  is  obtained  from  the  positive  unit  by  taking  the 
latter  three  times  as  a  summand;  or 

+3=n++i++i. 

Consequently  the  required  product  is  obtained  by  taking  +4 
three  times  as  a  summxxnd;  or 

+4  X  +8  «+4  ++4  ++4  =+(4  +  4  +  4)=+(4  x  3)=+12. 
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Ex.  2.  Multiply  "4  by  +3. 

By  the  defiuition  of  multiplication,  we  have 

-4  x+3  =-4  +-4  +-4  =-(4  +  4  4-4)=-(4  x  3)  =  -12. 
(ii.)  The  MultipUer  Negative.  —  Ex.  3.  Multiply  +4  by  -3. 
By  the  definition  of  multiplication,  the  product, 

+4  X  -3, 

is  obtained  from  "•'4  just  as  ~3  is  obtained  from  the  positive 
unit.     But 

-3  =-1  +-1  4--1  =--^1  -■'I  -""l; 

that  is,  "3  is  obtained  by  subtracting  the  positive  unit,  "•"!,  three 
times  in  succession  from  0.  Consequently,  the  required  product 
is  obtained  by  subtracting,  the  multiplicand,  +4,  three  tiiiiea  in 
succession  from  0 ;  or 

+4  X -3  =  -+4  -+4  -+4  =  +-4  +-4  +"4  ="(4  x  3). 

Ex.  4.   Multiply  "4  by  "3. 

By  the  definition  of  multiplication,  we  have 

-4  x-3  =  --4  --4  --4  =  +-^4  ++4  -f  ^4  =+(4  x  3), 

4.  In  Art.  3  the  examples  were  limited  to  the  multiplication 
of  integers  having  the  same  or  opposite  signs. 

But  the  essential  paii  of  the  results  therein  obtained  is  the  sign 
of  the  itToduct 

Since  tlijs  sign  depends  only  upon  the  signs  of  the  multi- 
plicand and  multiplier,  and  not  upon  their  absolute  values,  the 
sign  of  the  product  in  each  example  would  have  been  the  same 
as  above,  if  the  multiplicand  and  multiplier,  either  or  both, 
liad  been  fractions. 

These  examples  illustrate  the  following  Rule  of  Signs  for 
Multiplication  : 

Tlie  product  of  tivo  numbers  having  like  signs  is  positive;  and 
the  product  of  two  numbers  having  unlike  signs  is  negative.  Or, 
stated  symbolically, 

+a  X  +6  = +(a*),  -a  X  +6  =  "(a*), 
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5.  The  proof  of  the  principle  enunciated  in  Art.  4  is  as  follows : 

The  product  +a  x  +6, 

wherein  a  and  h  are,  as  yet,  limited  to  integral  values,  is  obtained  from 
+a  just  as  +6  is  obtained  from  the  positive  unit.  But  +6  is  obtained 
from  +1  by  taking  the  latter  h  times  as  a  summand;  or, 

+6  =+1  ++1  -f +1  -I-  ...6  summands. 
Therefore  the  required  product  is  obtained  by  taking  +a  as  a  summand 
b  times;  or       +a  x +6  =+a++af+o  + -6  summands 

=+(a  +  a  +  a  +  •••  6  summands)  =+(a6). 

Consequently,    +a  x  +6  = + (ab) . 

In  like  manner,  the  other  products  are  proved. 

Since  the  essential  part  of  the  above  proof  is  the  sign  of  the  product, 
the  results  hold  when  a  and  b  have  fractional  values. 

Continued  Products. 

6.  The  results  of  the  preceding  articles  may  be  applied  to 
determine  the  value  of  a  chain  of  indicated  multiplications, 
?.e.,  of  a  continued  product. 

E.g,,  +fl  X  +6  X  +£?  =+(a6)  x  +£?  =-^(abc), 

+a  X  +6  X  ~G  ="^(a6)  x~c=  "(abc), 
+fl  X  "6  X  ^0  =~(a*)  X  ^c  =-^(abc), 
~a  x'b  X ^c  =+(a6)  x  ~c  =-(abc). 
These  equations  illustrate  a  more  general  rule  of  signs : 
A  continued  product  which  contains  no  negative  number,  or  an 
even  number  of  negative  numbers,  is  positive;  one  that  contains 
an  odd  number  of  negative  numbers  is  negative. 

In  practice  the  sign  of  a  required  product  may  first  be  deter- 
mined by  inspection,  and  that  sign  prefixed  to  the  product  of 
the  absolute  values  of  the  numbers  in  the  continued  product. 
E.g.f  the  sign  of  the  product 

(+2)  X  (-3)  X  (-7)  X  (+4)  X  (-5) 

is  negative,  since  it  contains  three  negative  numbers ;  the  product 
of  the  absolute  values  is  840.    Consequently, 

(■^2)  X  (-8)  X  (-7)  X  (-^4)  X  (-6)  =-840. 
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EXERCISES  VII. 

Find  the  values  of  the  following  indicated  multiplications : 

1.   +2X+3.  2.   +5X+7.  8.   -3x+7.  4.   -11  x +9. 

6.  +5  X  -6.  6.   +7  X  -4.  7.   -7  x  -9.  8.   -22  x  "6. 

Find  the  values  of : 

9.    (+15x-4)4-(-12x+l).  10.    (+16x-3)-(+5x+7). 

11.    (-1  X  +11)  -  (-22  X  +2).  12.    (-52  X  -2)  -  (+12  x  -3). 

Find  the  values  of  the  following  continued  products : 

13.   -2  X  +4  X  -3.  14.   -5  X  -6  X  +7.  16.   +12  x  -2  x  -6  x  -4. 

What  is  the  value  of  (a  —  b)(c  +  d)j 

16.  When  a  =-2,  6  =+4,  c=-5,  d=+6? 

17.  When  a  =+5,  6  =-8,  c=-9,  d=+10? 

What  is  the  value  of  abcd^ 

18.  When  a  ="2,  6  =+3,  c=-4,  d=+6? 

19.  When  a  =-7,  6  =+2,  c=-3,  d=-5? 

The  Commutative  Law  for  Multiplication. 

7.  In  an  indicated  multiplication,  the  number  which  follows 
the  symbol  of  multiplication  is  the  multiplier.     Thus,  in 

-4  X  +3  =-4  +-4  +-4,  =-12, 

the  multiplier  is  "^3 ;  while  in 

+3x-4  =  -+3-+3-+3-+3,  =-12, 

the  multiplier  is  ~4.     But  the  result  is  the  same,  whichever  of 
the  two  numbers,  '^S  or  "4,  is  used  as  the  multiplier. 
This  example  illustrates  the  following  principle : 

The  Commutative  Law.  —  T7ie  product  of  tioo  numbers  is  the 
same,  if  either  be  taken  as  the  multiplier  and  the  other  as  the 
multiplicand;  or,  stated  symbolically, 

a  xb  —  b  xa, 

8.  It  follows  from  the  rule  of  signs.  Art.  4,  that  the  signs 
of  the  multiplier  and  multiplicand  may  be  interchanged  with- 
out affecting  the  sign  of  the  product. 

E.g.,   +3  x-4  =-(3  x  4)  =-12,  and  "3  x+4  ="(3  x  4)  =-12. 
This  principle  is  called  the  Commutati'oe  La^^J  o/  Sig;ns. 
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We  have,  therefore,  to  prove  the  Commutative  Law  only  for 
the  multiplication  of  absolute  numbers. 

Take  first  a  particular  example :  4x3  =  3x4. 

Consider  the  following  arrangement  of  units  in  rows  and 

columns : 

1111 

1111 

1111 

The  total  number  of  units  in  this  arrangement  is  obtained 
either  by  multiplying  the  number  in  each  row,  4,  by  the  num- 
ber of  rows,  3,  giving  4x3;  or  by  multiplying  the  number  of 
units  in  each  column,  3,  by  the  number  of  columns,  4,  giving 
3x4. 

Consequently,  4x3  =  3x4. 

In  general,  consider  the  following  arrangement  of  units  in  rows  and 

columns : 

a  units  in  each  row 

T 


b  rows ' 


1 
1 


T 
1 
1 


T 
1 
1 


T 

1 

1 


The  total  number  of  units  in  this  arrangement  is  obtained  either  by 
multiplying  the  number  in  each  row,  a,  by  the  number  of  rows,  6,  giving 
a  X  6 ;  or  by  multiplying  the  number  in  each  column,  6,  by  the  number 
of  columns,  a,  giving  &  x  a. 

Consequently,  axh  =  b  y,  a^ 

wherein  a  and  h  are  absolute  integers. 

Consider  next  the  case  in  which  a  and  b  denote  absolute  fractions. 


4     2 


+ 


6     3     6x3     5x3 

_4  +  4__4  X  2 
6x3     5x3 

2x4 


by  the  definition  of  multiplication, 


—  o      .'>  since  4x2  =  2x4  and  5x3  =  3x5, 
3x5 

_2-f2-f2-f2^     2  2  2^ 

3x6  3x5     3x6ax&^x^ 
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Similar  reasoning  can  be  applied  to  the  product  of  any  two  absolute 
fractions. 

Consequently,  the  Commutative  Law  for  multiplication, 

a  X  6  =  6  X  a, 

holds  for  all  values  of  a  and  6,  positive  or  negative^  integral  or  fractional. 

The  Associative  Law  for  Multiplication. 

9.  In  finding  the  value  of  a  continued  product  in  Art.  6, 
the  indicated  operations  were  performed  successively  from  left 
to  right. 

E.g,,  (+4  X  +3)  X  -2  =  +12  x  "2  =  -24. 

But  the  same  result  is  obtained  if  +3  be  first  multiplied  by 
"2  and  then  +4  be  multiplied  by  the  product. 

E.g.,  +4  X  (+3  X  -2)  =  +4  x  "6  =  -24. 

This  example  illustrates  the  following  principle : 

The  Associative  Law.  —  The  iwoduct  of  three  numbers  is  the 
same  in  whichever  way  two  successive  numbers  are  grouped  or 
associated  in  the  process  of  multiplying ;  or,  stated  symbolically, 

{ab)c  =  a{bc), 

10.  For  the  reason  stated  in  Art.  8,  it  is  sufficient  to  prove 
this  law  for  absolute  numbers. 

Consider  the  following  arrangement  of  6's  in  rows  and  columns : 

c  columns  of  d's 


a  rows  of  6'8  ■ 


b  b  b 
b  b  b 
b    b    b 


Each  row  contains  6  x  c  units;  and,  since  there  are  a  rows,  the  total 
number  of  units  is 

(b  X  c)  X  a^  OT  a  X  (b  X  c),  by  Art.  7. 

But  each  column  contains  6  x  a,  or  a  x  6  units ;  and,  since  there  are 
c  columns,  the  total  number  of  units  is 

(a  X  6)  X  c. 

Therefore  (a  x  6)  x  c  =  a  x  (6  X  c). 
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In  the  above  representation,  the  values  of  a,  6,  and  c  are  limited  to 
absolute  integers.  It  can  be  shown,  however,  as  in  Art.  8,  that  the  law 
holds  also  for  absolute  fractional  values  of  a,  6,  c. 

^3     5     7      3x5     7     3x6x7     3x(5x7)      3     \6     l) 
We  conclude,  therefore,  that  the  Associative  Law  for  multiplication 
holds  for  all  values  of  a,  6,  c,  positive  or  negative^  integral  or  fractional. 

U.  The  Associative  and  Commutative  Laws  may  be  extended 
as  follows : 

The  value  of  a  product  of  three  or  more  numbers  remains  the 
same  if,  in  performing  the  indicated  multiplications,  the  order  of 
the  numbers  be  changed,  or  if  two  or  more  numbers  be  associated 
in  any  way. 

E.g.,  +2  X  -3  X  -4=+2  x  "4  x  -3=-4  x  +2  x  -3=etc. 

+2  X  -3  X  -4  X  ^5=+2  X  ("3  x  "4)  x  ■'5=-'2  x  "3  x  ("4  x  +5)=etc. 

In  general, 

abc  =  acb  =  bca  =  bac  =  cab  =  cba. 

abed  =  a(bcd)  =  a(bc)d  =  ab{cd). 

The  two  laws  may  be  applied  simultaneously. 
E.g., 
+2  X  -3  X  -4  X  +5=+2  X  (+5  x  "3)  x  -4=-3  x  ("4  x  +2  x  +5)=etc. 
In  general,        abed  =  a(cb)d  =  c(adb)  =  etc. 

12.  Since  the  multiplier  and  the  multiplicand  can  be  inter- 
changed without  affecting  the  value  of  the  product,  they  are 
both  given  the  common  name  Factor. 

Thus,  a  and  b  are  the  factors  of  the  product  ab. 

For  a  similar  reason,  each  number  in  a  continued  product  is 
called  a  factor  of  the  product. 

Thus  a,  b,  c,  and  d  are  factors  of  abed. 

In  subsequent  work  we  shall,  for  convenience  in  writing, 
frequently  place  the  multiplier  on  the  left. 

EXERCISES   VIII. 

1.  Express  the  sum,  +4  +  +4  -f  +4,  as  a  sum  of  summands  each  equal 
to +3. 

2.  Express  the  sum,  -6  +  -5  +  -5  -f  -5,  as  a  sum  ot  svxmTD*»bXv^«»  ^^Osx 
equal  to  ~i. 
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8.   Express  the  sum,  -(})  +  "(})  +  "(f)  +  -(|)  +  -(|)  +  "(f),  ««  * 
sum  of  summaiuls  each  equal  to  -(|). 

4.  Express  tlie  sum,  +0  -f  +9  +  "^0  +  •**  a  sammands,  as  a  sum  of 
summands  each  equal  to  +a. 

5.  Express  the  sum,  ~5  +  -5+  •••x  summands,  as  a  sum  of  sun- 
mands  each  equal  to  -x. 

Find,  in  the  most  convenient  way,  the  values  of : 
6.   -17  X  +6  X  -2.  7.   +38  x  -2i  x  "4.  8.   -189  x  -8  x  +33^. 

9.  +228  X  +225  x  -4.     10.    -139  x  -8  x  +12J.      11.   "17  X  -16}  x  "3. 

Find,  in  the  most  convenient  way,  the  value  of  ahc : 
12.    When  a=-4,  6=+33J,  c=-9.        18.    When  a=+19,  6=-66f,  c=-3. 

Find,  in  the  most  convenient  way,  the  value  of  abed, 

14.    When  a  =  -37i,  6  =  +6,    c  =  -3,      d  =  +8. 
16.   When  a  =  -12J,  6  =  -16,  c  =  +33i,  d  =  -6. 

§4.   DIVISION  OF  ALGEBRAIC  NUMBERS. 

1.  Division  is  the  inverse  of  multiplication.  In  multiplication 
two  factors  are  given,  and  it  is  required  to  find  their  product 
In  division  the  product  of  two  factors  and  one  of  them  are 
given,  and  it  is  required  to  find  the  other  factor.  As  in  ordi- 
nary Arithmetic,  the  given  product  is  called  the  Dividend,  the 
given  factor  the  Divisor,  and  the  required  factor  the  Quotient 

E.g.,  Since  -28=-4x+7, 

therefore,         "28  ^+7  ="4,  and  -2S  -^-4  =+7. 

2.  From  the  definition  of  division  we  infer  the  following 
principle : 

If  the  2)roduct  of  two  factoids  be  divided  by  either  of  tJie  factors, 
the  quotient  is  the  other  factor. 

In  general,  if  the  given  product  be  a  xb,  we  have,  by  the 
definition  of  division, 

(a  X  6)  -J-  6  =  a,  and  (a  x  6)  -j-  a  =  6.  (L) 

3.  The  dividend  is,  as  a  rule,  a  single  number  and  does  not 
appear  as  the  product  of  two  factors,  one  of  which  is  the 
divisor. 
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Since  the  absolute  value  of  the  product  of  two  factors  is 
equal  to  the  product  of  their  absolute  values,  it  follows,  from 
the  definition  of  division,  that  the  absolute  value  of  the  quotient 
is  equal  to  the  quotient  of  the  absolute  values  of  the  dividend 
and  the  divisor. 

By  the  definition  of  division,  the  equations  of  §  3,  Art .  4, 
may  be  written 

+(a6)^+a=+6;   -(a6)-r.-a  =+6; 

+(a6)-s--a  ='b ;   -(a6)^+a  =""6. 

From  these  equations,  we  derive  the  following  Rule  of  Signs 
for  Division : 

Like  signs  of  dividend  and  divisor  give  a  positive  quotient; 
unlike  signs  of  dividend  and  divisor  give  a  negative  quotient. 

E.g.,  +8  ^+2  =+4;   -8-f--2=+4; 

.      -8h-+2=-4;   +8-f--2=-4. 

4.  In  a  chain  of  indicated  divisions,  the  operations  are  to 
be  performed  successively  from  left  to  right. 

E,g,,  -16  -f.+4  ^-2  =-4  -5- -2  =+2 ; 

+210  -h-3  -f--2  -5- +5  =-70  -f--2  -f-+5  =+35  -^-+5  =+7. 

Likewise,  in ^a  chain  of  indicated  multiplications  and  divi- 
sions, the  operations  are  to  be  performed  successively  from 
left  to  right. 

E.g.,  -375  X  +3  -^ -5  X  +2  ^-9  =-1125  ---5  x  +2  h--9 

=+225  x  +2  -^-9  =+450  ^"9  ="50. 

5.  In  a  succession  of  additions,  subtractions,  multiplica- 
tions, and  divisions,  the  multiplications  and  divisions  are  first 
to  be  performed,  and  then  the  additions  and  subtractions. 

E.g.,  +2  X  -3  +  -4  X  +5  =  -6  -t-  "20  =  -26. 

When  a  different  order  of  performing  the  operations  is  pro- 
posed, the  required  order  must  be  indicated  by  the  insertion 
of  parentheses. 

E.g.,  +2  X  (-3  +  -4)  x  +5  =  +2  x  "7.  x  +5  =  "70, 

not  '26,  as  before. 
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6.   From  the  definition  of  division,  we  have 

Quotient  x  Divisor  =  Dividend. 

Since  the  quotient  of  a  divided  by  &  is  a  -^  6,  we  have 

(a  -J-  6)  X  6  =  a,  or  a  -^  6  X  6  =  a.  (1) 

From  (1)  and  Art.  2  (i.)»  we  derive  the  following  principle  : 

If  a  given  number  he  first  divided  and  then  multiplied  by  one  and  the 
same  number^  or  be  first  multiplied  and  then  divided  by  one  and  the  same 
number^  the  result  is  the  given  number;  or,  stated  symbolically, 

>x6-j-6  =  ^-^6x6  =  ^x+l  =  ^-+l  =  ^. 

That  is,  X  6  ^  6  =  -f-  6  X  6  =  X  +1  =  -^  +1,  (2) 

whatever  number  be  placed  on  the  left  of  the  two  indicated"  operations. 

E.g.,  -11  X  +3  -  +3  =  -11,   +11  --  -5  X  -6  =  +11. 

EXERCISES  IX. 
Find  the  values  of  the  following  indicated  divisions : 
1.    (-27  X  +3) -5-  +3.        2.    (-27  x  +3)^  -27.        8.    (+2J  x  +6|)h-  +2|. 
4.    +27  ^  +9.  6.   +81  H-  -9.  6.   "33  ^  +11.  7.   "105  -^  -7. 

Find  the  values  of : 

8.    (-l^-f-+2)  +  (+18--3).  9.    (-24---8)-(-36-!-+6). 

10.    (-15  -7-  -5)  - (+100  -f-  -26)  +  (-200  -j-  +8). 

Find  the  values  of : 

11.    +210  -  -5  -^  -7  ^  +2.  12.    +375  --  -5  x  +2  -f-  -3. 

13.    -280  -f-  -4  X  +2  X  -3  H-  -42.  14.    +15  x  -6  h-  -2  -j-  +5  x  +4. 

Find  the  values  of  the  following  expressions  : 

16.  +180  -r-  -36  +  -4  X  -2.  16.    -25  x  +4  -  +36  h-  -12. 

17.  +48  X  -2  -  -96  --  -24.  18.    "7  +  +15  -j-  +3  x  -2  -  "28  -4-  +4. 

What  is  the  value  of  (a  —  6)  -h  (c  +  cf), 

19.  When  a  =  +18,  6  =  -2,  c  =  +3,  d  =  +2  ? 

20.  When  a  =  -23,  6  =  +5,  c  =  -4,  d  =  -3  ? 

What  is  the  value  of  a  -^  b  x  c  -i-  d, 

21.  When  «  = +125,  b=    6,  c  =    +4,  df=-10? 

22.  When  a  =    "49,  6  =  -7,  c  =  +18,  d  =  -2  ? 
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The  Commutative  La^  for  Division. 

7.  In  a  chain  of  divisions,  or  of  multiplications  and  divisions, 
the  successive  operations  are  to  be  performed,  as  has  been 
stated,  in  order  from  left  to  right. 

E.g.,  -14  H-+2  X  -7  ="7  x  "7  =  +49. 

+8  ^-4  --+2  =-2  -f-+2  =-1. 

But,  if  the  operations  in  the  above  examples  be  performed 
in  a  different  order,  the  symbol  of  operation,  x  or  -?-,  being 
carried  with  its  proper  constituent,  we  have 

-14  X  -7  ^+2  =+98  -h+2  =+49,  as  above. 
+8  -h+2  -f--4  =  +4  -5- -4  =  "1,  as  above. 

This  example  illustrates  the  Commutative  Law : 

(i.)  To  multiply  any  number  by  a  second  number  and  then  to 
divide  the  product  by  a  third  number,  gives  the  same  result  as 
first  to  divide  the  given  number  by  the  third  number  and  then  to 
multiply  the  resulting  quotient  by  the  second  number;  and  vice 
versa  ;  or,  stated  symbolically, 

lllxb-i-c  =  H~hcxb,  or   x  b -i- c  =-i-c  x  b. 

(ii.)  If  a  given  number  be  divided  successively  by  two  numbers, 
the  result  is  the  same  whichever  of  the  tivo  divisions  is  first  per- 
formed ;  or,  stated  symbolically, 

H-i-b-^c  =  H-^c-^b,  or  -7-6-^c  =  -f-c-h6. 

These  principles  are  proved  as  follows : 
(i.)  If  in  iV  X  6  H-  c, 

N  be  replaced  by  iV-;-  c  x  c,  =  iV,  by  (2),  Art.  6,  we  have 

iVx6-i-c  =  iV-i-cXcx6-r-c 

=  iV-r-cx6xc-r-c,  since  xcx6  =  x6xo, 
=  iV-H  c  X  6,  since  x  c  h-  c  =  x  +1,  by  (2),  Art.  6. 

In  like  manner,  it  can  be  shown  that  the  Commutative  Law  holds  for 
any  number  of  successive  multiplications  and  divisions. 


42  ALGEBRA.  [Ch.  U 

The  ABSoolative  Law  for  Diyiiion. 

a  By  Art.  4,  "32  x  +4  -k-'2  =-128  ^'2  =+64, 
whUe,  -32  X  (+4  -s-  -2) = -32  x  "2  =  +64. 

Likewise,         +32  -i-  "4  x  +2  =  -8  x  +2  =  "16, 
while,  +32  -«-  ("4  h-  +2) = +32  --  -2  =  "16. 

And,  -32  -s-  -4  ^  -2  =  +8  H-  -2  =  -4, 

while,  -32  -i-  ("4  x  "2) = -32  -i-  +8  =  -4. 

These  examples  illustrate  the  Associative  Law : 

(i.)  A  chain  of  multiplications  and  divisions  may  be  inclosed 
within  parentheses  preceded  by  the  symbol  of  muUiplicaJtion,  if 
the  symbols  of  operation,  x  and  -?-,  preceding  the  numbers  in- 
closed within  the  parentheses  be  left  unchanged;  oVf  stated  sym- 
bolically, 

H  xa-i-b  =  H  xia h-6). 

(ii.)  A  chain  of  multiplications  and  divisions  may  be  inclosed 
within  parentheses  preceded  by  the  symbol  of  division^  if  the 
symbols  of  operation^  x  and  -^,  preceding  the  numbers  inclosed 
within  the  parentheses  be  reversed  from  x  to  -^  and  from  -i- 
to  X;  or,  stated  symbolically, 

H -^  a  -i-  b  —  H  -i-ia  xb),  and^-r-a  x  6  =  ^-f-(a-i-6). 

The  proof  is  as  follows : 

If  in  N-^  a  -i-  bj 

N  be  replaced  by  iV-f-  (a  x  6)  x  (a  x  6),  =  Nj  by  (2),  Art.  6, 
we  have  iV-j-aH-6  =  iV-=-(ax&)x(ax6)-f-a-^6 

=  iV-^(ax6)x6xa^a-5-6, 

since  xax6=  x6xa, 
=:  iV  -r-  (a  X  6)  X  6  ^  6,  since  x  a-^  a  =  x  +1, 
=  iV-r-(a  X  6),  since  x  6  ^  6  =  x  +1. 

In  like  manner  the  other  principles  are  proved,  and  all  can  be  extended 
to  include  any  number  of  successive  multiplications  and  divisions. 

9.  An  even  number  is  one  whose  absolute  value  is  exactly 
divisible  by  2 ;  as  .4,  6,  etc. 
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Since,  by  the  Commutative  Law, 

2w-5-2  =  2H-2xn  =  l  xw  =  n, 
2  n  is  always  an  even  number  when  n  is  an  integer. 

EXERCISES  X. 

Find,  in  the  most  convenient  way,  the  values  of : 
1.    -25  x-12  -4- +5.        2.    -100  x-7  -i--26.       8.    -1000  x-11  -^+125. 
4.    +33J---20X+3.      6.    -30-T--9X-12.        6.   -10 -;-+17  x-34. 

Find,  in  the  most  convenient  way,  the  value  of  a  -4-  6  -h  c  x  d, 

7.  When  a  =  +170,  6  =  -3,  c  =  +17,  d  =  -6. 

8.  When  a  = -125,  6  = -7^  c  = +25,  d=-14. 

Find  the  values  of  the  following  expressions,  first  removing  the  paren- 
theses: 

0.    +25  X  (+12  -f--4).      10.   -20  - (-5  ^+2).     11.   +  100-  (+25  x  -2). 
12.   -600-^(-200^-25x+.S-i--4).        18.   +300-^(-160h-+6x +8-^-4). 

§5.     ONE  SET  OF  SIGNS  FOR  QUALITY  AND   OPERATION. 

1.  In  conformity  with  the  usage  of  most  text-books  of 
Algebra  we  shall  in  subsequent  work  use  the  one  set  of  signs, 
-h  and  — ,  to  denote  both  qaality  and  operation.  For  the  sake 
of  brevity  the  sign  +  is  usually  omitted  when  it  denotes 
quality ;  the  sign  —  is  never  omitted. 

Thus,  instead  of  "'"2^  we  shall  write  -f  2,  or  2 ; 
instead  of  ~2,  we  shall  write  —  2. 

2.  We  have  used  the  double  set  of  signs  hitherto  in  order 
to  emphasize  the  difference  between  quality  and  operation.  It 
should  be  kept  clearly  in  mind  that  the  same  distinction  still 
exists. 

We  now  have 

^-|-+2  =  ^4-  (+  2)  =  ^-f  2,  omitting  the  sign  of  quality ,  -}-; 

^-f- "2  =  -?/'-}-(—  2),  wherein  +  denotes  operation,  and  —  denotes 

quality, 

N—'^2  =  N—  (-}-  2)  =  N^  2,  omitting  the  sign  of  quality,  +; 

^— -2  =  -y  —  (—  2),  wherein  (he  first  sign,  — ,  denotes  opera- 
tion, the  second  sign,  — ,  di^iioX.^^  quoXxt^j 
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3.  In  the  chain  of  operations 

(+2) +  (-5) -(+2) -(-11) 

the  signs  within  the  parentheses  denote  quality^  those  without 
denote  operation.     That  expression  reduces  to 

(+2) -(+6) -(+2) +  (+11), 

or  2  —  5  —  2  4- 11,  dropping  the  sign  of  quality,  +. 

In  the  latter  expression  all  the  signs  denote  operation,  and 
the  numbers  are  all  positive, 

4.  The  following  examples  illustrate  the  double  use  of  the 
signs  4-  and  — . 

Ex.  1.  +4  ++3  =  4-4  + (4-3)  =  4  +  3  =  7. 

Ex.2.  -5++2  =  -5  +  (+2)=-5  +  2  =  -3. 

Ex.  3.  +7  --5  =  +  7  -  (-  5)  =  +  7  +  (+  5)  =  7  +  5  =  12. 

Ex.  4.  -4  X  +3  =  -  4  X  (+  3)  =  -4  X  3  =  -  12. 

Ex.5.  -4x-3  =  -4x  (-3)  =  12. 

EXERCISES   XI. 

Find  the  values  of  the  expressions  in  Exx.  1-8,  first  changing  them 
into  equivalent  expressions  in  which  there  is  only  the  one  set  of  signs, 
-f  and  —  : 

1.   +2 +  +3.  2.   +14 +  -9.  8.    -8 +  +5.  4.   "4  + +6. 

5.    +8- +4.  6.     +5 --2.  7.    -8  - +3.  8.    "2  - -5. 

Find  the  values  of  the  expressions  in  Exx.  9-14,  first  changing  them 
into  equivalent  expressions  in  which  there  is  only  one  set  of  signs,  +  and 
— ,  and  then  removing  the  parentheses  : 

9.    +5 +(+4 +  +3).  10.    +7 +(-5 +  +3). 

11.    -8-(-12-f +4).  12.    +17 -(+5 +  -8). 

13.    +6-(-3  +  -4)  +  (-2-+8).  14.    -7 -("6  -  "8)4  (+6  - -7). 

Find  the  values  of  the  expressions  in  Exx.  15-22,  first  changing  them 
into  equivalent  expressions  in  which  there  is  only  one  set  of  signs, 
-f  and  —  : 

16.     +3  X  +4.        16.   +18  X  -4.        17.     ~9  x  +11.        18.     -4  x  -7. 
10.    +18 -i- +2.        20.    +36-^-5.        21.    "18  h- +3.  22.   "96  + -6. 
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What  are  the  values  of  a  +  b  —  c  +  d  —  e  and  a  —(b  —  c-^-  d  —  e), 
28.    When  a  =  3,  6=-5,  c=-8,  c?  =  -9,  6  =  7? 
S84.    Whena=-9,  6  =  6,  c=-9,  d  =  -ll,  6  =  -12? 

What  is  the  value  of  a(6  —  c  +  d), 

26.    When  a  =  5,  6  = -9,  c  =  -ll,  d  =  8? 

26.  When  a  =  -  2,  6  c=  11,  c  =  -  12,  d  =  -  9  ? 

27.  When  a  =  -  13,  6  =  -  2,  c  =  3,  cZ  =  -  3  ? 
What  is  the  value  of  a  h-  (6  +  c  —  df  +  e), 

28.  When  a=-5,  6=-3,  c  =  4,  d  =  -6,  e=-7? 

29.  When  a  =  12,  6  =  -  2,  c  =  -  9,  d  =  13,  e  =  28  ? 
Find  the  results  of  the  following  indicated  operations : 

80.   4-7.  81.    -3  +  11.  32.   18-22. 

88.    1  -  65.  84.*  2-4  +  6.  86.    5  -  8  -  2. 

86.    -2-3  +  17-25-18  +  1.  37.    1-4+5-6  +  8-11. 

38.    -7x11.  89.    15x(-8).  40.    (-9)x(-17). 

41.    (-9)x(-8).  42.    18h-(-2).  43.    (-16)-=- 5. 

44.    (-72)^(-12).         46.    (-96)xl2--4.        46.   46-(-5)x3. 

47.  (-2)x(-3)  +  (-4)x5-7  x(-3). 

48.  6  x(-8)-16-(-4)+2  x(-6). 

§6.     POSITIVE  INTEGRAL  POWERS. 

.    1.  A  continued  product  of  equal  factors  is  called  a  Power  of 
that  factor. 

Thus,  2  X  2  is  called  the  second  power  of  2,  or  2  raised  to  the 
second  power;  aaa  is  called  the  third  power  of  a,  or  a  faised  to 
tlie  third  power. 

In  general,  aaa  •••  to  n  factors  is  called  the  nth  power  of  a, 
or  a  raised  to  the  nth  power. 

The  second  power  of  a  is  often  called  the  square  of  a,  or  a 
sqiuired;  and  the  third  power  of  a  the  cube  of  a,  or  a  cubed. 

2.  The  notation  for  powers  is  abbreviated  as  follows : 

a'  is  written  instead  of  aa ;  a^  instead  of  aaa ; 
a"  instead  of  aaa  •••to  n  factors. 

3.  The  Base  of  a  power  is  the  number  which  is  repeated  as 
a  factor. 

E,g,f  a  is  the  base  of  a*  a^,  •••,  a". 
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The  Exponent  of  a  power  is  the  number  which  indicates  how 
many  times  the  base  is  used  as  a  factor,  and  is  written  to  the 
right  and  a  little  above  the  base. 

E,g,,  the  exponent  of  a^  is  2,  of  a®  is  3,  of  a**  is  n. 

The  exponent  1  is  usually  omitted.     Thus,  a}  =  a. 

An  exponent  must  not  be  confused  with  a  subscript.  Thus, 
a^  stands  for  the  product  aoa;  while  Oj  is  a  notation  for  a 
single  number. 

4.  The  definition  of  a  power  given  above  requires  the  ex- 
ponent to  be  a  positive  integer.  In  a  subsequent  chapter 
this  definition  will  be  extended  to  include  powers  with  negar 
tive  and  fractional  exponents. 

Notice  that  the  words  positive  integral  refer  to  the  exponent 
and  not  to  the  value  of  the  power,  which  may  be  negative  or 
fractional. 

E.g.,   (-2)»  =  (-2)(-2)(-2)  =  -8;  (|)«=ixi  =  f 

5.  The  base  of  a  power  must  be  inclosed  within  parentheses 
to  prevent  ambiguity : 

(i.)    When  the  base  is  a  negative  number.     Thus, 
(-5)2=(-5)(-5)=25;  while  -5^  =  -(6  x  5)  =  ^26. 

(ii.)  ,  When  the  base  i^  a  product  or  a  quotient.     Thus, 
(2  X  5y=  (2'X  5)(2  X  5) (2  X  5)  =  1000; 
while  2  X  5»  =  2(5  X  5  X  5)  =  250. 

Likewise    f?Y=|x|  =  ^,  while  |=?^  =  1 

V3y      3     3     9  3         3        3^ 

(iii.)    When  the  base  is  a  sum.    Thus, 

(2  -t-  3)^  =  (2  +  3)  (2  +  3)  =  5  X  5  =  25 ; 
while  2  +  32=2  -h  3  X  3  =  2  +  9  =  11. 

(iv.)    When  the  base  is  itself  a  power.     Thus, 

(23)2  =  2»  X  2«  =  (2  x2  x2)(2x2  x2)=64:^ 
while  2'=2«^«=2«  =  2  X  2x2x2x2x2x2x2  x  2  =  51^' 
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EXERCISES  XII. 

Express  the  following  powers  in  the  abbreviated  notation : 
1.   2x2x2.    ^  2.    (-3)(-3)(-3).  8.   aaaaaa. 

4.    (xy)(xy)(xy).  6.   (- 3a)(~  3a)(-3a)(- Sa). 

6.    6  •  6  •  &  •••  to  8  factors.  7.   6  x  6  x  5  •••  to  w  factors. 

8.   (—  a6)(—  «&)(—  «&)  •••  to  n  factors. 
0.   32  X  32  X  32  X  32  X  32.  10.  x»  .  aj"  .  a;»  ...  to  m  factors. 

Express  the  following  powers  as  continued  products  : 

11.   26.  12.    (-3)7.  18.    (5a;)*.  14.  (-Qzy, 

16.   4«.  16.   «».  17.    (ab)p.  18.  (-7  a;)'. 

19.    (22)8.  20.   (-3*)2.  21.   (a*)2.  22.  [(-a;y)2]8. 

Express  the  following  powers  in  the  abbreviated  notation : 

28.   (a  +  ic)  (a  +  x)  (a  +  »)  (o  +  «). 

24.   {aaa  —  b)(^aaa  —  b){aaa  —  6)  •••  to  17  factors. 

Express  in  algebraic  notation : 

25.  The  sum  of  th£  squares  of  a  and  b. 

26.  The  square  of  the  sum  of  a  and  b. 

27.  The  sum  of  the  cubes  of  a;,  y,  and  z. 

28.  The  cube  of  the  sum  of  a;,  y,  and  z. 

Properties  of  Positive  Integral  Powers. 

S.    (i.)   All  (even  and  odd)  powers  of  positive  bases  are  positive. 

£7.^.,    2^=2x2x2  =  8.  3*=3  x  3  x  3  x  3  =  81. 

Ill  general,  (+  ay  =  (4-  a)(+  a)(-f  a)  •••  n  factors. 

=  -h  a",  n  even  or  odd. 

(ii.")    JE^ven  powers  of  negative  bases  are  positive;  odd  powers 
^f  '^^gative  bases  are  negative, 

Notice  that  the  words  even  and  odd  refer  to  the  exponents. 
Also,  that,  for  all  integral  values  of  w,  2  w  is  even  (§  4,  Art.  9), 
I    and  hence  that  2 ?i  4- 1  or  2n  —  1  is  odd. 

I     ■%,          (-2)*=(-2)(-2)(-2)(-2)  =  16; 
I  (-.5)3=(-5)(-5)(-5)^ 125. 
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In  general, 

(—  ay"  =  (—  a) (—  a) (—  a)  •••  2  n  factors, 

=4-  («aa  "*  2n  factors),  by  §  3,  Art.  6, 

=  +  a\  • 

And, 

(-  a)2"+^  =  (-  a)  (-  a)  (-  a)  ...  (2n  + 1)  factors, 

=  — [aaa  ...  (271+1)  factors],  by  §  3,  -Art.  6, 

=  -  a2"+^ 

7.  If  a  =  6,  then  a''  =  6".     This  principle  follows  directly 
from  the  axioms. 

EXERCISES  XIII. 

Find  the  values  of  the  following  powers : 
1.  23.  2.   32.  8.    (-3)6.         4.    -36.  6.    (-2)«. 

6.    -28.         7.   (-5)4.         8.    -5*.  9.    (-«)*.  10.    (-aj)l 

Express  as  powers  of  2  : 
11.   8.  12.   04.  18.    512.  14.   4096. 

Express  as  powers  of  —  3  : 
16.   9.  16.   81.  17.    -843.  18.    729. 

Express  as  products  of  powers  of  2  and  3  : 
19.   24.  20.    144.  21.    1536.  22.   2916. 

Deti^rmine,  by  inspection,  the  signs  of  the  "following  powers  • 
23.    (-5)17.  24.    (-7)76.  25.    (- S^p.  26.    J- 4)%h-i. 

27.    (—  7)"-i,  when  n  is  even.  28.    (—  3)",  when  n  is  even. 

Find  the  values  of  the  following  expressions : 

29.   2^  +  32.  30.    (2  +  3)2.  31.    (33-58).  82.    (3  -  5)«. 

83.    5  X  48.  84.    (5  X  4)8.  85.    2(-  7)8.  86.    [2(-  7)]«. 

37.   2x3* -(3x2)*.        38.    (5x6)2-6x52.        89.  2^ -(-2y, 

40.   292* -(-29)2*.  41.    [9(_4)]ii  +  36ii.        42.  (-37)W  +  37» 

When  a  =  1,  6  =  —  3,  c  =  2,  find  the  values  of : 
43.   a«.  44.   6«.  45.   ah".  46.    (aby.  47.    (6«)-, 

48.    6<  49.   a2^52_|_c2.  50.    (a6)8 +(6c)8 +  (ac)«. 

Find  the  values  of  the  following  sums  when  w  =  5,  a  =  2,  6=— 3: 
61.    12  +  22  +  32+ ... +  712.  62.    (1  +  2  +  3+ ...  + »)«. 

68.  a  +  a2  +  a8  +  ...  +  a».  64.  6  +  6*  +  &«  +  ...  4  ^ 


CHAPTER   III. 

THIS    FUNDAMENTAL    OPERATIONS    WITH    INTEGRAL 

ALGEBRAIC  EXPRESSIONS. 

§1.    DEFINITIONS. 

1.  An  Integral  Algebraic  Expression  is  an  expression  whicli 
involves  only  additions,  subtractions,  multiplications,  and  posi- 
tive integral  powers  of  literal  numbers ;  that  is,  in  which  the 
literal  numbers  are  connected  only  by  one  or  more  of  the  sym- 
bols of  operation,  -f ,  — ,  x,  but  not  by  the  symbol  -5-. 

E.g.,  1  -H  a;  -f-  a^,  5  a^6  -f-  f  cd^,  etc. 

The  word  integral  refers  only  to  the  literal  parts  of  the  expres- 
sion. At  the  same  time,  the  letters  are  not  limited  to  integral 
numerical  values,  but,  as  always,  may  have  any  values  whatever. 

E.g.,  a  +  6  is  algebraically  integral ;  but  when  a  =  ^,  6  =  |, 
we  have  a  +  6  =  i  +  i  =  li. 

2.  Coefficients.  —  In  a  product,  any  factor,  or  product  of  fac- 
tors, is  called  the  Coefficient  of  the  product  of  the  remaining 
factors. 

E.g.,  in  3  aJ)c,  3  is  the  coefficient  of  abc,  3  6  of  ac,  etc. 
A  Nttmerical  Coefficient  is  a  coefficient  expressed  in  figures. 
E.g.,  in  —  3  id),  —  3  is  the  numerical  coefficient  of  ab. 
A  Literal  Coefficient  is  a  coefficient  expressed  in  letters,  or  in 
letters  and  figures. 

E.g.,  in  3  ab,  a  is  the  literal  coefficient  of  3  b,  and  3  a  of  6. 
The  coefficients  + 1  and  —  1  are  usually  omitted. 

3.  The  sign  +  or  the  sign  — ,  preceding  a  product,  is  to  be 
regarded  as  the  sign  of  its  numerical  coefficient 

40 
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Thus,  4-  3  a  means  the  product  of  positive  3  by  a ;  —  5  a; 
eans  the  product  of  negative  5  by  x.     In  particular,   +0 


1,  -f  3  a  means  the  product  01  positive  d  by  a ;  - 
the  product  of  negative  5  by  x.     In  particular, 
means  the  product  of  positive  1  by  a,  and  —a  means  the 
product  of  negative  1  by  a,  unless  the  contrary  is  stated. 

EXERCISES  I. 
What  is  the  coefficient  of  x  in 
1.   2a;?         2.    -Sx?  8.   6 ax?         4.    -76x?  5.    (a  +  6)x? 

6.  If  the  sum,  a -{-  a -\- a  +  a,  he  represented  as  a  product,  what  is  the 
coefficient  of  a  ? 

7.  If  the  algebraic  sum,    —6  —  6  —  6  —  6  —  6,   be  represented  as  a 
product,  what  is  the  coefficient  of  —  6  ?    Of  6  ? 

8.  If  the  sum,  2  ax  +  2  ox  +  2  ax  +  •••  to  y  summands,  be  represented 
as  a  product,  what  is  the  coefficient  of  2  ax  ?    Of  2  a  ?    Of  ay  ? 

4.  Terms.  —  In  the  expression  4  a  —  3  6,  the  sign  —  means 
operation,  i.e.,  subtraction. 

But,  since  4a  —  36  =  4a  +  (—  3  6), 

the  given  expression  is  the  result  of  adding  4  a  and  —  3  6. 

Upon  these  considerations  are  based  the  following  definitions : 

The  Terms  of  an  algebraic  expression  are  the  addi(ive^<^ 
subtractive  parts  of  that  expression. 

E.g.,  the  terms  of  4  a  —  3  6  are  4  a  and  —  3  6. 

The  Sign  of  a  Term  is  the  sign  of  quality,  +  or  — ,  oif  its 
numerical  coefi&cient. 

E.g.,  the  sign  of  the  term  4  a  is  -H,  of  —  3  6  is  — . 

A  Positive  Term  is  one  whose  sign  is  +  ;  as  4  a. 

A  Negative  Term  is  one  whose  sign  is  —  ;  as  —  3  6. 

5.  Like  or  Similar  Terms  are  terms  which  do  not  differ,  or 
which  differ  only  in  their  numerical  coefficients. 

E.g.,  in  the  expression  -f-3a-f-6a6  —  5a-f-7a6,  -i-3a  and 
—  5a  are  like  terms ;  so  are  -^-Qab  and  +  7 ab. 
Unlike  or  Dissimilar  Terms  are  terms  which  are  not  like. 
^'^'/  -hSa  and  +7  ab  in  the  above  expression. 
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6.   A  Monomial  is  an  expression  of  one  term  ;  as  a,  —  7  6c. 

A  Binomial  is  an  expression  of  two  terms ;  as  —  2  a^  -f  3  6c. 

A  Trinomial  is  an  expression  of  three  terms. 

E,g,^  a  +  h-c,  -  Sa^^- 7  6^- 5  c*. 

A  Multinomial''^  is  an  expression  of  two  or  more  terms,  in- 
cluding, therefore,  binomials  and  trinomials  as  particular  cases. 

E,g.j  a  H-  6^,  a^  -f-  6  —  c*,  ah  -^hc  —  cd  —  ef, 

§2.    ADDITION  AND  SUBTRACTION. 

1.  Like  T^rms  can  be.  united  by  addition  and  subtraction 
into  a  single  like  term. 

Just  as  2  =  1  +  1,  so  2aj^  =  aj2/-|-iC2/> 

just  as     —  3  =  —  1  —  1  —  1,  so  —  3  051/  =  —  aj2/  —  a^  —  a?i/. 

Therefore,  just  as    2  -  ( -  3)  =  2  -f-  3  =  5, 
so  2  aJ2^  —  (—  3  aJ2^)  =  [2  —  (—  3)]  aJ2^  =  5  aj2/. 

That  is,  to  add  or  subtract  like  terms,  add  or  subtract  their 
numerical  coefficients  and  annex  to  that  result  their  common 
literal  part, 

•X.  1.  Add  —1  ab  to  4  ab, 

have    4  a6  +  (-  7  a6)  =  [4  -h  (-  7)]  a6  =  -  3  ab, 

:.  2.  Find  the  sum  of  3  a,  —6  a,  8  a,  —  4  a. 
\y  the  Commutative  Law  for  addition 
3a-H8a-h(-5a)-f-(-4a)  =  [3-h8-h(-5)-f-(-4)]a  =  2a. 

Ex.  3.  Subtract  —  5  a*y  from  —  7  oi^y. 
We  have 
-  7  «*i/  -  (-  5  «*2/)  =  -  7  a,-^!/  -h  5  aj2y  =  (_.  7  +  5)  ar^i/  =  -  2  ar^i/. 

EXERCISES  II. 
Add 

1.   2  a  to  3  a.  2.    -  7  y  to  3  y.  8.   4  6  to  -  9  6. 

4.    -  6  c  to  -  6  c  5.    -  4  x8  to  J  a:8.  6.  J^  a^  to  }  a^. 

*  The  word  WiynomiaJ  is  frequently  used  instead  of  llL\AtVQ»VQ^a\. 
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Subtract 

1.  2  a  from  5  a.  8.   3  6  from  —  5  6.             9.   10  m  from  —  m. 

10.    -dy  from  2y.  11.-16  x^  from  -  5  x^.      12.    -  3  ab  from  7  a6. 

13.  -  7  z»-^(y  -  ^r)  from  2  x»-\y  -  z). 

Find  the  sum  of 

14.   a,  2  a,  —  3  a.  15.    —  aft,  —  3  a6,  —  7  a6. 

16.   3  x»,  -  4  x«,  -  9  ««  17.   2  a^ft^  _  aSfta^  L  5  ^^252. 

18.  —  5  aa;"»,  7  ax"»,  —  9  ax"»,  3  ax^. 

19.  (x"  +  2^«),  -  3  (x«  +  r)»  4  (x»  +  y*«),  -  7  (x"  +  jT),  15  (x»  +  y")- 

Simplify  the  following  expressions  : 

20.  5x-2x  +  4x.      21.    -96-26-36.         22.   -1m+4TO-5m. 
23.    -x2«  +  7x2«  +  2x2«-5x2».       24.   a'^6  -  2  6a2  -  3  a'^6  +  4  6a«. 
25.    -  (a  +  6  -  c)  +  2  (a  +  6  -  (!)  +  11  (a  +  6  -  c)  -  7  (a  +  6  -  c). 

28.  3x  +  (-6x).       27.    -10  a +  (-12  a).      28.  \2x^  -  (^-1  n^), 

29.  2a -[-4a -(-6a)].  30.   m  +  [2??i  -  (3m -4to)]. 

31.  6y-[5y-4?/-(-3y  +  2y)]-y. 

32.  X  -  [x  -  2  X  -  (x  -  3 x)  -  (x  -  4  x)]. 

2.  Unlike  Terms  are  added  and  subtracted  by  writing  them 
in  succession,  each  preceded  by  the  sign  +  if  it  is  to  be 
added,  by  the  sign  —  if  it  is  to  be  subtracted. 

Ex.  1.  Add  3  6  to  2  a.     We  have  2  a  -f-  3  6. 

Ex.  2.  Add  -^x^io2y\     We  have 

2i/2  +  (-3aj2)  =  2  2^2_3  3j2^ 

Ex.  3.   Subtract  —  11  m  from  2  n.     We  have 

2  n  —  (— 11  m)  =  2  71  -H 11  m. 

Such  steps  as  changing  4-(— 3ar^  into  —  3a^,  and  —(—11m) 
into  +  11  m  should  be  performed  mentally. 

3.  A  multinomial  consisting  of  two  or  more  sets  of  like 
terms  can  be  simplified  by  uniting  like  terms. 

Ex.  1.  2a-36-5a  +  46 

=  2a  —  5a  —  36-f-4  6,  by  the  Commutative  Law^ 
=  —  3  a  -f-  6,  by  the  Associative  Law. 
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EXERCISES  III. 
Add 

1.   a  to  1.                       2.    —  3  to  2  x.  8.    —  jc  to  —  y. 

4.   x2  to  -  y^.               5.    a^  to  a.  6.    —  7  2;  to  —  3  x. 

7.    —  2  a6  to  a2.            g.    _  a;y2  to  -  xhf.  9.    -  3  m«  to  2  n™. 

Subtract 

10.   a:  from  1.               11.    —  a  from  2.  12.    —2m  from  —  3  w. 

18.    —  a:*  from  3  x.       14.    —  bx  from  —  cy.  15.   7  x"*  from  —  2  y*. 


Add 

16.   1.  --  x^  x\   L^     17.    —  3,  2  X,  —  3  y.        18.    —  a6,  —  ac,  -  ad. 
subtract  —  3  x^  from  the  sum  of  2  and  —  4  x. 

20.  Add  —  6  x*  to  the  result  of  subtracting  —  2  x  from  0. 

Simplify*  the  following  expressions  by  uniting  like  terms : 

21.  a  +  1  +  «  -  1.  22.   2  X  +  5  +  3  X  -  7. 

23.    -  6  mn  +  3  n  -  2  nm  -  6  w.  24.   3  x^  -  4  y2  +  2  x2  -  6  y\ 

26.  a  +  6-3a  +  c-46  +  6a-5c-8a-3c+116. 
28.   6  w*  -  cm^  4-  3  +  9  cw*  -  8  m*  +  5  m*  -  tnSc  +  11. 

27.  9  rt6*  -  6x  -  13  a6*  -  aSh  +  3  6x  -  2  rt6*  +  10  a*6  -  2  6x  -  a6^. 

28.  3  (a  +  m)  -  4  (a  +  m)  -  2  (a  +  wO  +  8  (a  +  w). 

29.  (a  +  «).8  -  2  (a  +  2;)8  +  2  (a  +  2?8)  +  7  (a  +  zf  -  6  (a  +  ^f*)- 

Simplify  the  following  expressions,  first  removing  parentheses : 
80.   a  +  l-(2-3a).  81.   6x-(-2y  +  3x). 

82.   2m  +  3n- (6m-4  w)-(-3m +  7  w). 
88.   l-[a8-2-(-2a8.3)]. 

84.  x2  -  2/2  4.  [_  3  a;2  _  2  2/2  _  (2  x2  -  3  2/2)]. 

85.  2xy-{-byz-(2zy-Syz)- [2  xy  -(Sxy  -2  yz)  +  5  2/2?]. 

Find  the  valaes  of  the  expressions  in  Exx.  30-35, 

86.  Wlien  a  =  1,  x  =  3,  2/  =  —  6,  ^  =  10,  m  =  4,  n  =  —  7. 

87.  When  a  =  —  3,  x  =  6,  y  =  -  7,  2:  =  8,  m  =  —  1,  n  =  -  2. 

Simplify 

88.  a+(a  + l)  +  (a  +  2)  +  (a  +  3). 

89.  X  +  (x  +  2)  +  (x  +  4)  +  ...  +  (x  +  10). 

.     40.   2?» +(2m- l)  +  (2m-2)+ ••• +(2m -9). 

41.  Find  the  sum  of  7  terms,  the  first  term  being  x^,  and  each  succeed 
ing  term  being  1  less  than  the  preceding  term. 

42.  Find  the  sum  of  6  terms,  the  first  term  being  m  +  n,  and  each 
•occeeding  term  being  p  lees  than  the  preceding  term. 
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Addition  and  Subtraction  of  Multinomials. 
4.  Ex.1.  Add -2a-f-36to3a-56. 

We  have  (3a-56)  +  (--2a  +  36)  =  3a-56-2a  +  36, 

=  a-26. 

Ex.  2.  Subtract  —  2  a  +  3  6  from  Sa  —  5b. 

We  have  (3a -5^^)  -  (-2a +  3  6)  =3a-56+2a  -  36, 

=  5a-86. 

In  adding  multinomials,  it  is  often  convenient  to  write  one 
underneath  the  other,  placing  like  terms  in  the  same  column. 

Ex.3.   Find  the  sum  of    -4:X^ +  3f -Sz^,  2qi^-3z\  and 

We  have  -.^a^^sf^Sz" 

2x'  -32* 
2y^  +  52* 

It  is  evidently  immaterial  whether  the  addition  is  performed 
from  left  to  right,  or  from  right  to  left,  since  there  is  no  carry- 
ing as  in  arithmetical  addition. 

Ex.  4.  Subtract  —  2  a  +  3  6  from  3  a  —  5  6. 

Changing  mentally  the  signs  of  the  terms  of  the  subtrahend, 

and  adding,  we  have 

3a-56 

-2a4-36 

5a-Sb 

Ex.  5.  Subtract  2  a^  -  3  2*  from  -  4  ar*  -f-  3  y*,  and  from  the 

result  subtract  2y^  -\-  5  z^. 

When  several  multinomials  are  to  be  subtracted  in  succession, 
the  work  is  simplified  by  writing  them  with  the  sig^s  of  the 
terms  already  changed.     We  then  have  ■  . 

-Ax'  +  Sf 
-2x'  -f-32* 

^2f-5z^ 

-6«2^     y2_^2Z^ 
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EXERCISES  IV. 
Add 

1.   a  +  4  to  a  —  4.  2.    — x  +  ytox  —  y. 

8.  7a-46to -3a  +  26.  4.   2x^  -  xyio  -x^ -\- y\ 

5.  x2  +  X  +  1  to  x2  _  a;  +  1. 

6.  2a2-3a6-62to -a2^5a6  +  262. 
Subtract 

7.   a  —  l  from  a  4- 1. ®:  J?  ~  2  6  from  0. 

9.  8  a  —  3  6  from  7  a  —  2  6.  10.   x  —  y  from  x  +  y. 

11.    —x^  —  xy^  from  «8  +  y«.  12.   a^ft  +  aft^  from  a*  +  6*. 

18.   a'  -  2  a2  -  a  -  2  from  a  -  6. 

14.  -x*  +  7«8  +  3x2  +  3x-9from0. 

15.  ««  -  3a;2y  +  3a;y2  _  ys  from  x^  +  3x2y  +  3xy2  +  ys. 
JfL-iasLay  3ic»  -  7«2  +  3a;  +  1  from  2  +  4a;  -  6aj2  _  2  x?  +  3a4. 

17.  X*  -  x8  +  x2  -  x  +  1  from  x*  +  x^  +  1. 

18.  -ix6-jx8  +  |x2-lfromx6  + Jx*-x8-f 

19.  -  3(x  +  yy  +  4(x  +  y)-  7  from  -(x  +  yy  -  7(x  +  2/)  +  3. 

Find  the  sum  of 

90.  7a-96-c,  6a-36-2c,  2a  +  36-5c. 

21.  3x2-5x+l,  7x2  +  2x-3,   _x2-2x-3. 

22.  x2-ax  +  a2,  2x2  +  3ax-4a2,  x2  +  ax  +  2a2. 

23.  3a2-4a6  +  62,  a2_2a6-262,  2a2-3a6  +  462. 

24.  a2_2a6  +  262,  2a^-Sab-{-b^  a^  +  bab-b^. 

25.  2x2y8  +  4x8y2,  _  5x2^8  +  2x2y2  _  Sx^y^y  4xV  -  ^^V  -  Qx^y\ 

26.  3a-26  +  6c,  a  +  6-c,  -2a  +  66-3c,  -2a+6-c. 

27.  x«  +  2x2-3x  +  l,    2x8-3x2  +  4x-2,    6x8  +  4x2  +  6, 
6x«-6x2-.4x-3. 

28.  6a«-3a2  +  2a,  a^  -  a^,  a2  -  a  +  1,  a^-2a'^-a-2. 

29.  2a  +  6-(c  +  d),  a+(6-c)-c?,  a  +  6-(c-d). 

80.  a  +  26  +  c,  2a-(6-c)-c?,  3a  +  6-(2c  +  d). 

81.  3(a  +  6)-4(a+6)2  +  6(a  +  6)8,    (a  +  6)2  -  2 (a  +  6)8, 
-(a  +  6)«  +  2(a  +  6)2  -  (a  +  6). 

82.  7(aS«+y2)-3(x2-2/2)^_2a;y,   2(x2-y2)_4xy,   3(x2+2/2)_(a:a_y2), 

88.    Subtract  the  sum  of  a^  ^  ab -\-  62  and  ab  from  2  a2  +  3  a6  +  2/>2. 
Si.  Sabtract  the  sum  ot  a^  and  62  +  c^  from  the  &um  ol  b*^  ^u^  o?'  —  <^« 
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35.  How  much  does  m^  +  n^  exceed  m^  —  li^  ? 

36.  How  much  does  I  —  x^  exceed  2  —  Sx^? 

37.  What  expression  must  be  added  to  2a  —  3&  +  4cto  give  4 a  -i- 
2b-'2c? 

38.  What  expression  must  be  added  io  xy-\-xz-\-yz  to  give  x*+y'+«*'^  ? 

39.  What  expression  must  be  subtracted  from  a^  +  a6  +  6^  to  give 

40.  What  expression  must  be  subtracted  from  x^  —  2  xy  +  y^  to  give 

x2  +  2  xy  +  2/2  ? 

4l7  What  expression  must  be  added  to  x^  +  x  +  1  to  give  0  ? 

If  x  =  2a -36 +  4c,  y  =- 3a  +  26  -  7c,  «  =  9a-76  +  6c,  find 
the  values  of 

42.   X  +  2/  +  2?.        43.   X  —  2/  4-  5f.       44.   x  +  y  —  «.       45.  x  —  y  —  «. 
Given  the  four  expressions : 

x  =  5a2-3a6+  62-3ac  +  26c+  c2, 
y  =  2  a2  +  6a6  -  3  62  +  2 ac  -  4  6c  +  3c2, 
0  =  4  a2  -  7  a6  +  5  62  -  4  ac  -  5  6c  +  c^, 
w  =  2  a2  ^_  9  rt6  -  8  62  +  3  ac  +  3  6c  -f  2  c2, 
find  the  values  of 

46.   X  +  2/  —  2f  +  ?«.  47.   X  +  2/  —  «  —  w.  48.  x  —  y  —  «  —  w. 

§  3.     MULTIPLICATION. 
Principles  of  Powers. 

1.  Products  of  Powers. 

Ex.    xx^x^  =  (x)  (xx)  (xxx)  =  xxxxxx  =  x^  =  aj^"'"^'*"^ 

This  example  illustrates  the  following  principle : 

The  product  of  two  or  more  powers  of  one  and  the  same  base 
is  equal  to  a  power  of  that  base  whose  exponent  is  the  sum  of 
the  exponents  of  the  given  powers;  or,  stated  symbolically, 

a'"a"  =  «"*+";  a"'a''aP  =  a"''^'*'^^ ;  etc. 

For,  «"»«»  =  (aaa  -"to  m  factors)  (aaa  •••  to  n  factors) 

=  aaa  -"to  (m  -\-  n)  factors  =  a^^*. 
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EXERCISES  V. 

Express  each  of  the  following  products  as  a  single  power : 

1.  2x22.  2.    (_7)8(-7)5.  8.  (-2)32*. 

4.  5*(-5)«.  5.   aH\  6.  (-a:)^**. 

7.  (a6)2(a6)8.  '   8.   aHHK  9.  {- x){-x)\- xy. 

10.  cfiafa",  11.  a'»-^a«+2.  12.  ai^+^x^-S". 

13.     (a-^  +  &2)8(a2  +  62)5.  14.     (x  +  y)n(x  +  2/)2. 

2.  Powers  of  Powers. 

Ex.   {ay  =  aVaVa*  =  a*+*+*+*+*  =  a^^^  =  a^.  • 

This  example  illustrates  the  following  principle : 

A  power  of  a  power  of  a  given  base  is  equal  to  a  power  of 
that  base  whose  exponent  is  the  product  of  the  given  exponents; 
or,  stated  symbolically, 

(a"*)»  =  a"*** ;  [(a"*)**]**  =  a"*"^ ;  etc. 
For,  (a"*)"  =  «'"«"*«"»  ••.  to  »  factors 

Likewise,     [(a*)'*]''  =(a'"'.*)''  =  a"*"^;  and  so  on. 

e:^bcises  VI. 

Find  the  values  of  the  following  powers : 
1.    (32)8.  2.   32".  8.    (48)2.  4.    [(-2)8]*.  5.   (-28)ft. 

Simplify  the  following  powers : 

6.    (11*)».               7.    [(-18)6]6.  8.  [(23)2]4.  9.  (a8)*. 

10.    (-x*)8.           11.    [(-a;)*]8.  12.  [(a6)2]6.  13.  [(a;2)6]7. 

14.    [(-n2)6j8.      15.    (a.n)2n  16.  (x*^)2».  17.  [(a;  +  y)8]2. 

Express  the  following  powers  as  powers  of  2  : 
18.    [(2«)2]*.  19.    (23")*.  20.   86.  21.    3225. 

Express  the  following  powers  as  powers  of  32 : 
23.   38.  23.    32«.  24.    9*.  25.    27«. 

Express  the  following  powers  as  powers  of  58  : 
86.    6».  27.   581.  28.    125«.  29.    25». 

Simplify  the  following  powers : 
aa   (dV)*.         31.   (a^x6)6.         82.   [(-a;)V]8.         38.   [(- c)«c*]»". ' 
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Write  the  squares  and  the  cubes  of : 

84.   a\  85.    -a\  86.    ixH^)\  87.    [(-y)V]«. 

88.   x^y.  89.    (a  -  6)2.  40.    -(a  +  6-c)8. 

Write 

41.   The  fourth  power  of  a.  42.   The  ath  power  of  4. 

Write  the  sum  of  ten  terms,  the  first  term  being  «, 

48.   When  each  term  is  the  square  of  the  precec^^'ng  term. 

44.  When  each  term  is  the  nth  power  of  the  preceding  term. 

Simplify 

45.  3(a8)*+2(a*)8-4(a2)6.        46.  3(a5)*-2(a*)6-5(aio)2+7[(a«)6p. 

3.  Like  and  Unlike  Powers.  —  Two  powers  are  said  to  be  ZiA:e 
or  unlike  according  as  their  exponents  are  equal  or  unequal, 
whether  or  not  their  bases  are  equal.     Thus, 

a^,  6^  are  like  powers ;  a^,  a',  a*  are  %inlike  powers. 

4.  Products  of  Like  Powers. 

Ex.  a*6V  =  (aaaa)  (hbhb)  (cccc) 

=  (abc)  (abc)  (abc)  (abc),  by  the  Commutative  Law, 
=  (obey,  by  the  definition  of  a  power. 

This  example  illustrates  the  following  principle : 

(i.)  The  product  of  like  powers  of  ttvo  or  more  given  bases  is 
the  like  power  of  the  product  of  the  bases;  or,  stated  symbolically, 

For,  a*"6*"  =  {aaa  •••  to  m  factors) {hhb  •••  to  w  factors) 

=  (a6)(a6)  (a6)  •••  to  m  factors,  by  the  Commutative  Law, 
=  («&)"»,  by  the  definition  of  a  power. 

In  like  manner  the  principle  can  be  extended  to  the  product  of  any 
number  of  like  powers. 

(ii.)  The  converse  of  the  principle  is  evidently  true : 
(a4)»»  =  fl^i" ;    (flic)*"  =  a^'b'^c"',  etc. 
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EXERCISES    VII. 

Express  the  following  products  of  powers  as  powers  of  products : 
1.    78x68.  2.    (8)*x(-3)*.       3.    ^858.         4.    (-a;)8y8. 

5.    (-a)666(-c)6.       6.   a^(b  +  cy,  7.   a^b^c^.      8.   x%%i8. 

Express  the  following  powers  of  products  as  products  of  powers,  re- 
ducing powers  of  any  numerical  factors  : 

9.    (xy)8.  10.    (-2tt)6.  11.   (-2 ay)*.  12.    (a6c)8. 

13.    (a268c)4.         14.    (-3x2y)*.        16.    (-a;V«)6.        16.    (mH^)p. 

Write 

17.   The  square  of  twice  a.  18.   Twice  the  square  of  a. 

19.  Four  times  the  square  of  the  difference  between  x  and  y. 

20.  The  square  of  four  times  the  difference  between  x  and  y. 

Given  two  numbers,  a  and  6,  write  in  algebraic  language : 

21.  The  square  of  the  first  number,  plus  twice  the  product  of  the  two 
numbers,  plus  the  square  of  the  second  number. 

22.  The  cube  of  the  first  number,  plus  three  times  the  product  of  the 
square  of  the  first  by  the  second,  plus  three  times  the  product  of  the  first 
by  the  square  of  the  second,  plus  the  cube  of  the  second. 

23.  Write  in  algebraic  language  the  verbal  statements  in  Exx.  21  and 
22,  when  the  given  numbers  are  2  a  and  —  3  6. 

Degree.    Homogeneous  Ezpressiona. 

5.  An  integral  term  which  is  the  product  of  n  letters  is  said 
to  be  of  the  nth  degree,  or  of  n  dimensions. 

Thus,  the  Degree  of  an  Integral  Term  is  indicated  by  the  sum 
of  the  exponents  of  its  literal  factors. 

E.g,f  Sab  is  of  the  second  degree ;  2 oc^y,  =  2 xxy,  is  of  the 
third  degree. 

The  Degree  of  a  Multinomial  is  the  degree  of  that  term  which 
is  of  highest  degree. 

E.g.f  the  degree  of  7?y  +  mf^  —  x^i^z  is  the  degree  of  7?y^z ; 
I.e.,  the  sixth. 

&  It  is  often  desirable  to  speak  of  the  degree  of  a  tetm^  ot. 
of  an  ezpreaaiaD^  ia  regard  to  one  or  more  o£  its  IVXi^t^X  i'aj^^XAit^. 
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E.g,,  the  term  aa^y*  is  of  the  Jiflh  degree  in  x  and  y,  of  the 
first  degree  in  a,  of  the  second  degree  in  x,  of  the  thit'd  degree 
in  y,  etc. 

The  expression  aa^  -|-  2  bxy  -f-  c^^  is  of  the  second  degree  in 
X,  in  y,  and  in  x  and  i/. 

7.  A  Homogeneous  Expression  in  one  or  more  letters  is  an 
expression  all  of  whose  terms  are  of  the  same  degree  in  these 
letters. 

E.g.,        a^  -f-  2  a6  4-  6^  is  homogeneous  in  a  and  b. 

8.  If  the  terms  of  a  multinomial  be  arranged  so  that  the 
exponents  of  some  one  letter  increase,  or  decrease,  from  term 
to  term,  the  multinomial  is  said  to  be  arranged  to  ascending, 
or  descending,  powers  of  that  letter.  The  letter  is  called  the 
letter  of  arrangement. 

E.g.,  a^  -f  3  a^6  -f-  3  a6^  H-  y*  is  arranged  to  descending  powers 
of  a,  which  is  then  the  letter  of  arrangement ;  or  to  ascending 
powers  of  h,  which  is  then  the  letter  of  arrangement. 

EXERCISES  VIII. 

What  is  the  degree  of  2  aWx^y^ 
1.   In  a  ?         2.   In  X  ?         3.   In  h  and  y^        4.   In  a,  6,  a;,  and  y  ? 

What  is  the  degree  of  the  expression  a^v^  —  6  a'^bVy  +  6  abx^ 
6.   In  a;  ?  6.    In  y  ?  7.   In  a  ?  8.   In  6  ? 

9.   Arrange  2x  —  3x^  +  7  —  2«*  +  3a;2  to  ascending  powers  of  x ;  to 
descending  powers  of  x. 

10.  Arrange  3  y  —  7  x^'  +  6  xV^  +  4  x^y*  to  ascending  powers  of  ar ;  to 
ascending  powers  of  y. 

11.  Arrange  29  a^b^  +  4  66  _  30  ^353  4.  25  a^b^  -  12  ab^  to  descending 
powers  of  a ;  to  descending  powers  of  b. 

Multiplication  of  Monomials  by  MonoiniaUi. 

9.  Ex.  1.  Zax&h  =  Sx5xaxb  =  Wab. 
Ex.. 2.             2  a?  X  (-  4  2/2)  =  2(-  4) a;«/2  =  -  8  xy\ 

Ex.  3.     I  a^  X  6a62  X  11  6*=  §  X  6  X  11  X  a^ab^V  =  4Aa^V. 
Ex,  4.      3  a'^+'b^  X  5  a^b^-^  =  3x5  a"'''Wb''b'''^  =  16  a*+W+«. 
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These  examples  illustrate  the  following  method : 

Tlie  product  of  two  or  more  monomials  is  obtained  by  multiply- 
ing the  product  of  their  numerical  coefficients  by  the  product  of 
their  literal  factors. 

EXERCISES  IX. 
Multiply 

1.  3  a  by  4.  2.    -  5  by  -  2  a.  8.   7  by  -  5  x^. 

4.  2aby3a.  6.  2ixby-5a;*.  6.    -3a2by-4a. 

7.  -  2  a6  by  6  ab.  8.  3  a'^b  by  -  7  ab'^J  9.   4  62c  by  -  3  h^c^. 

10.  3  a6c  by  aftW  IL    -3x^z  hyxy^.        .12.   a^bxy  hy  ab'^x^y^. 

18.  2(a  +  5)8  by  -  3(a  +  6)2.  14.   I^a'^^x  -  y^hy  Qa^(x- yy. 

16.  12  a*6"»  by  -  }  a6».  16.   3  a^-^ft^+i  by  -  12  a^bK 

Simplify  the  following  continued  products : 

17.  SabxbbcxQac.  18.    -7 x^y  x(-2y^z)x  3xz\ 

19.  —  axy  X  7  abx'^z  x  2  bx^yz.  20.  «V^^  x  ^  a;'»y2n  x  ( -x^^n-ij, 

21.  (2  ax^y  X  (6  ab^yy  x  (-  2  aVj/S)^ 

22.  (1  -  x)8  X  3  a6  X  4(1  -  a;)^  x  (-  2  a'^c). 

The  Distributive  Law  for  Multiplication. 

10.  If  the  indicated  operation  within  the  parentheses  in  the 
product,  4(2  +  3),  be  first  performed,  we  have 

4(2-{-3)  =  4x5  =  20. 

But  if  each  term  within  the  parentheses  be  multiplied  by  4 
and  the  resulting  products  be  then  added,  we  have 

4  X  2  +  4  X  3  =  8  4- 12  =  20,  as  above. 

Therefore  4(2  -h  3)  =  4  x  2  -f-  4  x  3. 

This  example  illustrates  the  following  principle : 

The  Distributive  Law.  —  The  product  of  a  multinomial  by  a 

monomial  is  obtained  by  multiplying  each  term  of  the  multinomial 

by  the  monomial  and  adding  algebraically  the  resulting  products. 

That  is, 

.  a(b  +  c  —  d)  =  ab  +  ac  —  ad. 
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(i.)  For,  let  a  be  limited  to  positive  intend  values. 
Then 

a(b  +  c  —  d)  =  (6  +  c  —  d)  +  (6  +  c  —  (?)  H —  to  a  summands, 

=  (ft  +  ft  +  •••  to  a  summands)  +  (c  +  c  +  •••  to  a  summands) 

—  (d  +  <2  +  •••  to  a  sununands), 
=  a6  +  oc  —  ad. 

(ii.)  Let  a  be  limited  to  negative  integral  values,  and  be  denoted  \Jf 
—  X,  80  that  OS  is  an  absolute  number. 
Then 

a(6+c— d)  =  — x(6+c— d),  replacing  a  by  —x, 

=  — (6+c-(Z)  — (6+c— d)—  •••  to  X  summands, 

=  — 6— 6— •••  to  X  summands  —c—c—»"  to  x  summands 

-{■d-\-d-\-'"  to  X  summands, 
=  +  (—6-6 toa;  summands)+(—c—c——  to  «  summands) 

—  (—d—d—.- to  05  summands), 
=  +  (~a;)6+(-x)c-(-x)d 
=  ab-\-ac—ad,  replacing  —  a;  by  a. 

In  (i.)  and  (ii.)a  was  limited  to  integral  numerical  values.  Similar 
reasoning  can,  however,  be  applied  when  a  is  a  numerical  fraction. 

Thus,      }(4  +  f)  =  i±i  +  i±i  =  J  +  J  +  i  +  |  =  Jx4  +  }xf 

Multiplication  of  a  Multinomial  by  a  Monomial. 

11.  The  multiplicatioD  of  a  multinomial  by  a  monomial  is  a 
direct  application  of  the  Distributive  Law. 

Ex.  1.  Multiply  (x  -  y)  by  3. 

We  have  3  (.-c  —  y)  =  3  a?  —  3  y. 

Ex.2.  Multiply  3a;-22/- 72  by  -4a?. 
We  have 
-4aj(3a;-22/-72)  =  (-4aj)(3aj)-(-4a;)(23^)-(-4aj)(7i2) 

=  -12aj2-|-8a;y-f-28a;2. 

Such  steps  as  changing  (—4  a?)  (3  a?)  into  —  12  a;*,  —(—4a?)  (2  j) 
into  +8a?2^,  and  —(—4  a?)  (7  2)  into  H-28a?2,  should  be  per- 
formed mentally. 

Ex.  3.  4a?2y(a?y-3a?2;-h22/2)  =  4ary-12a?«2^2H-8a;y«. 
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EXERCISES   X. 
Multiply 

1.  a  +  lby3.  2.  2a -6  by -4.  8.  2a -36  by -2a. 

4.   Tx-SyhySx.  6.   Sa^  -  3a6  by  2a26. 

Simplify  the  following  expressions : 
6.  2a-3(a-l).  7.   3x-2(3x-2).  .8.   a2-aCa--l). 

,9.  6a  +  2a(a-l)-3a(a  +  l).       ^10.   1  -[5(a  -  6)  +  6(a  +  ^y 

311.   5x-3(«-2y)-7[5x-3(x-3y)]. 

'^12.  a  +  a(l  +  a2)  -  a[l  -  a(l  -  a)]. 

Multiply  a^b  -  3  ab^c  +  4  ftc^  by 

L8.  2a6.  L14.    -3ac.  nl5.  a^bc^-K  716.    -^ab^c^ 

Multiply  aj8-2x2  +  6x-lby 

17.    -2.  18.   3  a;.  19.    -5x2.  20.   Jx». 

Jl.   Multiply  (x^  +  1)*  -  6  a(x2  + 1)2  +  3  aft  by  -  2  a262(x2  +  1)8. 

Simplify  the  result  of  substituting  a  +  6  —  c  for  x,  and  a  —  6  +  c  for  y, 
he  following  expressions : 

J2.   5  6x  -  7  ay.  23.  3  a26x  -  14  a62y.  24.   7  a6x  +  2  bey. 

Find  the  values  of  the  results  of  Exx.  22-24, 

2k   When  a  =  -2,  6  =  3,  c  =  - 4. 
26.   When  a  =  5,  6  =  -7,  c  =  -5J. 

Multiply  6  x**  -  3  x*»-3|jf2  +  4  x»-*y*  +  y"""*  by 

rr.  x8.  28.    -5x2y.  29.  3x"2^.  80.    -  6|x»»2/«. 

< 

l^rite  the  squares,  the)  cubes,  and  the  9ith  powers  of : 

n.   a"»+i.  82.   x*"-^*.  88.   2x'»+«y.  84.    -  3  a"»+'»-^y«. 

he  Distxibutive  Law  when  the  Multiplier  is  a  Multinomial. 

L2.  Ex.   (2h-3)(7-5)  =  (2h-3)7-(2  +  3)5 

=  2x7  +  3x7-2x5-3x6. 
[n  general 

(a  -h  A)  (c  +  rf  —  a)  =  ac  +  Ac  +  arf  +  6(/  —  aa  —  be,  etc. 

For,  (a  +  6)(c  +  d  -  €)  =  («  +  ^)c  +  (a  +  6)^  -  («  +  6)e,  by  Art.  10, 

=  ac  +  6c  +  a(?  +  6<^  —  «.e  —  66. 
Sunilarly  for  any  number  of  terms  in  either  mu\tip\Vei  ox  xuxj^W'^^^^asi^ 
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Multiplicatioii  of  Multinomials  by  Maltinomials. 

13.  From  the  preceding  article  is  derived  the  following 
principle  for  multiplying  a  multinomial  by  a  multinomial  : 

Multiply  each  term  of  the  multiplicand  by  each  term  of  the 
multiplier,  and  add  algebraically  the  resulting  products, 

Ex.1.   Multiply  -3a  +  26  by  2a-36. 

We  have  (-3a  +  26)(2a- 36)=  (--3a)  x2a-f  26  x  2a 

-3a  X  (-36) +26  X  (-36) 
=  _6a2  +  4a6  +  9a6-66* 
=  _6a24-13a6-66l 

The  work  may  be  arranged  as  follows :  Write  the  multiplier 
under  the  multiplicand,  the  first  paHial  product,  i.e.,  tlie  product 
of  the  multiplicand  by  the  first  tei^m  of  the  multiplier,  under  the 
multiplier,  the  second  partial  product  under  the  first,  and  so  on, 
placing  like  terms  of  the  paHial  products  in  the  same  column. 

We  have  -  3  a  +   2  6 

2a  -   36 


-6a^-\-   4a6 

+    9a6-6 

-6a2  +  13a6-662 

It  is  customary  to  multiply  from  left  to  right,  instead  al 
from  right  to  left  as  in  Arithmetic. 

Ex.  2.   Multiply  a«  +  a^  -  4  a^a;  -  2 aa^  by  a?  -  3a. 

Arranging  the  multiplicand  to  descending  powers  of  x, 

we  have  \ 

a^  —  2  aa^  —  4  a^aj  +  a^  \ 

X  —3a 


a?*  —  2  aa:^  —  4  a  V  +      a^x 
-  3  aa^ -f  6  a^ar^  +  12  a'^a;  -  3  a* 

a?*- 5aaj»  +  2  aV  4- 13  a^a;  -  3a* 


\ 
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Ex.  3.   Multiply  aJ'-Sa^b  +  S  ab^  -b^  by  a^  -  2  a6  +  b\ 

We  have 

a^^Sa'b-i-Sab^-b^ 
€?     2ab  -\-b^ 

a' -3 
~2 

a*6  4-   3 
+    6 
+    1 

aV-    1 

-  6 

-  3 

+  2ab* 

+  3       -&* 

a*  _ 5  a*b  +  lOa'b^  -  lOa'b^  +  5ab*-  b' 

In  this  work  the  literal  parts  of  the  first  three  terms  of  the 
second  and  third  partial  products  were  omitted,  it  being  under- 
stood that  the  numerals  remaining  are  the  coefficients  of  the 
literal  parts  just  above  in  the  first  and  second  partial  products. 

Observe  that  in  the  last  example  the  multiplicand  and 
multiplier,  and  also  the  product,  are  homogeneous, 

Ex.4.   Multiply  2a;'»+^— Saj^+Taj™-^— 9af»-2  by  aj^"*— a?^'"-^ 
We  have 


+  9a^* 


2  a^s^+i-  7  a:*"  +  12  aj^^-i-  16  ^'■^^-  9  o^ 


m—Z 


Multiply 
1-   «  +  3  by  a;  +  7. 

»•    -8a6  +  7  by  2a6-5. 
*■   a;  -}.  3  by  y  +  4. 
^'  ^"^LiL^y  2a^-36. 


EXERCISES  XI. 


2.   2a -7  by  3a +  4. 
4.    J  a  —  5  by  I  a  —  8. 
6.    -  6  a  +  7  by  2  6  -  3. 
8._  ax  —  by  hy  ax  -\-2  by. 
—  3  a6  +  ac  by  7  a6  —  5  ac. 


10. 


••   5«8_a.  by  l-2a;. 
^1-    —  17  aV  +  12  a^aj*  by  aH  -  3  a'^x^. 
^-  2  a«*xH-i  —  3  a*"-^"  by  6  a^x*"  —  2  a"»a;2. 
^•-  I  a"H-i5fi-i_  jan-2jm+2  jjy  -  i  a^&^+i  +  a^+'ft". 
^*-  **-8a5  +  l  by  x~4.  15..4a3-6a  +  9  by  2a  +  3. 


1«.  1^ 


2a  +  4a«-8a»  by  l  +  2a. 


2:iL^A+Mby  «+&- 


'  U-   A;2  -  A;  +  1  by  *2  +  A;  +  1. 
19.  2a?- a  M  a^-<^-V> 
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*  SO.  8ic8  +  12a;2y  4.  igVy**  +  27 y^  by  2x  -  By. 

'21.  4a-4a2  +  2a8  by  2  +  2a  +  a2. 

22.  2  62  __  3  ft  _|-  4  by  62  _  2  6  -  3. 

'  23.  a25  +  2(262  -  1  by  2a2  -  a6  +  1. 

24.  2x2  +  3«y  +  4y2  by  3a;2  -  4 xy  +  y^. 

25.  -  1 +Ka;»-5a:6  by  4aj-ic* +  2aj7, 

26.  «8-2a;2  4.3a;__4  by  4a;8  +  3a;2  +  2aj+l. 

27.  X*  +  2x8  _|-  a;2  _  4a;  __  11  by  x2  -  2aj  +  3. 

28.  x2  -  xy  +  y2  +  a;  _^  y  4. 1  by  X  +  y  -  1. 

29.  3i  a*6  +  2^%  ^258  _  4j  ^^352  by  2Ja8  -  2ia26  +  a62. 

30.  3  x"»  -  2  x"»-i  +  4  x"»-2  by  2  x^-i  +  4  x«-2  -  6  x"»-8. 

81.  3  aP-^  +  aP-^  -  2  aP-^  -  4  a^  by  2  ai*-*  +  3  a'-"*. 

82.  3  a»-2x2  -  a»»-3x8  +  «*•  by  aV*-*  -  3  x^+i  -  2  ax». 

83.  2  X  (a2  +  62)8  _  3  X2  (a2  +  62)2  _|.  4  a;3(rt2  4.  52) 

by  x(a2  +  62)2-2(a2  +  62). 

34.  (X  +  y)«+2  +  3  (X  +  y)"+^  -  6  (x  +  y)" 

by  6  (X  +  «/)«+!  +  4  (X  +  y)"  -  2  (X  +  y)"-!. 

Perform  the  following  indicated  operations : 

86.    (x-2)(x  +  3)(x~4).  36.    (x  -  3)(x  -  5)(«- 7). 

87.  (2x-32/)(4x  +  y)(x  +  5y). 

88.  (xy  -  2  «)  (3  «  -  4  xy)  («  +  5  xy), 

89.  (2m2  +  3m-2)(m-l)(2m  +  3). 

40.  (x2  +  4x-l)(x2-2x+l)(x  +  2). 

41.  (a2-a  + I)(a2  +  a  +  l)(tf*-a2  +  l). 

42.  (a"*-|-  6«)(a'»  +  6")(ai'  -  6?). 
"43.  (1  +  X"  +  3c"*)  (3  -  2  x«  +  «'»)  (5  x»-i  -  3  x*»-i). 

14.  The  converse  of  the  Distributive  Law  evidently  holds; 

that  is, 

ab  -{-  ac  —  ad  =  a(b  -{-  G  —  d),  etc. 

E.g.,  ax  +  bx=  (a  +  b)x,  2  ay  —  S  by  =  (2  a  — 3  b)  y. 

15.  If  the  coefficients  of  the  multiplicand  and  multiplier, 
arranged  to  a  common  letter  of  arrangement,  be  literal^  it  is 
frequently  desirable  to  unite  the  terms  of  the  prodi;iot  which 
are  like  in  this  letter  of  arrarhqement 
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Ex.   Multiply  X+  ahy  x+  b. 

'  *  We  have  x  -^a 
X  -\-b 
ix?-\-ax 

bx-^ab 


/ 


0^  4-  aa;  +  6aj  +  a6  =  0^  4-  (a  4-  6)  a;  +  a6,  by  Art.  14. 

EXERCISES  XII. 

Arrange  the  values  of  the  following  products  to  descending  powers  of 
x,  uniting  like  terms  in  x : ' 

1.  (aj2  +  ax  +  6)(a;  +  a).  2.  (x^  -  aa;2  +  6x  -  c)(aj  -  6). 

8.  [aj2  4.  (a  — 5)05  — a&](x  — c). 

4.  [x2-(a  + 6)x  +  a6][x2  + (c-(2)x-C(?]. 

5.  (i)x8  +  gx2  +  rx  +  «) (ax^  +  6x  +  c). 

Zero  in  Multiplicatioii. 

16.  Since  N'0  =  ]Sr{b-  6),  by  definition  of  0, 

=  Nb-2^b  =  0, 
we  have  ^.0  =  0  and  0-^  =  0. 

That  is,  a  product  is  0  if  one  of  its  factors  be  zero, 

17.  The  words  is  not  equal  to,  does  not  have  the  same  value 
as,  etc.,  are  frequently  denoted  by  the  symbol  =^, 

E.g.,  7^2,  read  seven  is  not  equal  to  2. 

18.  It  follows,  conversely,  from  Art.  16 : 

If  a  product  be  0,  one  or  more  of  its  factors  is  0. 

That  is,  if  PxQ  =  0, 

then  either  P=0  and  Q=^0; 

or  Q  =  0  and  P:?£=  0 ;  or  P=  0  and  Q  =  0. 

EXERCISES  XIII. 

1.  What  is  the  value  of  2 (a  -  5),  when  b  =  a? 

2.  What  is  the  value  of  (a  +  6)(c  -  d),  when  c  =  d? 

8.   What  is  the  value  of  (6  +  c)  (a  +  &  -  c),  when  c  =  a  +  b? 

4.    What  is  the  value  of  (x^  -  9)(x*  -  7  x*  +  2x  -  9),  when  x -S^ 
Wbenops-S? 
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If  P  X  Q  X  7?  =  0,  what  can  we  infer, 

6.  WhenPijtO?      6.   WhenQz^O?      7.   When  P  =?£=  0  and  i?  =^ 0 ? 

For  what  values  of  x  does  each  of  the  following  expressions  reduce  to  0 : 

8.   x(x-2)?  9.    (x-4)(a;  +  7)?  10.    (a  -  1) («  -  a) ? 

11.    (a;-6)(x+8)(x2-25)?  12.   x(x  -  a)(x  -  6)(a;  -  c)? 

§4.    DIVISION. 

1.  One  power  is  said  to  be  higher  or  lower  than  another 
according  as  its  exponent  is  greater  or  less  than  the  exponent 
of  the  other. 

E.g.y  a*  is  a  higher  power  than  a^  or  b%  but  is  a  lower  power 
than  a^  or  6^. 

2.  Quotient  of  Powers  of  One  and  the  Same  Base. 

Ex.   aJ  -i-  a^=  (aaaaaaa)  -^  (aaa) 

=  (aaaa)  x  (aaa)  -s-  (aaa),  by  Assoc.  Law, 
=  aaaa  =  a*  =  a^~\ 

This  example  illustrates  the  following  principle : 

(i.)  The  quotient  of  a  higher  power  of  a  given  base  by  a  lower 
jjower  of  the  same  base,  is  equal  to  a  power  of  that  base  whose 
exponent  is  the  exponent  of  the  dividend  minus  the  exponent  of 
the  divisor;  or,  stated  symbolically, 

fl/w  _s_  fl/i  =  a^-fj  when  m>  n. 

For      a"*  -f-  a"  =  {aaa  •••  to  m  factors)  h-  {aaa  •••  to  w  factors) 

=  [rtaa  •••  to  {m  —  n)  factors]  x  {aaa  •••  to  n  factors) 

-^  {aaa  •••  to  n  factors) 
=  aaa  •••  to  {m  —  n)  factors,  =  a"»-". 

(ii.)  a'"-i-a''  =  l,  when  m  =  n. 

E.g.,  a^  -^  a2  =  1. 

EXERCISES  XIV. 
Express  each  of  the  following  quotients  as  a  single  power : 

1.    28-2.                          2.    x^-i-x^.  8.  (-6)7-4-(-6)* 

4.    (-6)5-68.                6.    (_a)9^a*.  6.  (rt6)6-(a6)*. 

7.  (_a;)7-(-a:)*.        8.    {- xyy^  ^{- xyy.  9.  a" -4- a^. 
10.   S^-^S".                     11.   a"+i-a.  12.  a;»+7-sB». 
13.   b'+^^b'+\               14.   a«-^a''-i:  11  a** -5- a*-i. 

iA   ( a -h  d)^ -i- (a -i- b)^.  11.   Qxy  -  Vy«-* -v  QKy  -  1)*^ 
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Division  of  Monomials  by  Monomials. 

a  Ex.1.         12a -5- 4  =  12 -f- 4  X  a,  =3a. 
Ex.2.    ~27ic'-^3ic2=(-27-v-3)x(ai'-f-aj»),  =-9aj«. 
Ex.  3.  15 a«62-^  (-  5 ab^  =[15 -5-  (-  5)]  x  (a« -5- a)  x  (6^-^  b^ 

=  -.3a^ 

These  examples  illustrate  the  following  method : 

The  quotient  of  one  monomial  divided  by  another  is  the  quotient 
of  their  numerical  coefficients  multiplied  by  the  quotient  of  their 
literal  factors. 

EXERCISES  XV. 
Divide 

1.  6  a  by  3.  2.   12  x  by  -  x,  8.    -  15  m  by  3  m. 

4.  6x*by2a;.  6.   Q otfl  hy -Sx^.  6.    -lla^by-Sa^. 

7.  4  aft  by  -  2  a.        8.   6  abc  by  -  3  ac.         9.   J  a^b  by  3  a^b. 

10.  6  x8y  by  6  aj*.  11.    -  15  a^b'^  by  -  3  ab^. 

12.  7  a^ftiocia  by  -  5  a^b^ifi.  13.   f  m^u^ps  by  -  |  mH*p^. 

14.  15(a  +  6)  by  3(a  +  &).  15.  25  x^x  +  1)8  by  -  6  x{x  +  1)^. 

16.  10  a2»65  by  -  5  a«68.  17.    -  27  x^+Y"^  by  -  9  xy2m. 

18.  x2'»-iy3«+2  by  a;»»+Jy*'»-3.  19.   a»-^6"-2  by  a^-^ft"-**. 

Simplify 

20.   a»x6  ^  ( -  aa:8)  x  2  oxy.  21.   35  x^z  x2xz^-t-  (7  xhf^z^) . 


28.  6  aj«+ ^-1  -J-  (  -  a?«-i2/«-")  x  (3  x'^y^z^). 

The  Distributive  Law  for  Division. 

4.  If  the  indicated  operation  within  the  parentheses  in  the 
quotient  (8  +  6)  -f-  2  be  first  performed,  we  have 

(8  +  6)-^2  =  14h-2  =  7. 

But  if  each  term  within  the  parentheses  be  first  divided  by 
2  and  the  resulting  quotients  be  then  added,  we  have 

8-^-2  +  6-^2  =  44-3  =  7,  as  above. 

Therefore         (8  4-6)-f-2  =  8-j-2  +  6^2. 

This  example  illustrates  the  following  princvp\e\ 
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Distributive  Law.  —  Tlie  quotient  of  a  midtinomial  by  a  mo- 
nomicU  is  obtained  by  dividing  each  term  of  the  mvltinomial  by 
the  monomial  and  adding  algebraically  the  resulting  qiLOtients; 

that  is, 

For,  since  -i-  d  x  d  =  -i- 1,  we  have 
(a  -\-  b  —  c) -i-  d  z=(a  -i-  d  X  d  +  h  -i-  d  X  d  —  c  -i-  d  X  d) -h  d 

=  (a  ■^d-\-b-^d-c-i-d)xd-i-d,  by  §3,  Art.  14, 

=  a'i-d-\-b-i-d  —  c-^d,  since  x  d -f- d  =  x  1. 

5.  It  follows,  conversely,  from  the  Distributive  Law  that 

Zero  in  Division. 

6.  Since  0  -^  N =(a  —  a)-7-  2^,  hy  definition  of  0, 

=  a-7' N—a-i- N=0, 
We  have  0-i-N^O,  when  N  ^0, 
Observe  that  this  relation  is  proved  only  when  N::fz  0. 

7.  It  follows,  conversely,  from  Art.  6 : 
If  a  quotient  be  0,  the  dividend  is  0. 

That  is,  if  Jtf -h  iV^=  0,  then  Jtf  =  0. 

Division  of  a  Multinomial  by  a  Monomial. 

8.  The  division  of  a  multinomial  by  a  monomial  is  a  direct 
application  of  the  Distributive  Law. 

Ex.'l.  Divide  6  ic2  -  12  aj  by  3  a:. 
We  have  (6ar^ -  12a;)  ^ 3aj  =  6ar^ -*- 3a: -  12aj -f- 3a? 

=:2aj-4. 

Ex.  2.   Divide  -  105  a%^  -  75  d'b^  +  27  a%*  by  -  15  a%. 

We  have  (-  105  aW  -  75  a^b^  +  27  a%*)  -^  (-  15  a%) 

=  (- 105  a%2)  -^  (-  15  a^b)  -  75  a^b^  -^  (-  15 a%) 

+  27a26*-j-(-15a%) 
=  7ad  +  Bb^^ib^. 
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EXBBCISES  XVI. 
Divide 

1.   6  +  10aby5.  2.  4a  +  86by-4. 

8.  ax  +  bx  by  x,  4.  3  a^  —  6  a6  by  —  3  a. 

6.  21  a^ft  -  14  a62  by  -  7  ab.  6.   8  am^  -  2  a^m  +  4  a^m^  by  2  om. 

7.  26(a  +  6)«-2a(a  +  6)  by  6(a+6). 

8.  2  (aj  -  y)«  -  2  a  (X  -  y)*  -  6  (x  -  y)«  by  2  («  -  y)^. 

SimpUfy 

9.  2a2-  (a«-3a)-^a. 

10.  (6x-4x^)-^2X'-(-2x^  +  Sxy)-irxy, 

11.  (a6  -  a^b  +  So^ft)  ^ a6  -  (4a8  -ia^)^2a. 

Divide  9aV  -  6  a^x*  +  12  a'^x*  by 
"^5.  3a«.  18.   -3x8.  14.  ax^.  16.  -io^x*. 

Divide  36  a^b^C^  -  21  a*6«c8  +  14  a^¥c^  by 

,^Jfi.,:^a8^^_^    17.  -  3g^ W-„.CL5i^^A<l'-  ~  ^-   t«^&^^- 

Divide  16x-^+^  —  12  x2*»+8y8  -  18  x^^+V  by 

80.  3  x».          21.    -  6  x»+iy2.          22.    -  3  x^n+iy.  23.   i  x^"- V- 

24.  Prove  that  the  sum,  or  the  difference,  of  two  even  numbers  is 
exactly  divisible  by  2,  and  is  therefore  an  even  number. 

25.  Prove  that  the  sum,  or  the  difference,  of  two  odd  numbers  is  even. 

26.  Prove  that  the  sum,  or  the  difference,  of  an  even  and  an  odd  num- 
ber is  odd. 

Division  of  a  Multinomial  by  a  Multinomial. 

9.  The  division  of  one  multinomial  by  another  is  performed 
in  a  way  similar  to  that  of  dividing  one  number  by  another  in 
Arithmetic. 

Ex.   Divide  126  by  5. 
We  have 

125  I  5  or,  omitting  ciphers,  125  |  5 

100    20  +  5,  =25  10_    25 

25  25 

25  1h 
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The  work  is  equivalent  to  the  following: 

125  -5-  5  =  20  +  (125  -  20  X  5)  ^-  5  =  20  +  26  -5-  5  =  25. 

This  example  illustrates  the  following  principle : 

The  quotient  of  dividing  one  number  (dividend)  by  another 
(divisor)  is  equal  to  any  number  whatever  (partial  quotient),  plus 
the  quotient  of  dividing  the  dividend  minus  the  paHicd  quotient 
times  the  divisor,  by  the  divisor. 

If  D  be  the  given  dividend,  d  the  given  divisor,  and  q  any 
assumed  number,  the  principle  enunciated  above,  stated  sym- 
bolically, is: 

Although  the  partial  quotient  may  be  any  number  whatever, 
yet  in  practice  we  should  take  the  greatest  number  whose 
product  by  the  divisor  is  equal  to  or  less  than  the  dividend. 

A  quotient  consisting  of  more  than  one  figure  is  obtained  by 
successive  applications  of  the  same  principle. 

We  have 
[g  +  (Z)  -  qd)  -r-  d]  =  [g  +  (I>  —  Q'c?)  -T-  (i]  X  rf  -4-  (Z,  since  x  d  -f-  d  =  x  1, 

=  \.q^  -\-  {D  —  qd)  ^  d  >i  d]-^  d,  by  the  Distr.  Law, 
=  [5^  +  (-D  -  qd)'\-^  d,  since  -s-  d  x  d  =  -j-  1, 
=  D  ^d,  since  qd  —  qd  =  0. 

10.  The  principle  of  Art.  9  evidently  holds  when  the  divi- 
dend, D,  and  the  divisor,  d,  are  algebraic  expressions. 

Ex.   Divide  aj2-f-3a?  +  2byx  +  l. 
We  have 

(aJ2-^.3a.+2)-h(a;4-l)=a;4-[(a^4-3x+2)-a;(a:-M)]-^(a;+l)   (1) 

^x+(x^+Sx+2-x'-x)--r(x-{-l)  (2) 

=a;4-(2a:4-2)^(a;+l)  (3) 

=a:4-2-f[(2a:+2)-2(aj+l)]-(aj+l)    (4) 

=aj+2-fO-5-(a;+l) 
=zx+2,  since  0-%-(x-Vl)=0. 
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We  take  the  quotient  of  the  term  containing  the  highest 
power  of  a?  in  the  dividend  by  the  term  containing  the  highest 
power  of  0?  in  the  divisor  as  the  partial  quotient  at  each  step. 

The  work  may  be  arranged  more  conveniently  thus : 


x^-{-3x-{-2 


a;-f  1 


OJ  -f-  2,  quotient. 


05*  +     X         •••  x(x  +  1)  to-be  subtracted  from  x^  +  3 a;  +  2  ;  see 

(1)  and  (2)  above. 

2  a;-f-  2  •••  Remainder  to  be  divided  by  x  +  1 ;  see  (3)  above. 
2  OJ  +  2  •  ••  2(x  +  1)  to  be  subtracted  from  2  a;  +  2  ;  see  (4). 

11.  The  method  of  applying  the  principle  of  Art.  9  to  the 
division  of  multinomials,  as  illustrated  by  this  example,  may 
be  stated  as  follows : 

Arrange  the  dividend  and  divisor  to  ascending  or  descending 
powers  of  some  common  letter,  the  letter  of  arrangement. 

Divide  the  first  term  of  the  dividend  by  the  first  term  of  the 
divisor,  and  write  the  result  as  the  first  term  of  the  quotient. 

Multiply  the  divisor  by  this  first  term  of  the  quotient,  and  sub- 
tract the  resulting  product  from  the  dividend. 

Divide  the  first  term  of  the  remainder  by  the  first  tei'm  of  the 
divisor,  and  write  the  resuU  as  the  second  term  of  the  quotient. 

Multiply  the  divisor  by  this  second  term  of  the  quotient,  and 
subtract  the  product  from  the  remainder  previously  obtained. 
Proceed  toith  the  second  remainder  and  all  subsequent  remainders, 
in  like  manner,  until  a  remainder  zero  is  obtained,  or  nntil  the 
highest  power  of  the  letter  of  arrangement  in  the  remainder  is  less 
titan  the  highest  power  of  that  letter  in  the  divisor. 

In  the  first  case  the  division  is  exact ;  in  the  second  case  the 
quotient  at  this  stage  of  the  ivork  is  called  the  quotient  of  the 
division,  and  the  remainder  the  remainder  of  the  division, 

Ex.  1.  Divide 

a«6  -  1 6  6*  + 19  a^»  -I-  a*  -  8  aV  by  a^  -  5  &«  -f  3  ab. 

Arranging  dividend  and  divisor  to  descending  powers  of  a, 
we  have 
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a*  +  3  a'6  - 

a2-2a6  +  3ft« 

-  2  a'^6  - 

-  3  a'b^  +  19  a&8 
-6a262  +  l0a6» 

3a262  4.   9a6»-156* 
SaV-h   9a6»~156* 

Ex.2.  Divide  83^-2/^  by  2a^ 4-40^2  +  2^. 

Arranging  the  divisor  to  descending  powers  of  x,  we  have 


—  4  flj^y  —  2  icy^  —  2/® 
_  4  aj2y  —  2  iB2/^  —  ^ 


4ar^  +  2a^  +  t/' 


2a:  —      y 


Observe  that  the  remainder  after  the  first  partial  division  is 
arranged  to  descending  powers  of  x, 

Ex.  3.  Divide  12  a«+^  +  8  a*»  -  45  a^-^  +  25  a**"*  by  6  a  -  6. 
We  have 

6a  — 5 


12a"+^+    8a"-45a"-^  +  25a"  2 
12  a'»+^  - 10  a** 

18  a"  -  45  a**-^ 
18  a"  - 15  a"-^ 


2a»4-3a"-*  — 5a— * 


~  30  a"-^  4-  25  a—'* 
-  30  a-^  4-  25  a**-* 

Ex.  4.    Divide     oc^  -\- (a -{- b  -\-  c):x^  +  (a6  -\-  ac '{'hc)X'{'  abc 
by  ic^  +  (a  +  6)  a?  +  a&. 

We  have 


^  -\-  (a  -\-  b  +  c)o?  -\-  (ab  -\-  ac -\- be)  x  +  abc 
oc^  -^  (a-\-b       )  a;^  4-  ab  x 

cx^  4-  (cLc  4-  6c)  a:  4-  abc 
ca^  4-  (<^  4-  6c)  a:  4-  abc 


x^  +  (a-{-h)x  +  ab 


X  +  c 
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EXERCISES  XVII. 

Find  the  values  of  the  following  indicated  divisions  : 

1.  (a;a  +  2aj  +  l)-i-(a;  +  l).  2.  (aj2  +  11x4.  30)^(a;  +  6). 

8.  (x3-a;-90)-^(a+9).  4.  (x^  -  6x  +  6)--(x  -  3). 

6.  (4x3-12x  +  9)^(2x-3).  6.  (2m2 -3w  +  l)-T-(m  -  1). 

7.  (2  a3  +  0  -  6)  -4-  (2  q  -  3) . a.  (3  xl^APjc^ziOX^  (3  x  +  2).  _ 

9.  (6  X*  -  10 -11  ^H  (2x2 -5)."  " 

10.  (2x2  +  6a2  +  7ax)-T-(2x  +  3a). 

11.  (a2-2a6  +  62)-f-(a-6). 
N^2.  (36x2  +  xy-88y2)--(7x-lly). 
>48.  (x2 ^  ^xy  +  Siy^)-^(x  +  by), 

16.   (a2-18axy-243xV)-5-(a  +  9ajy). 

16.  (8x2y2_65xy«2-63«*)-^(xy-9«2). 

17.  (6n«-7«2a;  +  2nx2)-r-(-x  +  2n). 

18.  (X*y+.6x6-2x8y2).e.(3x2  +  2xy). 
^19.  (-I9a2a;2  +  3x*  +  iax8)-j-(ix-a). 
^  S».  (4x8-3x2-24x-9)h-(x-3). 

v^«l.  (8x»-13x2  +  23x-21)h-(3x-7).    ' 

-Vea.  (3x*-3x8-2x2-x-l)-T-(3x2+l). 

%SW.  (a«-3a26  +  3a62_58)^(a-6). 

^^Sm.  (cfi^Qgi'^  9a2  -  4)^(a2  -  1). 

25.  (21a«6  +  20  6*  -  22  a^b^  -  29  a*62)  ^  (3  a^b  -  6  62). 

26.  (4x*y6  -  lx2y«  +  12 xV  -  11  x«y*)-r.(4xV  -  xy^). 

27.  (x«  +  8x2  +  9x-18)^(x2  +  6x-6). 

28.  (x*  +  x8-4x2+6x-3)^(x2  +  2x-3). 

29.  (6x*-x»-llx2-10x-2)-^(2x2-3x- 1). 

80.    (x^-l)  +  (x2  +  x  +  l).  '     8L    (a8  +  8)-r-(a2-2a  +  4). 

82.    (125a^-e4y»)  +  (6x2_4y).j       88.    (a^xB  +  "2/6)i(ax+ y). 

84.'  («i  +  a?  +  l)^(x2-x  +  l).  35.    (a*x6+64x)^(4ax+a2x2+8). 

86.  (24«»  +  26x-x5)-^(6  +  x  +  x8  +  6x2). 

87.  (4a*-26c*-3062c2_96*)-j-(2a2  +  5c2  +  362). 

88.  (27a5*-6c2xa  +  Jc*)  +  (c2-6cx  +  9x2). 
Mi  (8«^i«  +  82o«^^J««)  +  (4an  +  n«  +  4a*). 
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40.  (16  a*62  +  9  a'^h*  -  12  a'b*  -  8  a^fr  +  3  a^^)  ^  (o*  +  3  a^b^  -  2  a»e>). 

41.  (28  a^c  -  20  a^cs  _  13  a*c2  +  15  a^c*)  ^  (2  a^c^  +  7  a^c  -  6  oc') . 

42.  (81  z^-90  h*2^  +  81  &6;52  _  20  ftS)  ^  (9  ;g4  +  9  ft^^rS  -  6  6*). 

43.  (x8  +  2/8  +  3:cy-l)-^(a;  +  y-l). 

44.  (a8  +  &8  +  c8-3a6c)^(a  +  6  +  c). 

.,45.    (a2  +  2a6  +  52  _  a;2  ^  4icy  _  4y2)^(«  _,.  b-x-\-2y), 

46.  (a2  +  2  ac  -  62  -  2  6(1  +  c2  -  (P)H-(a  +  c  -  6  -  d). 

47.  (32  a^  +  65)  ^  (jq  ^t  _  8  a86  +  4  a252  _  2  a68  +  6*). 

48.  (81  a;8  -  16  y^)  --  (27  a^  +  18  xY  +  12  x2y*  +  8  yO). 

49.  (J^a2  -  ijirt6  4-  Ortc  +  26^  -  6c)-T-(Ja  -  36  +  }c). 

60.  (28  x2  -  43f  2/2  4.  140  ys  -  112  s2)  ^  (7 a;  +  8} y  -  14  z). 

61.  (ta26+6aic(Z-J6c24-16c2rf-ia6fZ+J6c(?-8cd2)-4-(Ja+4c-2d).. 
52.    (f  a*x  -  lH«^a;2  +  If  a^xs  4.  ^^ax*  -  x^)  -^(f  a^  -  ^a^x  +  Jx*). 

Find  the  values  of  the  following  indicated  divisions : 

63.  [(6  +  c)x2  -  6cx  -\-  x8  -  6c(6  +  c)]  -r-  (x2  -  6c). 

64.  [x3  -f  (a  +  6  +  c)x2  -f-  (^6  +  ac  +  6c)x  +  a6c]  ^  (x  +  6). 
56.    [x8  -1-  (a  +  6  —  c)x2  +  (ah  —  ac  —  6c)x  —  ahc]  -4-  (x  —  c). 

66.  [abc  -  b\a  +  c)  +  ^2(6  +  c)  +  c^a  +  6)]  -^  (a6  +  ac  +  6c). 

67.  [a(a-l)x8  +  (rt8  +  2a-2)x2  +  (3a2-a8)x-a*]-4-(ax2  +  2x-a«). 
58.    [xs  -(1  -1-  m)x*  +(1  +  w  +  w)x8  -(m  +  /i  +  p)x2  +  (jp  +  n)x-'i)] 

H-  [x2-(x-l)]. 
69.    [(10a2  +  29-34a)x+(6-2a2  +  3a8-8a)x8  +  8a«  +  21-26a 
+  (17  -  22  a  +  4  a8)x2]  -  [(a  -  2)x+  (a2  -  1  +  a)x^  +  2a  -  8]. 

Find  the  values  of  the  following  indicated  divisions : 

60.  (6x3'»-25x2'»  +  27x»-5)-T-(2x»-6). 

61.  (6x5«  -  llx*»  +  23x3»  +  13x2«  -  3x«  +  2)-r-(3x»  +  2). 

62.  (6x2«+i-29x2'»  +  43x2»-i-20x2«-2)-^(2x»-5x«-i). 

63.  (1  +  a6»  -  2  a^)  -4-  (3  a2*  +  2  a^*  +  2  a'  +  a*'  +  1). 

64.  [2a2(6  +  c)2»-J]H-[a(6  +  c)n-i.i]. 

65.  [8  (X  -  2/)8"  _  x8]  -4-  [4  (X  -  y)2"  +  2  x(x  -  y)**  +  x2]. 

12.  In  the  equation      D-i-d  =  q  -\-  (D  —  qd)  -^  d, 
D  —  qd  is  the  remainder  at  any  stage  of  the  work,  and  q  is  the  corre- 
sponding partial  quotient.    If,  for  brevity,  we  let  B  stand  for  the  re- 
mainder at  any  stage,  we  have, 

D-i-d  =  q-\'R-^d.  (1) 
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That  is,  the  result  of  dividing  one  number  by  another  is  equal  to  the 
partial  quotient  at  any  stage,  plus  the  remainder  at  this  stage  divided  by 
the  given  divisor. 

E.g.,  29-r-6  =  4  +  5-7-6=4  +  J; 

(a;2  _  X  +  2)  -5-  («  +  1)  =  (x  -  2)  +  4  -j-  (x  +  1). 

13.  If  both  members  of  the  equation 

D-^d  =  q-\-  B^d 

be  multiplied  by  d,  we  have,  by  Ch.  I.,  §  1,  Art.  15  (iii.), 

Dn-dx  d=  {q-\-R^d)d 
=  qd-\-Ii-^dxd 
=  qd  +  B,  since  h-  d  x  d  =  -f-  1. 

Therefore,  D  =  qd  -{-  R. 

That  is,  the  dividend  is  equal  to  the  product  of  the  quotient  at  any  stage 
by  the  divisor,  plus  the  remainder  at  this  stage. 

E.g.,     29  =  4  X  6  +  5,  and  x2  _  aj  +  2  =  (x  -  2)(x  +  1)  +  4. 

EXERCISES  XVIII. 

Find  the  remainder  of  each  of  the  following  indicated  divisions,  and 
verify  the  work  by  applying  the  principle  of  Art.  13  : 

1.    (x2-7x+ll)-^(x-2).  2.    (3x2  +  5x-9)^{x-4). 

3.  (x«  -  17  x2  +  16  X  -  13)  -f-  (2  X  -  6).  ^~ "'  ^  " "  "^ 

4.  (6x'^-7xa  +  2x--12;^x2-7x  +  3). 
6?  (0  kiH^  +  12  n^Jfl  ^a^n'^ofi^rW- 1)  ^  T^  «^  -  w). 

6.  (12  6«  +  8  62c»  -  2  64c  -  4  6c*  -  38  bH^)  --  ~  (2  c^  +  6  6c  -  4  62). 

7.  (4  c«»x«»  -  13  c8»x2»»  +  14  c<«x»  -  2  c^")  -r-  (c»x2»»  ~  2  c2«x«  +  c^")- 

Infinity. 

14.  The  following  considerations  lead  to  an  important  mathematical 
concept. 

Observe  that  the  quotients 

1^(1  _. 9)     =1^.1     =10, 

1^.(1  _.90)  =1-.01    =100, 

1  ^(1  _  .999)=  1  --  .001  =  1000,  etc., 

increase  as  the  divisors  decrease,  the  dividend  remaining  the  same. 

If  the  divisor,  be  still  further  decreased,  the  dividend  remaining  the 
same,  the  quotient  will  be  still  further  increased. 

Thus,  1  +(1  — .999999999)=  1  -?-  .000000001  =  1000000000,  etc. 

It  is  evident  that,  by  taking  the  divisor  suflRciently  small  (^tvd  \)0«yJC\N^^ 
we  can  make  the  quotient  as  great  as  we  please.    11  t}[ie  ^\n\&ox  \)«^<^' 
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less  than  any  assigned  number,  however  small,  the  quotient  will  become 
greater  than  any  assigned  number,  however  great.     That  is, 

If  the  dividend  he  positive^  and  remain  the  same^  as  the  divisor  decreases 
below  any  assigned  positive  number^  however  small^  i.e.,  becomes  more  and 
more  nearly  equal  to  0,  the  quotient  increases  beyond  any  assigned  positive 
number,  however  great. 

The  symbol,  +(»,  read  a  Positive  Infinite  Number,  or  Positive  Infinity, 
I  is  used  as  an  abbreviation  for  the  words,  a  number  greater  than  any 
assigned  positive  number,  however  great. 

The  principle  enunciated  above  can  be  expressed  symbolically  thus : 

+  yir-0  =  -l-«).  (1) 

15.  It  is  important  to  observe  that  the  symbol,  -|-  ao ,  does  not  stand 
for  one  definite  number.  It  stands  for  any  number  which  is  greater  than 
any  assigned  positive  number,  however  great,  but  which  can  be  still  further 
increased.  Therefore  one  infinite  number  can  be  greater  or  less  than 
another  infinite  number. 

Likewise,  equation  (1),  Art.  14,  is  to  be  understood  only  as  expressing 
the  fact  that,  as  the  divisor  becomes  more  and  more  nearly  equal  to  0,  the 
quotient  increases  beyond  any  assigned  positive  number,  however  great. 

16.  We  can  also  arrive  at  the  conception  of  a  positive  infinite  number 
by  taking  the  dividend  and  the  divisor  both  negative.     Thus, 

-  1 -^(1  -  1.1)  =  - 1 -^C- .1)=  10, 
_  1  ^  (i  _  1.0001)  =  -  1  --  (-  .0001)  =  10000,  etc. 

17.  In  a  similar  manner,  we  gain  the  conception  of  a  Negative  Infinite 
Number,  or  Negative  Infinity. 

Thus,  -l-?-(l -.9)  =  -l-f..l  =-10, 

^  1  ^  (1  _  .9999)  =  -  1  -f.  .0001  =  -  10000,  etc. 
We  therefore  have  —  yv  -r-  0  =  —  «. 

18.  The  numbers  which  we  have  hitherto  used  in  this  book  axe,  for 
the  sake  of  distinction,  called  finite  numbers.  In  subsequent  work  we 
shall  assume  that  the  numbers  involved  are  finite,  unless  the  contrary  is 
expressly  stated. 

19.  Observe  that  the  quotients 

1  -i- 10  =  .1,   1  -^  100  =  .01,   1  -r-  1000000  =  .000001,  etc.  ; 
decrease  as  the  divisors  increase.     It  is  evident  that  if  the  divisor  become 
greater  than  any  assigned  number,  however  great,  the  quotient  will  become 
less  than  any  assigned  number,  however  small.     That  is. 

If  the  dividend  remain  the  same,  as  the  absolute  value  of  the  divi$or 
increases  beyond  any  assigned  number,  Ko^oeiiei'  greats  the  quotieni  de" 
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creases  in  absolute  value  below  any  assigned  number,  however  small,  i.e., 
becomes  more  and  more  nearly  equal  to  0.     Or,  stated  symbolically, 

^-.(±oo)=0. 

20.  If  ilf -4-  iV  =  0,  and  iV:^^  «,  then  by  Art.  7yM=  0. 

21.  The  consideration  of  other  relations  which  involve  0  and  ao  is 
deferred.    It  is  important  to  notice  that  the  relation 

0  X  a  =  0 

of  §3,  Art.  16,  v^ras  proved  only  for  the  case  in  which  a  is  finite. 

EXBBCISBS  XIX. 
MISCELLANEOUS    EXAMPLES. 

Given 

c  =  7iK*  +  6iB8-9x2-6a;,  d  =  6a*  -  7x2  + 3a;- 1, 

find  the  values  of 

1.  a  +  6  +  c  —  d.  2,  a  —  b  +  c  —  d.  3.   a  —  6  —  c  +  <?. 

4.   a  +  b-7(c-d).     5.   6-c  +  3x(a  +  d).      6.   d  -  c  -  bx^^a-b). 
7.    (a  +  6)(c-d).        8.    (a-d)(6-c).  9.   {a-b  +  c)d. 

Multiply : 

10.  4  a*x8»+8  -  Ja2x2»+i  +  lOx^-i  by  ^aV^-^  +  7ix»-3. 

11.  4  a»"+i62  +  ^m-25  _  2  a»"+*68  ^y  3  ^«52  _  a^+s^s  _  5  a^+^bK 

13.  6  a^+^r^^'-i  -  2  a»»-''6''+i  +  3  a^+^ft'  2  +  a^+'-ft'" 
by  a^+'ft*"  +  4  a'»-*'6'"+3  _  2  a»*-3^6'"+2. 

18.  x*(x2  +  2)«-8  +  2  x2(x2  +  2)2«-i  +  4(x2  +  2)s«+i 

by  x''(x2  +  2)"-«  -  4  x8(x2  +  2)3»-i  +  8  x(x2  +  2)*«+i. 

Divide : 

14.  2x10  -  .076x«  +  9.65x7  -  1.05x8  -  19.25x8  +  8.5x« 
by  2.6x«  -  3x6  +  .Sx^  -  .16x*. 

15.  6  O^n+lftm+e  _  J  (,4«5m+5  ^  J  ^4n-l^m+4  +  J  ^4*1-25111+3  _  ^  ^4n-35«+2 

by  3  a2»+i6"»+i  -  J  a^b"*. 

16.  15  a3i»-ai»-45?p+7  +  14  ^6i«-m-454j»+4  _  i^  ^9n-456p+l 

by  6  a*»-^68-j»  ^  q  a^^n+m-iip. 

What  is  the  value  of  (x  +  l)(x  +  2)(x  +  3)...(x  +  w),  when 

17.   x=l,  n  =  3?         18.   x  =  -2,  n  =  5?         19.   x  =  8,  w  =  4? 

90.   What  is  the  value  of 
(n  -  6)»-i(n  -  4)»-«(n  -  6)»-3  -(n  -  2)»-*(n  -  l)«-«,  when  »  =  6  ? 

tl.   What  is  the  value  of  «(«  -  a)  («  -  6)  (»  -  c),  wheu 


CHAPTER  IV. 

INTEGRAL  ALGEBRAIC  EQUATIONS. 

An  equation  has  been  defined  (Ch.  I.,  §  1,  Art.  12)  as  a  state 
ment  that  two  numbers  or  expressions  are  equal. 

We  must  now  distinguish  between  two  kinds  of  equations. 

§1.   IDENTICAL  EQUATIONS. 

1.  Examples  of  the  one  kind  are : 

(a^b)(a-b)=a^-b^  (1) 

(a2  _  b^-^(a  -  b)  =  (a  +  by-^(a  +  5).  (2) 

The  first  member  of  (1)  is  reduced  to  the  second  member 
by  performing  the  indicated  multiplication.  Both  members  of 
(2)  are  reduced  to  the  common  form,  a  4-  &,  by  performing  the 
indicated  divisions. 

2.  An  Identical  Equation,  or  simply  an  Identity,  is  an  equa- 
tion one  of  whose  members  can  be  reduced  to  the  other,  or 
both  of  whose  members  can  be  reduced  to  a  common  form,  by 
performing  the  indicated  operations. 

3.  Notice  that  identical  equations  are  true  for  all  values  that 
may  be  substituted  for  the  literal  numbers  involved. 

E,g,f  if  a  =  5  and  6  =  3,  equation  (1)  becomes 

8x2  =  25-9,  or  16  =  16; 

and  equation  (2)  becomes 

16  -J-  2  =  64  -5-  8,  or  8  =  8. 

We  need  not  further  discuss  identical  equations,  since  we 
have  constantly  dealt  with  them  in  the  preceding  chapters. 

§2.    CONDITIONAL  EQUATIONS. 

1.  Examples  of  the  second  kind  are :  »" 

a;  +  l=3.    (1)  a2-l  =  8.    (2)  aj  +  y«6.*<S) 
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The  first  member  of  (1)  reduces  to  the  second  member,  when 
x  =  2.  It  seems  evident,  and  we  shall  later  prove,  that  a?  +  1 
reduces  to  3  only  when  x  =  2. 

The  first  member  of  (2)  reduces  to  the  second  member,  when 
x  =  -\-S  and  when  a?  =  —  3.  We  shall  later  prove  that  ar^  —  1 
reduces  to  8  only  when  a;  =  +  3  or  —  3. 

The  first  member  of  (3)  reduces  to  the  second  member,  when 
a;  =  1  and  ^  =  4,  when  a;  =  —  3  and  y  =  8 ;  but  7iot  when  x  =  5 
and  y  =  6,  when  a?  =  —  4  and  y  =  S,  Therefore,  equation  (3)  is 
true  for  many  pairs  of  values  of  x  and  y,  but  not  for  all  pairs 
of  values  chosen  at  random. 

2.  Such  equations  impose  coriditions  upon  the  values  of  the 
literal  numbers  involved.  Thus,  equation  (1)  imposes  the  con- 
dition that  if  1  be  added  to  the  value  of  x,  the  sum  will  be  3. 

A  Conditional  Equation  is  an  equation  one  of  whose  members 
can  be  reduced  to  the  other  only  for  certain  definite  values  of 
one  or  more  letters  contained  in  it. 

Whenever  the  word  equation  is  used  in  subsequent  work,  we 
shall  understand  by  it  a  conditional  equation,  unless  the  con- 
trary is  expressly  stated. 

3.  The  Unknown  Numbers  of  an  equation  are  the  numbers 
whose  values  are  fixed  or  determined  by  the  equation. 

The  Known  Numbers  of  an  equation  are  the  numbers  whose 
values  are  given  or  known. 

In  the  equation  a^  —  1  =  8 

the  unknown  number  is  a?,  and  the  known  numbers  are  1  and  8. 

In  the  equation  x-{-y  =  3 

the  unknown  numbers  are  x  and  y ;  the  known  number  is  3. 

.  The  unknown  numbers  are  usually  represented  by  the  final 
letters  of  the  alphabet,  x,  y,  z,  etc.,  as  in  the  above  examples. 

4.  An  Integral  Algebraic  Equation  is  an  equation  whose  mem- 
bers are  integral  algebraic  expressions  in  the  unkno^vn  number 
or  numbers. 

The  known  numbers  may  enter  in  any  way  whatever. 

E^.f  3sf'^4i=s2x,  and  |iJ?  +  5y  =  |,  are  inlep^X  ^c^^\o'av 
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6.  The  Degree  of  an  integral  equation  is  the  degree  of  its 
term  of  highest  degree  in  the  unknown  number  or  numbers. 

6.  A  Linear  or  Simple  Equation  is  an  equation  of  the  first 
degree. 

E.g.,  a;  +  1  =  6  is  a  linear  equation  in  one  unknown  number; 
2x  +  32/  =  5isa  linear  equation  in  two  unknown  numbers. 

7.  A  Solution  of  an  equation  is  a  value  of  the  unknown  num- 
ber, or  a  set  of  values  of  the  unknown  numbers,  which  if 
substituted  in  the  equation,  converts  it  into  an  identity. 

E.g.,  2  is  a  solution  of  the  equation  a?  +  1  =  3, 

since,  when  substituted  for  x  in  the  equation,  it  converts  the 
equation  into  the  identity  2  +  1  =  3. 

Solutions  of  the  equation  or^  —  1  =  8  are  +  3  and  —  3. 

The  set  of  values  1  and  2,  of  x  and  t/,  respectively,  is  a  solu- 
tion of  the  equation  x  +  ?/  =  3. 

8.  To  Solve  an  equation  is  to  find  its  solution. 

The  process  of  solving  an  equation  is  also  frequently  called 
the  solution  of  the  equation. 

An  equation  is  said  to  he  satisfied  by  its  solution,  or  the  solu- 
tion is  said  to  satisfy  the  equation,  since  it  converts  the  equation 
into  an  identity. 

9.  When  the  equation  contains  only  one  unknown  number,  a 
solution  is  frequently  called  a  Root  of  the  equation. 

E.g.,  3  and  —  3  are  roots  of  the  equation  oj^  —  1  =  8. 

§3.     EQUIVALENT  EQUATIONS. 

1.  We  shall  now  give  some  principles  upon  which  the  solu- 
tion of  integral  equations  depends.  But  it  is  to  be  kept  in 
mind  that  the  final  test  of  the  correctness  of  a  solution,  no 
matter  how  obtained,  is  that  it  shall  satisfy  the  given  equation. 

Consider  the  equation    f  a;  —  5  =  1.  (1) 

Adding  5  to  both  members,  by  Ch.  I.,  §  1,  Art.  16  (i.), 

wehave  |a?  — 5-f6  =  l  +  5,  or  |aj=a6.  (^ 
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Multiplying  both  members  of  (2)  by  3,  by  Ch.  I.,  §  1,  Art. 

15  (iii.), 

we  have  2  a?  =  18.  (3) 

Dividing  both  members  of  (3)  by  2,  by  Ch.  I.,  §  1,  Art.  15  (iv.), 

we  have  x  =  9,  (4) 

It  is  evident  that  equations  (1),  (2),  (3),  and  (4)  are  satisfied 
by  the  same  root  9. 

2.  Two  equations  are  equivalent  when  every  solution  of  the 
first  is  a  solution  of  the  second,  and  every  solution  of  the  second 
is  a  solutioii  of  the  first. 

E.g.,  equations  (1),  (2),  (3),  and  (4)  of  Art.  1. 

3.  The  methods  of  solving  integral  equations  depend  upon 
principles  which  enable  us  to  change  a  given  equation  into  an 
equivalent  equation  whose  solution  is  more  easily  obtained 
than  that  of  the  given  one.  This  process  is  called  transfoiiniing 
the  equation,  or  the  transformation  of  the  equation. 

Fundamental  Principles  for  solving  Integral  Equations. 

4.  In  the  principles  of  equivalent  equations  which  we  shall  now  prove, 
the  solutions  are  limited  to  finite  values. 

5.  The  transformations  made  in  the  example  of  Art.  1  illus- 
trate the  following  principles : 

(i.)  Addition  and  Subtraction.  —  If  the  same  number  or  expres- 
sion he  added  to,  or  subtracted  from,  both  members  of  an  equation, 
the  derived  equation  will  be  equivalent  to  the  given  one. 

(ii.)  Multiplication.  —  If  both  members  of  an  equation  be  mul- 
tiplied by  one  and  the  same  number,  not  0,  or  by  an  expression 
which  does,  not  contain  the  unknown  number  or  numbers,  the 
derived  equation  will  be  equivalent  to  the  given  one. 

(iii.)  Division.  —  If  both  members  of  an  equation  be  divided  by 
one  and  the  same  number,  not  0,  or  by  an  expression  which  does 
not  contain  the  unknown  number  or  numbers,  the  derived  equa- 
tion wUl  be  equivatefiit  to  the  given  one. 
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(i.)  Let  P=:  Q 

be  the  'given  equation,  and  iV  be  any  number  or  expression.    Then  the 

equation 

P±N=:Q±N, 

wherein  the  upper  signs,  +,  go  together  and  the  lower  signs,  —,  go 
together,  is  equivalent  to  the  given  one. 

For  any  solution  of  the  given  equation  makes  P  equal  to  Q,  There- 
fore, by  Ch.  I.,  §  1,  Art.  15  (i.)  and  (ii.),  that  solution  makes  P ±  N 
equal  to  Q  ±  N,  and  hence  is  a  solution  of  the  derived  equation.  Conse- 
quently, no  solution  is  lost  by  the  transformation. 

But  the  given  equation  is  obtained  from  the  derived  equation  by  sub- 
tracting the  number  or  expression  which  was  added,  or  by  adding  the 
number  or  expression  which  was  subtracted,  in  forming  the  derived  equa- 
tion. Therefore  any  solution  of  the  derived  equation  is  a  solution  of  the 
given  equation,  and  no  solution  is  gained  by  the  transformation.  Conse- 
quently, the  two  equations"  are  equivalent. 

(ii.)  It  is  more  convenient  to  prove  this  principle  when  all  the  terms 
of  the  equation  are  in  the  same  member,  say  the  first.  The  latter  equa- 
tion is,  as  we  have  seen,  equivalent  to  the  given  one.  Then  any  solution 
must  reduce  the  first  member  to  0. 

Let  P  =  0 

be  the  given  equation,  and  iV  be  any  number,  not  0,  or  any  expression 
which  does  not  contain  the  unknown  number  or  numbers.  Then  the 
equation 

N'P=N'0=:0 

is  equivalent  to  the  given  one. 

For  any  solution  of  the  given  equation  must  reduce  P  to  0,  and,  there- 
fore, by  Ch.  III.,  §  3,  Art.  16,  must  also  reduce  iV-  P  to  0.  Hence  it  is 
also  a  solution  of  the  derived  equation.  That  is,  no  solution  is  lost  by 
the  transformation. 

Any  solution  of  the  derived  equation  must  reduce  iV  •  P  to  0.  But  N 
is  not  0,  and,  since  it  does  not  contain  the  unknown  number  or  numbers, 
it  cannot  reduce  to  0  for  any  value  of  the  unknown  number  or  numbers. 
Consequently,  by  Ch.  III.,  §  3,  Art.  18,  any  solution  of  the  derived  equa- 
tion must  reduce  P  to  0,  and  hence  is  a  solution  of  the  given  equation. 
That  is,  no  solution  is  gained  by  the  transformation.  Consequently,  the 
two  equations  are  equivalent.     In  a  similar  way  (iii.)  is  proved. 

6.    It  is  important  to  notice  that  the  solution  of  an  equation 

does  not  rest  simply  on  the  principles  used  in  Art.  1.     For,  by 

these   principles  we   should  be  permitted  to  multiply  both 

members  of  the  equation  by  0,  or  to  multiply  or  divide  both 
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members  by  an  expression  which  contains  the  unknown 
numbers. 

If  the  multiplier  were  0,  any  value  of  the  unknown  number 
would  be  a  solution  of  the  derived  equation,  but  not  of  the 
given  equation. 

E,g.j    2a?-6  =  0has  the  root  3,  while  (2a;-6)x0  =  0 

is  evidently  satisfied  by  1,  2,  3,  4,  etc.,  without  end. 

If  the  multiplier  contain  the  unknown  number  or  numbers, 
values  of  the  unknown  number  or  numbers  will  reduce  the 
multiplier  to  0,  and  therefore  the  first  member  of  the  derived 
equation  to  0,  without  reducing  the  first  member  of  the  given 
equation  to  0. 

E.g.,   2 a;  -  6  =  0  has  the  root  3,  while  (2  a;  -  6)(a;-2) =0 

is  satisfied  not  only  by  3,  since  (6  —  6)  x  1  =  0  x  1  =  0,  but  also 
by  2,  since  (4  -  6)  (2  -  2)  =  (~  2)  x  0  =  0. 

But  2  is  not  a  solution  of  the  given  equation.  That  is,  in 
multiplying  both  members  of  the  given  equation  by  a;  —  2,  we 
have  gained  a  root  2.  The  derived  equation  is,  therefore,  not 
equivalent  to  the  given  one. 

If  the  divisor  be  an  expression  which  contains  the  unknown 
number  or  numbers,  one  or  more  solutions  are  lost. 

E.g.,  the  equation  a?^  —  1  =  2  (a;  + 1)  is  satisfied  by  the  two 
roots  —  1  and  3. 

Dividing  members  by  a?  + 1,  we  obtain  aj  —  1  =  2. 

This  equation  is  satisfied  by  3,  but  not  by  —  1. 

The  derived  equation  is,  therefore,  not  equivalent  to  the 

given  one. 

Applications. 

7.  The  following  applications  of  the  preceding  principles 
will  simplify  the  work  of  solving  an  equation. 

(i.)  Any  term  may  he  transferred  from  one  member  of  an 
equation  to  the  other,  if  its  sign  be  reversed  from  -\-  to  —,  or 
from  —  to  4-. 

E.g,^  2a5  —  4  =  aj  +  l  and  2aj  —  aj=l+4 

are  equivalent  equations.  This  step  is  equivalent  to  adding  4 
tOy  and  subtracting  x  ivom,  both  members  oi  l\ie  %\n^tl  ^q^^^^Ivsv^l* 
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(ii.)  The  same  term,  or  equal  terms,  may  he  dropped  from  both 
members  of  an  equation. 

E.g.,  2aj-3  +  8  =  a?— 3  and  2aj-f-8  =  aj 

are  equivalent  equations. 

This  step  is  called  cancellation  of  equal  terms, 

(iii.)  The  signs  of  all  the  terms  of  an  equation  may  be  reversed. 

E.g.,    5a;  —  3  =  9  —  a;  becomes  — 5a;  +  3  =  — 9  +  a;, 

when  both  members  are  multiplied  by  —  1. 

8.  The  preceding  principles  apply  to  integral  equations  of 
any  degree.  In  this  chapter  we  shall  confine  our  attention  to 
linear  equations  in  one  unknown  number. 

§  4.     LINEAR   EQUATIONS,  IN  ONE   UNKNOWN  NUMBER. 

1.  Ex.  1.   Solve  the  equation  17  a?  +  6  =  10  a;  +  27. 

Transferring  10  x  to  the  first  member  and  6  to  the  second 

member,  we  have 

17a?-10a;  =  27-6. 

Uniting  like  terms,  7  aj  =  21. 

Dividing  by  7,  a  =  3. 

Check.  —  Substituting  3  for  x  in  the  given  equation,  we 

obtain  the  identity 

51  +  6  =  30  +  27. 

This  check  is  to  test  the  accuracy  of  the  work,  and  not  the 
equivalence  of  the  equations. 

Ex.  2.  Solve  the  equation  14  —  8  a;  =  19  —  3  a?. 
Transferring  terms,  —  8  aj  +  3  a;  =  19  —  14. 
Uniting  like  terms,  —6x^b, 

Dividing  by  —  5,  aj  =  —  1. 

Ex.  3.  Solve  the  equation  ^  (a?  +  5)  —  |  a;  =  J(3  a;  —  1)  + 1. 

Multiplying  both  members  by  12,  the  lowest  common  miiltif 
pie  of  the  fractional  coefficients,  we  obtain 

6  (a;  +  5)  -  4  a?  =  3  (3  a?  -  1)  + 12. 

Bemoving parentheses,  6a5+30— 4x=i^x  —  S-V12.         % 
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Transferring  and  uniting  terms,  —  7  a?  =  —  21. 
Dividing  by  —  7,  x  =  3, 

Ex.  4.  Solve  the  equation  3^(x  +  l)-\'4^(x  +  l)  =  16. 

Uniting  terms  in  the  first  member,  without  clearing  of  frac- 
tions or  removing  parentheses,  we  have 

S(x  +  l)  =  16, 

Dividing  by  8,  a;  + 1  =  2 ;  , 

whence  a?  =  1. 

2.  The  following  general  directions  will  be  found  useful  in 
preparing  an  equation  for  solution : 

(i.)  Remove  any  fractional  coefficients  by  multiplying  both  sides 
of  the  equation  by  the. L. CM,  of  their  denominators, 

(ii.)  Remove  any  parentheses, 

(iii.)  Transfer  all  terms  containing  unknown  numbers  to  one 
member  of  the  equation,  usually  to  the  first  member,  and  all  the 
terms  containing  known  numbers  to  the  other  member, 

(iv.)  Unite  like  terms.  An  equation  thus  prepared  for  solution 
is  caUed  the  Normal  Form  of  that  equation. 

The  preceding  suggestions  apply  also  to  an  integral  equation 
of  any  degree.  If  the  equation  be  linear  in  one  unknown 
number,  the  solution  is  completed  by  dividing  both  members 
by  the  coefficient  of  the  unknown  number. 

EXEBCISBS. 
Solve  each  of  the  following  equations : 

1.  a;  +  2  =  3.  2.   16  -  a;  =  -  27.  V  17  =  9  -  x. 

4.  \x  =  6.  5.  -2=--ix.  6.  |a;  =  0. 

-7.  6a;  =  16.  8.  ll=-22x.  '^.  4x  =  -16. 

1 10.  f «  -  6  =  -  8.      Ml.  |(x  +  5)  =  4.  M2.   J  (x  -  6)  =  7. 

11,  6aj  +  7  =  ll+4x.  14.  5x-7  =  4x  +  3. 

|g>  iag  +  8=--ix-l.  16.   7x  +  8  =  4x  +  15  +  2x. 

17.  -S«-7=-4x-7.  l8."ir)x~8  =  20x-8-4x. 

It.  ad-.9«  =  llU^  11 4r.  20.  6l-5y=T\|  Jf^^. 
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21.  8  a;  -  18  =  a;  +  12  -  3  a.  22.  6  x  +  H  =  16  -  3  a;  -  4  x. 

23^5je.+ 7 -3a;  =  8x- 5x  +  9.      24.   -7«-2+3x=-x-4x+3. 

26.  15x+4+7x=14x+6+7x.  26.  3x  -  5  -  Wx  =  2x-  7  -  9x. 

27.  x-7  =  Jx  +  J«.  28.  ix  + Ja;  =  Jaj-7. 
29.  fx-|x  +  i  =  -i«.                  80.   -x  +  i«  +  Ja;  =  ll. 

31.  2x-(6x+5)  =  7.      _  32.  7  x  -  (3 x  -  11)  =_4^_^^^,„.,^ 

l3rTxl"T^(6x+  17)"=  0.  34.  3(x+l)=-5(x-l). 

35.  J(x  +  3)  =  3Jff(3x+ 16).  36.  J(^«  -  2)  -  6  =  i(4x  -  3). 

ZT.  4x-2(2-x)  =  6.  38.  6x  -  [7  x  -  (8x  -  18)]  =  la 

89.  J(x-2)  +  i-[x-K2a;-l)]=0. 

40.  3K28-(ix  +  24)]  =  3i(2i  +  ia;). 

41.  2  (X  +  1)  -  3  (x  +  1)  +  9  (x  + 1)  +  18  =  7  (X  +  1). 

42.  (2x+7)(x-3)  =  (x-3)(2x  +  8). 

43.  (X  +  1)  (a;  +  2)  =  (x  -  3)  (x  -  4). 

44.  x2  -  x[l  -  X  -  2  (3  -  x)]  =  X  +  1. 

45.  (x  +  1)  (x  +  1)  =  [111  -  (1  _  X)]  X  -  80. 

46.  8-x  =  2(x-l)(x  +  2)  +  (x-3)(5-2x). 

47.  6  (3 X  -  5)  -  17  -  8  (3x  -  o)  -  2  (3x  -  6)  =  3. 

48.  -17(7x-83)+28(7x-83)-34  =  12(7x-83). 

49.  (16x  +  5)(9x  +  31)  =  (4x+  U)(36x+  10). 

60.  (5x-2)(3x-4)  =  (3x  +  5)(5x-6). 

61.  x(x  +  2)  +  x(x  +  l)  =  (2x-l)(x  +  3). 

Find  the  remainder  of  each  of  the  following  divisions,  and  hence  the 
value  of  m  which  will  make  the  dividend  exactly  divisible  by  the  divisor : 

62.  (9x2-3x  +  m)-^(x-l). 

63.  [4 x8  -  2  x2  +  X  -  |(m  +  1)]  -f-  (2 X  +  3). 

64.  [7x2  _  (,^  __  i)a.  +  3]  -  (x  +  2). 

66.  [4x8-24x2+(36-m)x-15]~(2x-5). 

66.  [21x8-23x2+(15-7n)x-8]-(3x-2). 

57.  [x8-6x-2  +  3x-(m-4)]-r-(x-5). 

58.  [2x8-5(m-l)x2  +  4x-2??i]^(x-2). 
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CHAPTER  V. 

PROBLEMS. 

1.  A  Problem  is  a  question  proposed  for  solution. 

Pr.  1.  The  greater  of  two  numbers  is  three  times  the  less, 
and  their  sum  is  84.     What  are  the  numbers  ? 

This  problem  involves  the  given  number  84  and  two  required 
numbers.  The  statements  of  the  problem  impose  two  condi- 
tions upon  the  values  of  the  required  numbers : 

(i.)  The  greater  number  is  three  times  the  less. 

(ii.)  The  sum  of  the  two  numbers  is  84. 

To  solve  the  problem,  it  is  necessary  first  to  translate  these 
relations  or  conditions  from  the  verbal  language  of  the  prob- 
lem into  the  symbolic  language  of  Algebra,  i.e.,  to  express  them 
by  means  of  algebraic  signs  and  symbols. 

Let  X  stand  for  the  less  required  number. 

Then,  by  the  first  condition,  the  greater  number  is, 

in  verbal  language :  three  times  the  less  ; 
in  algebraic  language :  3  x. 
Consequently,  the  required   numbers  are  represented  by  x 
(the  less)  and  3  x  (the  greater).     The  second  condition  is, 

in  verbal  language :  the  less  number  plus  the  greater  is  equal  to 

84; 
in  algebraic  language :  a?  -f-  3  a?  =  84. 

This  equation  is  called  the  equation  of  the  problem. 

From  this  equation  we  obtain  a;  =  21,  the  less  number. 

Therefore  3  a;  =  63,  the  greater  number. 

Notice  that  this  problem  could  have  been  solved  by  letting 
X  stand  for  the  greater  number,  and  consequently  \x  for  the 
less.     The  resulting  equation  would  then  have  been 

\x-\-x  =  M. 

IVhence  a;  =  63^  the  greater  number ;  and  ^  a;  =  21,  the  less. 
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This  method  leads  to  an  equation  in  which  the  unknown 
number  is  one  of  the  required  numbers  of  the  problem. 

Pr.  2.   Find  two  consecutive  integers  whose  sum  is  163. 

In  this  problem  the  conditions  are  not  both  explicitly  stated. 
The  first  condition  is  contained  in  the  words,  two  consecutive 
integers.     Let  x  stand  for  the  less  number. 

Then,  by  the  first  condition,  the  greater  number  is, 

in  verbal  language :  the  less  number  plv^  1 ; 

in  algebraic  language ;  a?  +  1. 

The  required  numbers  are  thus  represented  by  x  (the  less) 
and  a?  +  1  (the  greater).     The  second  condition  is, 

in  verbal  language :  the  less  number  plus  the  greater  is  163; 

in  algebraic  language :  a;  +  (x  +  1)  =  163,  the  equation  of  the 
problem. 

From  this  equation  we  obtain  x  =  81,  the  less  number ;  and 
therefore  a?  -f- 1  =  82,  the  greater. 

Pr.  3.  A  is  40  years  old  and  B  is  10  years  old.  After  how 
many  years  will  A  be  three  times  as  old  as  B  ? 

Let  X  stand  for  the  required  number  of  years,  after  which  A 
will  be  three  times  as  old  as  B. 

The  condition  of  the  problem  involves  other  unknown  num- 
bers than  the  required  number.  These  we  first  express  in 
terms  of  the  required  and  given  numbers. 

In  X  years  the  number  of  years  in  A!s  age  will  be  40 -fa?; 
the  number  of  years  in  B^s  age  will  be  10  +  a;. 

The  condition  of  the  problem  is, 

in  verbal  language :  the  number  of  years  in  A's  age  x  years 
hence  is  equal  to  three  times  the  number  of  years  in  B^s  age 
X  years  hence  ; 

in  algebraic  language :  40  -f  a:  =  3  (10  -|-  x). 

From  this  equation  we  obtain  x  =  5,  the  required  number. 
In  5  years  A  will  be  45  years  old,  and  B  will  be  15  years  old. 

Notice  that  the  numbers  used  in  the  solution  are  aJbiirwi 
numbers;  40  is  the  number  of  years  in  A's  age,  not  A's  age. 
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Pr.  4.  At  an  election  at  whicli  943  votes  were  cast,  A  and  B 
were  candidates.  A  received  a  majority  of  65  votes.  How 
many  votes  were  cast  for  each  candidate  ? 

Let  X  stand  for  number  of  votes  cast  for  A. 

Then,  by  the  first  condition,  the  number  of  votes  cast  for  B  is, 
in  verbal  language :  943  minus  the  number  cast  for  A  ; 
in  algebraic  language :  943  —  x. 

The  second  condition  is, 
in  verbal  language :  the  number  of  votes  cast  for  A  exceeds  the 

nmnber  cast  for  Bby65j 
in  algebraic  language :  x  —  (943  —  a?)  =  65. 

From  this  equation  we  obtain  x  =  504,  whence  943  —  a?  =  439. 

Pr.  5.  Fifteen  coins,  dollars  and  quarter-dollars,  amount  to 
$  7.50.     How  many  coins  of  each  kind  are  there  ? 

We  take  one  dollar  as  the  unit,  and  express  parts  of  dollars 
as  fractional  parts  of  this  unit. 

Let  X  stand  for  the  number  of  dollars. 

Then,  by  the  first  condition,  the  number  of  quarter-dollars  is, 

in  verbal  language :  15  minus  the  number  of  dollar's  ; 
in  algebraic  language :  15  —  a?. 

The  second  condition  is, 

in  verbal  language :  the  number  of  dollars  plus  one-fourth  of  the 

number  of  quarter-dollars  is  7^ ; 
in  algebraic  language :  x  +  ^(15  —  a?)  =  7^. 

From  this  equation  we  obtain  «  =  5 ;  whence  15  —  a:  =  10. 
Evidently  the  total  value  of  the  coins  is  5  -f-  \^  dollars,  or  f  7|. 
Both  conditions  refer  to  abstract  numbers ;  the  first  condition 
to  the  number  of  coins,  the  second  to  the  nurabier  of  dollars. 

Pr.  6.  A  drove  of  sheep  and  goats,  200  animals  in  all,  is  to 
be  sold.  A  offers  to  pay  f  1.25  for  each  sheep  and  $1.60  for 
each  goat;  B  offers  to  pay  f  1.50  for  each  animal.  The  owner 
of  the  drove  accepts  B's  offer  because  he  finds  that  it  will  net 
him  $  22  more  than  A's  offer.  Find  the  number  of  sheep  and 
goats  in  the  drove. 

Let  a  stand  for  the  number  of  sheep. 


■N 


92  ALGEBRA.  [Ch.  T 

Then,  by  the  first  condition,  the  number  of  goats  is, 
in  verbal  language :  200  minus  the  number  of  sheep  ; 
in  algebraic  language :  200  —  x. 
The  second  condition  involves  other  unknown  numbers  than 
the  required  numbers.    We  must  express  the  number  of  dollars 
in  A's  offer  and  the  number  of  dollars  in  B's  offer  in  terms  of 
the  required  and  given  numbers. 

The  number  of  dollars  in  A's  offer  is, 
in  verbal  language :  the  number  of  sheep  multiplied  by  the  numr 
ber  of  dollars  offered  for  each  sheep,  plus  the  number  of  goats 
multiplied  by  the  number  of  dollars  offered  for  each  goat ; 
in  algebraic  language :   1.25  x  +  1.6  (200  —  x), 

m 

The  number  of  dollars  in  B's  offer  is, 

in  verbal  language:   the  niimber  of  animals  multiplied  by  tJie 

number  of  dollars  offered  for  each  animal; 
in  algebraic  language :   200  x  1.5. 

The  second  condition  is, 
in  verbal  language:   the  number  of  dollars  in  B^s  offer  minus 

the  number  of  dollars  in  A^s  offer  is  22 ; 
in  algebraic  language:    200xl.5-[1.25a;4-1.6(200-aj>]=22. 

From  this  equation  we  obtain  x  =  120,  the  number  of  sheep; 
whence  200  —  a?  =  80,  the  number  of  goats. 

Notice  again  that  both  conditions  refer  to  abstract  numbers. 

Pr.  7.  A  box  contains  a  certain  number  of  pencils,  of  whicli 
one-third  are  red,  one-sixth  are  blue,  and  15  are  black.  How 
many  of  the  pencils  are  red,  and  how  many  are  blue  ? 

This  problem  can  be  solved  more  readily  by  assuming  for 
the  unknoivn  number  of  the  equation  another  number  than  ODe 
of  the  required  numbers. 

Let  x  stand  for  the  total  number  of  pencils. 

Then,  by  the  first  condition,  the  number  of  red  pencils  is  -Ja^ 
and  by  the  second  condition,  the  number  of  blue  pencils  is  -J- a 

Finally,  by  the  third  condition, 

^a? 4- ^a;  -f  15  =  »;  whence  x  =  30. 

Therefore,  ^a;=  10,  the  number  of  red  pencils, 
and  ^x  =  B,  the  number  oi \A\3Lft  ^cvvcUs, 
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Pr.  a  A  number  is  composed  of  two  digits  whose  sum  is  8. 
If  the  digits  be  interchanged,  the  resulting  number  will  exceed 
the  original  number  by  18.     What  is  the  number  ? 

In  accordance  with  the  suggestion  in  Pr.  7,  we  assume  one 
of  the  digits  of  the  required  number,  not  the  required  number, 
as  thfe  unknown  number. 

Let  X  stand  for  the  digit  in  the  units'  place. 

Then,  by  the  first  condition,  the  digit  in  the  tens'  place  is, 

in  verbal  language :   8  minus  the  digit  in  the  units^  place  ; 
in  algebraic  language :  8  —  a;. 

Therefore  the  original  number  is  10  (8  —  a;)  -f-  a: ;  the  second 
number  (when  the  digits  are  interchanged)  is  10  a;  +  (8  —  a?). 
The  second  condition  of  this  problem  then  is, 

in  verbal  language:   the  second  number  is  equal  to  the  original 

number  plus  18 ; 
in  algebraic  language :  10  a;  -f-  (8  —  a;)  =  10  (8  —  a;)  -f-  a;  +  18. 

Whence,  x  =  5,  the  digit  in  the  units'  place ; 

and  8  —  a?  =  3,  the  digit  in  the  tens'  place. 

The  original  number  is  10  (8  —  a?)  +  x,  =  35 ;  the  second 
number  is  10  a;  -f-  8  —  a?,  =  53,  and  53  — -85  =  18. 

Pr.  9.  A  carriage',  starting  from  a  point  A,  travels  35  miles 
daily;  a  second  carriage,  starting  from  a  x)oint  B,  84  miles 
behind  A,  travels  in  the  same  direction  49  miles  daily.  After 
how  many  days  will  the  second  carriage  overtake  the  first  ? 
At  what  distance  from  B  will  the  meeting  take  place  ? 

Let  X  stand  for  the  number  of  days  after  which  they  meet. 
Then  the  number  of  miles  traveled  by  the  first  carriage  is 
35  X,  and  the  number  of  miles  traveled  by  the  second  carriage 
is  49  X. 

The  condition  of  the  problem  is, 
in  verbal  language:   the  number  of  miles  traveled  bi/  the  first 
carriage  is  equal  to  the  number  of  miles  traveled  by  the 
second  carriage  minus  84; 
in  algebraic  language :  35  a;  =  49  a?  —  84. 

From  this  equuMon,  we  obtain  a;  =  6. 
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The  distance  traveled  by  the  first  carriage  is  210  miles,  and 
the  distance  traveled  by  the  second  carriage  is  294  miles. 
They  therefore  meet  294  miles  from  B. 

Pr.  10.  A  man  asked  another  what  time  it  was,  and  received 
the  answer :  "  It  is  between  5  and  6  o'clock,  and  the  minute- 
hand  is  directly  over  the  hour-hand."     What  time  was  it  ? 

At  5  o'clock,  the  minute-hand  points  to  12  and  the  hour- 
hand  to  5.  The  hour-hand  is  therefore  25  minute-divisions 
in  advance  of  the  minute-hand. 

Let  X  stand  for  the  number  of  minute-divisions  passed  over 
by  the  minute-hand  from  5  o'clock  until  it  is  directly  over  the 
hour-hand  between  5  and  6  o'clock. 

By  the  first  condition,  which  is  implied  in  the  problem,  the 
number  of  minute-divisions  passed  over  by  the  hour-hand  is, 

in  verbal  language :  the  number  of  minute-divisions  passed  over 

by  the  minute-hand  minus  25 ; 
in  algebraic  language :  x  —  25. 

The  second  condition,  which  is  also  implied  in  the  problem,  is, 

in  verbal  language :  the  number  of  minute-divisions  passed  over 
by  the  minute-hand  is  12  times  the  number  of  mintUe^ivi- 
sions passed  over  by  the  hour-hand; 

in  algebraic  language :  oj  =  12  (a;  —  25). 

From  this  equation  we  obtain  x  =  27^.  Consequently,  the 
two  hands  coincide  at  27^  minutes  past  5  o'clock. 

2.  The  beginner  will  find  some  suggestions  for  translating 
the  conditions  of  a  problem  into  algebraic  language  helpful. 

(i.)  Observe  what  are  the  numbers  whose  values  are  required. 
It  will,  in  general,  be  possible  to  continue  the  solution  of  the  prob- 
lem by  representing  one  of  these  number's  by  a  letter,  and  operat- 
ing upon  or  by  that  letter  as  if  it  were  a  known  number.  See 
Prs.  1,  2,  3,  4,  5,  6,  9,  and  10. 

(ii.)  Evei^  problem  ivhich  can  be  solved  must  state,  impUciUjl 
or  explicitly,  as  many  conditions  as  there  are  required  numben 
in  the  problem. 
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(iii.)  The  numbers  involved  in  the  statements  will,  in  general, 
he  not  only  the  required  numbers,  but  also  other  unknown  num- 
bers which  must  he  expressed  in  terms  of  the  required  numbers. 
See,  in  particular,  Prs.  3,  6,  8. 

(iv.)  Eospi*ess  concisely  in  verhal  language  each  given  condition. 
It  is  frequently  necessary  to  modify  the  statement  in  order  to  adapt 
it  to  translation  into  algebraic  language.     See  Prs.  2  and  10. 

(v.)  Translate  each  verbal  statement  of  a  condition  into  alge- 
braic language.  All  hut  one  of  the  conditions  will  give  expressions 
for  required  numbers.  The  last  condition  will  give  the  equation 
of  the  prohlem, 

(vi.)  There  are  problems  in  which  other  numbers  than  the  re- 
quired numbers  can  he  used  to  better  advantage  in  applying  the 
conditions  of  the  problems,  and  from  which  the  required  numbers 
can  he  readily  found.     See  Prs.  7,  8. 

3.  In  applying  the  suggestions  of  Art.  2,  it  is  important  to 
remember  that  the  letter  x  always  represents  an  abstract  num- 
ber. The  beginner  must  never  put  x  for  distance,  time,  weight, 
etc.,  but  for  the  number  of  miles,  of  hours,  of  pounds,  etc. 

Keep  in  mind  also  that  in  any  one  equation  the  magnitudes 
of  all  concrete  quantities  of  the  same  kind  must  be  referred  to 
the  same  unit ;  if  x  refer  to  a  certain  number  of  yards,  then  all 
other  distances  must  likewise  represent  numbers  of  yards,  not 
of  miles  or  of  feet. 

^_    .y^  EXERCISES. 

If  twice  a  number  be  added  to  18,  the  sura  will  be  82.  What  is 
the  number  ? 

8.  If  4  be  subtracted  from  five  times  a  number,  the  remainder  will  be 
11.     What  is  the  number  ? 

8.  If  one-fourth  of  a  number  be  diminished  by  6,  the  remainder  will 
be  2.    What  is  the  number  ? 

4.  The  sum  of  two  consecutive  even  numbers  is  34.  What  are  tlie 
numbers? 

6.   Find  the  number  whose  double  exceeds  its  half  by  6. 

6.  Find  three  consecutive  odd  numbers  whose  sum  is  57. 

7.  If  48  be'  added  to  a  number,  the  sum  will  be  equal  to  mu^  XVm^ 
the  number.    What  !•  the  number  ? 
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8.  If  55 120  be  divided  between  A  and  B  so  that  A  shall  receive  |20 
more  than  B,  how  many  dollars  will  each  receive  ? 

9.  A  sum  of  $  2500  is  divided  between  A  and  B.     B  receives  $  4  as 
often  as  A  receives  $  1.    How  much  does  each  receive  ? 

10.  Divide  75  into  two  parts,  such  that  three  times  the  fii-st  part  shall 
be  16  greater  than  seven  times  the  second. 

11.  Divide  190  into  three  parts  so  that  the  second  shall  be  three  times 
the  first,  and  the  third  five  times  the  second. 

12.  A  father's  age  exceeds  his  son's  by  18  years,  and  the  sum  of  their 
ages  is  four  times  the  son's  age.     What  are  their  ages  ? 

13.  A  man  bought  a  horse,  a  carriage,  and  harness  for  $320.  The 
horSe  cost  five  times  as  much  as  the  harness,  and  the  carriage  cost  twice 
as  much  as  the  horse.     How  much  did  each  cost  ? 

14.  The  deposits  in  a  bank  during  three  days  amounted  to  $  16,900. 
If  the  deposits  each  day  after  the  first  were  one-third  of  the  deposits  of 
the  preceding  day,  how  many  dollars  were  deposited  each  day  ? 

16.  A  merchant,  after  selling  one-third,  one-fourth,  and  one-sixth  of  a 
piece  of  silk,  has  16  yards  left.     How  many  yards  were  there  in  the  piece  ? 

16.  If  two  trains  start  together  and  run  in  the  same  direction,  one  at 
the  rate  of  20  miles  an  hour,  and  the  other  at  the  rate  of  30  miles  an  hour, 

i      after  how  many  hours  will  they  be  250  miles  apart  ? 

17.  A  teacher  proposes  16  problems  to  a  pupil.  The  latter  is  to  receive 
6  marks  in  his  favor  for  each  problem  solved,  and  3  marks  against  him  for 
each  problem  not  solved.  If  the  number  of  marks  in  his  favor  exceed 
those  against  him  by  32,  how  many  problems  will  he  have  solved  ? 

18.  A  merchant  paid  30  cents  a  yard  for  a  piece  of  cloth.     He  sold 
^''  one-half  for  35  cents  a  yard,  one-third  for  29  cents  a  yard,  and  the 

remainder  for  32  cents  a  yard,  gaining  §  18.16  by  the  transaction.     How 
many  yards  did  he  buy  ? 

19.  Two  men  start  from  points  100  miles  apart  and  travel  toward  each 
other,  one  at  the  rate  of  15  miles  an  hour,  and  the  other  at  the  rate  of  10 
miles  an  hour.  After  how  many  hours  will  they  meet,  and  how  far  will 
their  point  of  meeting  be  from  the  starting  point  of  the  first  ? 

20.  A  father  is  32  years  old,  and  his  son  is  8  years  old.  After  how 
many  years  will  the  father's  age  be  twice  the  son's  ? 

21.  Divide  130  into  five  parts  so  that  each  part  shall  be  12  greater  than 
the  next  less  part. 

22.  A,  traveling  at  the  rate  of  20  miles  a  day,  has  four  days'  ttart  of 
B,  who  travels  at  the  rate  of  26  miles  a  day  in  the  same  dixeotion.    Affev 

Jiow  many  days  will  B  overtake  A? 
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28.  A  sum  of  money  is  equally  divided  among  four  persons.  If  $  60 
more  be  divided  equally  among  six  persons,  the  shares  will  be  the  same 
as  before.     How  many  dollars  are  divided  ? 

84.  Atmospheric  air  is  a  mixture  of  four  parts  of  nitrogen  with  one  of 
oxygen.  How  many  cubic  feet  of  oxygen  are  there  in  a  room  10  yards 
[ong,  6  yards  wide,  and  12  feet  high  ? 

25.  A  merchant  paid  |b.l5  m  an  equai  numoerof  c^rn^  and'ftve-cenl 
pieces.     How  many  coins  of  each  kind  did  he  pay  ? 

26.  A  man  has  $4.75  in  dimes  and  quarters,  and  he  has  5  more 
quarters  than  dimes.    How  many  coins  of  each  kind  has  he  ? 

27.  A  leaves  a  certain  town  P,  traveling  at  the  rate  of  21  miles  in  5 
hours ;  B  leaves  the  same  town  3  hours  later  and  travels  in  the  same 
direction  at  the  rate  of  21  miles  in  4  hours.  After  how  many  hours  will 
B  overtake  A,  and  at  what  distance  from  P  ? 

28.  The  circumference  of  the  front  and  hind  wheels  of  a  wagon  are  2 
and  3  yards,  respectively.  What  distance  has  the  wagon  moved  when  the 
front  wheel  has  made  10  revolutions  more  than  the  hind  wheel  ? 

29.  The  sum  of  two  numbers  is  47,  and  their  difference  increased  by  7 
is  equal  to  the  less.    What  are  the  numbers  ? 

80.  The  sum  of  three  consecutive  even  numbers  exceeds  the  least  by 
42.     What  are  the  numbers  ? 

81.  The  sum  of  the  two  digits  of  a  number  is  4.  If  the  digits  be  inter- 
changed, the  resulting  number  will  be  equal  to  the  original  one.  What 
is  the  number  ? 

82.  A  father  is  three  times  as  old  as  his  son,  and  10  years  ago  he  was 
five  times  as  old  as  his  son.    What  is  the  present  age  of  each  ? 

88.  Onfi  barrel  contained  48  gallons,  and  another  88  quarts  of  wine. 
From  the  first  twice  as  much  wine  was  drawn  as  from  the  second ;  tlie 
first  then  contained  three  times  as  much  wine  as  the  second.  How  much 
wine  was  drawn  from  each  ? 

84.  A  child  was  born  in  November.  On  the  10th  of  December  the 
number  of  days  in  its  age  was  equal  to  the  number  of  days  from  the  1st 
of  November  to  the  day  of  its  birth,  inclusive.  What  was  the  date  of  its 
birth? 

85.  A  regiment  moves  from  A  to  B,  marching  20  miles  a  day.  Two 
days  later*  second  regiment  leaves  B  for  A,  and  marches  30  miles  a  day. 
At  what  distance  from  A  do  the  regiments  meet,  A  being  350  miles 
from  Bf 

tt.  The  tarn  of  two  digits  of  a  number  is  12.  If  the  digits  be  iuter- 
ehaoged,  t)M  resultiDg  number  exceeds  the  original  one  by  three-fourths 
oC  tiia  Oflginil  number.    What  is  the  number  ? 
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37.  Three  boys,  A,  B,  and  C,  have  a  number  of  marbles.  A  and  B 
have  44,  B  and  C  have  43,  and  A  and  C  have  39.  How  many  marbles 
have  they  all,  and  how  many  marbles  has  each  ? 

38.  The  tail  of  a  fish  is  4  inches  long.  Its  head  is  as  long  as  its  tail 
and  one-seventh  of  its  body,  and  its  body  is  as  long  as  its  head  and  one- 
half  of  its  tail.  How  long  is  the  fish,  and  how  long  are  its  head  and  its 
body? 

39.  A  father  divided  his  property  equally  among  his  sons.  To  the 
oldest  son  he  gave  $  1000  and  one-seventh  of  what  remained ;  to  the 
second  son  he  gave  $2000  and  one-seventh  of  what  was  then  left;  to 
the  third  son  he  gave  $3000  and  one-seventh  of  the  remainder;  and  so 
on.     What  was  the  amount  of  his  property,  and  how  many  sons  had  he  ? 

40.  A  man,  wishing  to  give  alms  to  several  beggars,  finds  that  in  order 
to  give  15  cents  to  each  one,  he  must  have  10  cents  more  than  he  has; 
but  that  if  he  were  to  give  12  cents  to  each  one,  he  would  have  14  cents 
left.     How  many  beggars  are  there  ? 

41.  A  train  runs  from  A  to  B  at  the  rate  of  30  miles  an  hour;  and 
returning  runs  from  B  to  A  at  the  rate  of  28  miles  an  hour.  The  time 
required  to  go  from  A  to  B  and  return  is  16  hours,  including  30  minutes' 
stop  at  B.     How  far  is  A  from  B  ? 

42.  A  cistern  has  3  taps.  By  the  first  it  can  be  emptied  in  80  minutes, 
by  the  second  in  200  minutes,  and  by  the  third  in  6  hours.  After  how 
many  hours  will  the  cistern  be  emptied,  if  all  the  taps  be  opened  ? 

43.  A  cistern  has  3  taps.  By  the  first  it  can  be  filled  in  6  hours,  by 
the  second  in  8  hours,  and  by  the  third  it  can  be  emptied  in  12  hours. 
In  what  time  will  it  be  filled  if  all  the  taps  be  opened  ? 

44.  An  inlet  pipe  can  fill  a  cistern  in  3  hours,  and  an  outlet  pipe  can 
empty  it  in  9  hours.  After  how  many  hours  will  the  cistern  be  filled  if 
both  pipes  be  open  half  the  time,  and  the  outlet  pipe  be  closed  during  the 
second  half  of  the  time  ? 

46.  In  my  right  pocket  I  have  as  many  dollars  as  I  have  cents  in  my 
left  pocket.  If  I  transfer  $6.93  from  my  right  pocket  to  my  left,  I  shall 
have  as  many  dollars  in  my  left  pocket  as  I  shall  have  cents  in  my  right. 
How  much  money  have  I  in  my  left  pocket  ? 

46.  A  servant  is  to  receive  $  170  and  a  dress  for  one  year's  services. 
At  the  end  of  7  months  she  leaves  her  place  and  receives  $95  and  the 
dress.     What  is  the  value  of  the  dress  ? 

47.  A  farmer  found  that  his  supply  of  feed  for  his  cows  would  last 
only  14  weeks.  He  therefore  sold  60  cows,  and  his  supply  then  lasted 
20  weeks.     How  many  cows  had  he  ? 

48.  At  6  o'clock  the  hands  of  a  clock  are  in  a  straight  line.  At  what 
time  between  7  and  8  o'clock  will  they  be  again  in  a  straight  line  f    At 

wJiat  time  between  9  and  10  o'clock.? 
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49.  A  cistern  has  3  pipes  which  can  empty  it  in  6,  8,  and  10  hours 
respectively.  After  all  three  pipes  have  been  open  for  2  hours  they  have 
discharged  94  gallons.    What  is  the  capacity  of  the  cistern  ? 

60.  At  what  time  between  10  and  11  o'clock  are  the  minute-hand  and 
the  hour-hand  of  a  clock  at  right  angles  to  each  other  ?  Find  two  solu- 
tions.    At  what  time  between  12  and  1  o'clock  ? 

61.  At  what  time  between  3  and  4  o'clock  will  the  minute-hand  of 
a  clock  be  6  minute-divisions  in  advance  of  the  hour-hand  ?  At  what 
time  17  minute-divisions  ? 

A  watch  has  the  second-hand  attached  at  the  same  point  as  the  hour- 
and  the  minute-hand : 

62.  At  what  time  between  1  and  2  o'clock  is  the  second-hand  over  the 
minute-hand  ?    At  what  time  between  8  and  9  o'clock  ? 

68.  At  what  time  between  11  and  12  o'clock  does  the  second-hand  of 
a  watch  bisect  the  angle  between  the  hour-  and  the  minute-hand  ?  At 
what  time  between  4  and  6  o'clock  ? 

64.  A  woman  sells  J  an  apple  more  than  one-half  of  her  apples.  She 
next  sells  J  an  apple  more  than  one-half  of  the  apples  not  yet  sold,  and 
then  has  6  apples  left.     How  many  apples  had  she  at  first  ? 

66.  A  steamer  and  a  sailing  vessel  are  both  to  sail  from  M  to  N.  The 
steamer  sails  40  miles  every  3  hours,  and  the  sailing  vessel  24  miles  in 
the  same  time.  The  sailing  vessel  has  traveled  13J  miles  when  the  steamer 
sails,  and  arrives  at  N  5  hours  later  than  the  steamer.  How  long  is  the 
steamer  in  sailing  from  M  to  N,  and  how  far  is  M  from  N  ? 

66.  A  wall  can  be  built  by  20  workmen  in  11  days,  or  by  30  other 
workmen  in  7  days.  If  22  of  the  first  class  work  together  with  21  of  the 
second  class,  after  how  many  days  will  the  work  be  completed  ? 

67.  In  a  certain  family  each  son  has  as  many  brothers  as  sisters,  but 
each  daughter  has  twice  as  many  brothers  as  sisters.  How  many  children 
are  in  the  family  ? 

68.  A  merchant's  investment  yields  him  yearly  33^%  profit.  At  the 
end  ef  each  year,  after  deducting  $  1000  for  personal  expenses,  he  adds 
the  balance  of  his  profits  to  his  invested  capital.  At  the  end  of  three 
years  his  capital  is  twice  his  original  investment.  How  much  did  he 
invest  ? 

69.  I  have  in  mind  a  number  of  six  digits,  the  last  one  on  the  left 
being  1.  If  I  bring  this  digit  to  the  first  place  on  the  right,  I  shall  obtain 
a  number  which  is  three  times  the  number  I  have  in  mind.     What  is  the 

number  ? 

80.  A  dog  caught  sight  of  a  hare  at  a  distance  of  60  dog's  leaps.  The 
dog  makes  8  leaps  while  the  hare  makes  4  leaps,  but  the  length  of  two 
dog'8  leaps  is  equal  to  the  length  of  3  hare's  leaps.  How  many  lea.\^a  ^vVV 
the  hare  make  before  the  dog  overtakes  him  ? 
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CHAPTER   VI. 

TTPiS-FORMS. 

We  shall  in  this  chapter  consider  a  number  oi  products  and 
quotients  which  are  of  frequent  occurrence.  They  are  called 
T3rpe-Fonn8. 

§  1.     TYPE-FORMS  IN  MULTIPLICATION. 
The  Square  of  an  Algebraic  Ezpreaaion. 

1.  By  actual  multiplication,  we  have 

(a  4-  by=(a  -h  b)(a  + b)  =  a^  +  2ab -h  ^. 
That  is,  the  square  of  the  sum  of  two  nnmbevs^i^  €qwd  to  tU 
square  of  the  first  number,  j^lus  twice  the  product  of  the  two  nttW*- 
hers,  plus  the  square  of  the  second  nuynher. 

E.g.,        (2aj  +  52/)^=(2a.f +  2(2aj)(5y)  +  (5y)« 

2.  By  actual  multiplication,  we  have 

(a  -  by  =  (a  -  6)  (a  -  6)  =  a^  _  2  a6  -f  b\ 

That  is,  the  square  of  the  difference  of  two  numbers  is  eqiuxl  to 
the  square  of  the  first  number,  minus  tivice  the  product  of  1M 
two  numbers,  plus  the  square  of  the  second  number. 

E.g.,       (3x-7yy=(Sxy-2(Sx)(7y)  +  i7yy 

=  9aj2-42a72/-f  49i/2. 

Observe  that  this  type-form  is  equivalent  to  that  of  Art  1, 
since  a  —  6  =  a+(—  6). 

E.g.,       (3x-7yy=(Sxy-]-2(Sx)(-7y)  +  {^7yy 

=  9  ar*  —  42  ajy  -f  49  ?/?,  as  above. 

The  signs  of  all  the  terms  of  an  expression  which  is  to  be 
squared  may  be  changed  without  changing  the  result 

For,  (a  -  by  =  [-(6  -  a)]^  =(6  -  a)«. 
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3.  We  have,  by  Art.  1, 
(a  4-  6  4-  cy  =  l(a  +  b)+  cy  =  (a  +  6)^  +  2(a  +  b)c  +  c^ 

=  a^  +  2  a6  +  6*  4-  2  ac  -f  2  6c  +  c^. 
Therefore    {a  +  b  +  of  =  a^ -^  b^ -\- c^ +  2ab -^2ac -^2bc. 
In  like  manner 

(a  +  6  -  (?)2  =  a2  +  42  +  ^2  +  2  a6  -  2  ac  -  2  6(?. 
(a  ^  b  -  of  =  a^-h  b""  +  c^  -2  ab  -2  ac  +  2  be. 

By  repeated  application  of  this  principle  we  can  obtain  the 
square  of  a  multinomial  of  any  number  of  terms.     We  have 

(a  4-  6  +  c  +  c«)'  =  [(a  4-  6  +  c)2  +  dy 
=  a^  +  52  +  c^ 4-  2ab  4-  2  ac  4- 2  6c  4- 2(a  4-  &  +  c)d  4-  cP 
=  a^  4-  62  4-  c^  +^  +  2  a6  4  2  ac  4-  2  ad  4-  2  6c  4-  2  6cZ  +  2  cci. 

That  is(  the  square  of  a  multinomial  is  equal  M^he  sum  of  the  », 
squares  of  the  terrjf^s,  plus  the  algebraic  sum  of  twice  the  product  \ 
of  ea>ch  term  by  each  term  which  follows  itS 

E.g.,  {3x-h5y^7zy=^(3xy-\-(5yyU-7zy-\-2(3x)(5y) 

-\-2(3x)(^7z)^2(5y)(--7z) 
.  =9x^+25y^-\-A9z^-\-30xy-42xz-70yz, 

EXERCISES  I. 
Write,  without  performing  the  actual  multiplications,  the  values  of 

1.  (a  4  1)2.  8.  (2  -  6)2.                       3.    (x  +  6)2. 

4.  (2a  4  36)2.  6.  {6x-7yy,                  6.    (8ax  +  2  6y)2. 

J  7.  (a2  +  1  a6)2.  8.  (J  x^  +  f  yy.                9.    (2  xy  -  4)2. 

10.  (2m2-3n2)*.  11.  ((^  x^y^  -  S  z^y.           12.    (5  a;»+»  +  7  a;)2. 

18.  (6  a»6«»  -  6 (i'"6«)2.  14.  (2a'»+»'-3a»»-»)2.      16.    [a  +  6(a;  -  1)]2. 

18.  [2(aJ4l)-3(2/+;f)]2./l7.  (2x-3y  +  7)2.  18.    (m*  +  7i2  _  1)2. 

19.  (a8  4a2+l)2.     ' ''  )^20.    (2  a6  +  3  a2  +  4  62)2. 
81.  (a;2  -  3  xy  4  y*)*.  22.    (xy  -  xs;  +  y^  -  3)2. 

Simplify  the  following  expressions : 
88.  a2  4  62-(a-6)2. 

M.  a;2  4y*-4x46y4  3,  when  x  =  rt  +  l,  y  =  a- 2. 
88.   (a  +  6  +  c)2  4(a  -  6  -  c)2  4(rt  -  6  4  c)2  4  (a  +  6  ~  c)2. 
88.   (a  +  6  -  eXa  4  b)-h(a  -  6  +  c)(a  4  c)4C^  -V  c  -  a^Q)  -V  c^)."^ 
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Verify  the  following  identities  : 
27.   (o2  +  62)  (^2  ^  y2)  _  (^ax  +  byy  =  (ay  -  6a;)2. 
A^8.   {d+h-^  c)2  +  (o  -  6)2  +'(a  -  c)2  +  (6  -  c)2  =  S(a^  +  62  +  c2). 
29.   a2  +  62  _^  4  c2  ^  2  rt6  +  8  6c  =  4(a  +  c)2,  when  6  =  a. 

80.  (a  +  &  +  c  +  d)2  +  (a  -  6  -  c  +  d)2  +  (a  -  6  +  c  ~  (?)2 

+  (a  +  6  -  c  -  d)2  =  4(«2  +  62  +  c2  +  cP), 

81.  2(s-a)(s-  6)(s-c)4-  a(s  -  ft)(»  -  c)+ 6(s  -  a)(«  -  c) 

+  c(s  —  rt) («  —  6)  =  a6c,  when  28  =  a  +  6  +  c. 

Product  of  the  Sum  and  Difference  of  Two  Numbers. 
4.  By  actual  multiplication,  we  have 

That  is,  tJie  product  of  the  sum  of  two  number's  and  tk 
difference  of  the  same  numbers,  taken  in  the  same  order,  is  equd 
to  the  square  of  the  first,  minus  the  square  of  the  second, 

Ex.1.   {2x-\-^y)(2x-^y)=:{2xf-{^yYz=4:Qt?^^f, 

The  product  of  two  multinomials  can  frequently  be  brought 
under  this  type-form  by  properly  grouping  terms. 

Ex.  2.   (a^  +  a;  +  1)  (a^  -  a:  +  1)  =  [(«2  ^  1)  ^  a;]  [(aj^  +  1)  -  «] 

=  aj*  +  2  ar^  +  1  ^  iw* 

Ex.  3.     {x-y-\-z)ix-\-y-z)  =  [x-{y-  2)]  [a?  +  (2/  -  %)] 

=  x^-(y-  zf 
=  x^  —  (y^  —  2yz-^z^ 
=  a^  —  y^  —  z^  -{-  2  yz. 

EXERCISES  II. 
Find,  without  performing  the  actual  multiplications,  the  values  of 
1.    (x  +  2)(x-2).  2.    (2a-3)(2a  +  8). 

8.    (a-f)(a  +  f).  4.    (5a;  +  42/)(6a; -4y). 

6.  (3a2+ Ja6)(3a2-ia6).  6.    (- 3a;2+ 7)(3x2  +  7). 

7.  (2aa;2-3a2a;)(2aa;2  +  3a2a;).       g.    (3  a«  +  7  6"»)  (3  a» -\  7  ft*). 

9.    (6  wi7i2  +  2  mhi)  (  -  6  m«2  +  2  mhi) . 

10.  ( -  5 aj^+i  H-  0  a;«-i)  (6  k»+i  +  0  a;»-i). 

11.  faa  +  6(a  +  l))][a2  -  CQa  -V  6)1. 


^ 
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12.  (x  +  y  +  6)(x  +  y-6).  18.    (4a-3  6-7)(4a  -  3  6  +  7). 

14.  (x2  +  2/2_|.22)(_a.2^y2^;j2).     15.    (^a^^ab-{-b'^)(a^-{-ab  +  h^), 

16.  (x'^  +  2x-l)(x^-2x-l).       17.    (x*-a;2  +  i)(x4  +  a;2- 1). 

18.  (- a2  -  62  ^.3)(;a2_  52.^.3).      19.    (^2  _  52  _  c2) (a^  +  62  _,.  c2). 

20.  (1 +2a  +  36  +  4c)(l+2a-36-4c). 

21.  (a+6  +  c-d)(a  + 6 -c  +  d). 

22.  (a*  -  3  a2a;  +  3  ax2  _  x^)(a^  +  3  a2a;  +  3  ax^  +  x^). 

23.     (X2_y2_;j2_-i02)(x2  +  y2  4.;j2_-j^). 

24.  (-x8  +  x2-2x-l)(x8  +  x2  +  2x-l). 

Simplify  the  following  expressions : 

25.  (H-x)2-(l-x)(l  +  x).  26.    (2x  +  3y)2(2x-3y)2. 

27.  (1  -  a6)2  (1  +  a&)2.  28.    (x -3)(x- l)(x  +  l)(x  +  3). 

29.  (a  -x)(a  +  x) (a2  +  x2) (a*  +  x*). 

80.  (x2  _  1)  (x8  +  1) (x*  +  1) (x2  +  1). 

81.  (a2  +  2  ah)  (a^  -  2  ab)  (a^  +  16  a^ft*)  (a*  +  4  a262). 

82.  (x2  -  X  +  l)(x2  +  ic  +  l)(x*  -  x2  +  1). 

^^88.    (a  +  b-c)(^a-{-c  -6)(6  +  c-  a)(a+  b  +  c). 

84.    (a  -  6)(a  +  6  -  c)  +  (6  -  c)(6  +  c  -  a)  +  (c  -  a)(c  +  0-6). 

The  Product  (jr  +  a)(jif  +  6). 

5.   By  actual  multiplication,  we  have 

(jr  +  a)  (Jr  +  6)  =  jr2  -f  (a  +  6)  jr  +  a6; 
(jr  +  a)  (jr  -  6)  =  jr^  +  (a  -  6)  jr  -  a6; 
(jr  -  a)  (jr  -  6)  =  jr  2  -  (a  -f  6)  jr  +  a6. 

That  is,  ^^e  product  of  two  binomials,  having  the  same  first 
term,  is  equal  to  the  square  of  this  term,  plus  the  product  of  the 
algebraic  sum  of  the  second  terms  by  the  common  first  term,  plus 
the  product  of  the  second  terms. 

Ex.  1.  (x  +  S)(x  -{-  5)  =  a^  +  S  X  +  15. 

Ex.  2.  {ax  —  b)  (ax  —  c)  =  a^a^  —  (b  +  c)ax  -{-  be, 

Ex.  a   (a  -f  ft  +  5)  (a  +  6  -  3)  =  [(a  +  6)  +  5]  [(a  +  6)  -  3] 
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EXERCISES  III. 

Find,  without  performing  the  actual  multiplications,  the  values  of  the 
following  indicated  products : 

1.  (x  +  7)(x  +  4).  2.  (x-5)(x-4).         8.    (a-6)(a  +  8). 

4.  (x-3)(x  +  2).  6.  (6  +  6)(7  +  6).  6.    (3  -  a) (4  -  a;). 

7.  (6  +  y)(y-3).  8.    (2x+l)(2x  +  3). 

9.  (ay+ l)(ay  +  6).  10.    (Sxy -S)(Sxy -7). 

11.  (5a-36)(5a-76).  12.    (2xy -\- Sz)(2xy  -  ^z), 

13.  («2_7)(a;2_6).  14.    (2x8  _  ii)(2x8  _,.  4). 

16.  (x'»+i-4)(x'»+i-7).  16.    (x  +  y- 3)(x  +  y-5). 

17.  (ax+62/-c)(ax+ 6y-2c).     18.    (x2  -  2x  +  7)(x2  -  2«-3). 

The  Product  (ax  -f  6)(cjif  +  (/). 
6.   By  actual  multiplication,  we  obtain 

(ax  +  6)  (cjr  +  d)=acx^  +  (arf  -f  6c)  jr  -f  6</. 
In  this  type-form  that  part  of  the  multiplication  which  gives 
the  middle  term  of  the  type-form  may  be  represented  concisely 
by  the  following  arrangement : 

X 

ax-\-h 
(ad  -h  be)  X 

The  products  of  the  terms  connected  by  the  cross  lines  are 
called  cross-products,  and  their  sum  is  the  middle  term  of  the 
given  trinomial. 

That  is,  the  product  of  two  binomials,  arranged  to  powers  of  o> 
common  letter,  is  equal  to  the  product  of  the  first  terms,  plus  the 
sum  of  the  cross-products,  plus  the  square  of  the  last  term, 

Ex.1.   (7 a?-5^)(2a;+3i/)=7ic.2ic+(7-3-5. 2)0^-6^.33/ 

EXERCISES  IV. 

Find,  without  performing  the  actual  multiplications,  the  values  of  the 
following  indicated  products : 

1.    (3a  +  l)(5a-|-2).     2.    (7x  -  3)(3x  -  1).     3.    (5x -f  7)(3x-2). 

4.    (2x-9)(6x -{-!).     6.    C2x+15)C4x-5).      6.   (lla-3)(9a+7). 
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7.  (2a+6)(8a-6).       8.    (2a  -  6)(3a  +  6).    9.    (Sx- y)(2x-y), 

10.  (7a  +  36)(5a-26).  ^Ul.    (6x  -  7y)(3a;  +  2y). 

12.  (6a;-32)(2x  +  5«).  18.    (7y  +  2w)(8y  -  7  w). 

14.  (2a6-x)(3a6-|-a;).  16.    (6mn  -  3p)(6mn  +  7p). 

16.  (9m2-3)(8m2  +  ll).  17.    (Sx^ -\' 6y^)(2x^  -  Sy^), 

18.  [3(a  +  6)+5][5(a  +  6)-2].     19.    [2(a;  -  y)- 7][3(a;  -  y)+ 2]. 

♦ 

The  Cube  of  an  Algebraic  Ezpreaaion. 

7.  By  actual  multiplication,  we  have 

(a  +  by  =  a^  +  3a'b  +  3  ab'+b^  (1) 

and  (a-by  =  a^-Sa^b  +  3ab^-b^  (2) 

That  is,  the  cube  of  the  sum  of  two  numbers  is  equal  to  the 
cube  of  the  first  number,  plus  three  times  the  product  of  the  square 
of  the  first  number  by  the  second,  plus  three  times  the  product  of 
the  first  number  by  the  square  of  the  second,  plus  the  cube  of  the 
second, 

A  similar  statement  can  be  made  for  (2). 

Ex.  1.  (5aj-h32/)«=  (5aj)8  +  3(5aj)2(32/)  +  3(5aj)  {^yf  +  (3y)« 

=  125iB3  +  2250^2^^  +  135a^  j^2nf. 

Ex.2,  (aj-f  2y-32)3=[(aj4-2i/)-(32)]3 

=  (aj  +  22/)«-3(a?  +  2i/)2(3;?) 

j^Z(x^2y){Zzy^{^zf 

=  ic3+6aj22/+12a;i/2+82/3-9aj22;-36aj2/2 
-  36  yh  +  273^24.  542/^2  _  27^3^ 

Observe  that  (2)  is  similar  to  (1),  since 

(a-6)«=[a+(-6)]3. 
Also  that  (a  -  6)«  =  -  (6  -  a)\ 

EXERCISES  V. 

Write,  without  performing  the  actual  multiplications,  the  values  of 
1.   (a  +  l)».  2.    (a -2)8.  8.   (2x-f3)8. 

i  4.   (8-4y)«.  >  6.   (a +  2  6)8.  6.   (3a -6)8. 

7;  (ax  +  6y)«.  8.  (2x^^yzy,  ^.  (.x^^^x^^. 


y 
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10.   (^aH^  -  6  an)\  11.  (2  xm^  +  5  x^i^y, 

12.   (Ja-^a;- Jax2)8.  18.   (7  x«  +  2  a;»»-i)8. 

14.  (a«6  -  5  a6»»+i)8.  16.   (a2  +  a  +  1)8. 

16.  (3-a;-a;2)8.  17.   (jaj2-x  +  i)8. 

18.  What  is  the  value  of  a;*  -  3  a;2  -|_  3  a;  _  i,  when  x  =  w  +  1  ? 

19.  What  is  the  value  of  x«  -  2  x^  +  3  a;  -  1,  when  x  =  y  -  2  ? 

Verify  the  following  identities : 

20.  (a  +  6  +  c)8  -  3  (a  +  6)(6  +  c)(c  +  a)  =  a^  +  68  +  c^. 

21.  (a  -  6)8  +  3  (a  -  h)\a  +  6)  +  (a  +  6)8  +  3  (a  -  6)(a  +  6)2  =  Sa*. 

22.  (a  +  6  +  c)8  -  (6  +  c  -  a)8  -  (c  +  a  -  6)8  -  (o  +  6  -  c)8  =  24  ahc. 

Higher  Powers  of  a  Binomial. 
8.  By  actual  multiplication,  we  have 

(a +  6)*  =  0^4-40^6  4-   60^624-  4a6« +6*; 

(a  +  6)^  =  a*  +  5  a'b  +  lOa^A^  4-  lOa^fts  +  5  a6*  +  6* ; 

(a  -  6)^  =  a^  -  5  a^6  4-  lOa^A^  -  lOa^fts  +  5  a6*  -  6* ; 

(a  +  6)«  =  a«  +  6a'6  +  15a^62  +  20a'6^  + 150^6^  + 6a6*  +  6«; 

(a  -  6)«  =  a«  -  6  a^6  + 15  0*6^  -  20  a'b'-^  15  a^ft*  -  6  a6«  +  6«. 

The  result  of  performing  the  indicated  operation  in  a  power 
of  a  binomial  is  called  the  Expansion  of  that  power  of  the 
binomial. 

In  the  preceding  expansions  the  following  laws  are  evident : 

(i.)  Tlie  number  of  terms  exceeds  the  binomial  exponent  by  1. 

(ii.)  Tlie  exponent  of  a  in  the  first  term  is  equal  to  the  binomial 
exponent,  and  decreases  by  1  from  term  to  term. 

(iii.)  The  exponent  of  b  in  the  second  term  is  1  and  increases 
by  1  from  term  to  term,  and  in  the  last  term  is  equal  to  the 
binomial  exponent. 

(iv.)  Tlie  coefficient  of  the  first  term  is  1,  and  that  of  the  second 
term,  except  for  sigyi,  is  equal  to  the  binomial  exponent. 

(v.)  The  coefficient  of  any  term  after  the  second  is  obtainedy 
except  for  sign,  by  midtiplying  the  coefficient  of  the  preceding  term 
by  the  exponent  of  a  in  that  term,  and  dividing  the  product  by  a 
numder  greater  by  1  than  the  exponent  0/  b  m  that  term. 
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E.g.,  the  coefficient  of  thejifth  term  in  the  expansion  of 

(a+&)'isl0x2^4  =  5. 

(vi.)  The  signs  of  the  terms  are  all  positive  when  the  terms  of 
the  binomial  are  both  positive;  the  signs  of  the  terms  alternate, 
+  and  — ,  when  one  of  the  terms  of  the  binomial  is  negative. 

.  Observe,  as  a  check :  * 

(vii.)  The  sum  of  the  exponents  of  a  and  b  in  any  term  is  equal 
to  the  binomial  exponent, 

(viii.)  The  coefficients  of  two  terms  equally  distant  from  the 
beginning  and  the  end  of  the  expansion  are  equal. 

In  a  subsequent  chapter  the  above  laws  will  be  proved  to 
hold  for  any  positive  integral  power  of  the  binomial. 

Ex.1.   (2x-Syy  =  {2xy-4.(2xy(Sy)-\-6(2xy(Syy 

^4.(2x)(3yy-h(3yy 
=z  lea^  -  96  a^y -\- 216  x'f- 216  xf  +  Sly". 

EXERCISES  VI. 
Find  the  values  of  the  following  powers : 

1.    (!  +  «)*.  2.    (3 -4 a)*.  8.    (2x  +  Syy. 

4.    (3  w  -  2 n)s.       6.    (2 a  +  1)«.  6.    (Sx-2 y)«. 

7.    (a2  +  a6)*.  8.   (afi^  xy.     ^^         9.    (2mH-mn^)^. 

10.    (a»+i  -  by.      11.    (a«-i6  +  ab'^y.      12.    (a^+^a;"-!  -  a"-ix'»+i)«. 
18.   Verify  the  identity 

[(a  -  by  +  (6  -  cy  +  (c  -  ayy  =  2[(a  -  by  +  (6  -  cy  +  (c  -  a)4]. 
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Quotient  of  the  Sum. or  the  Difference  of  Like  Powers  of  Two 
Numbers  by  the  Sum  or  the  Difference  of  the  Numbers. 

1.  By  actual  division,  we  have 

(a*-6^-f-(a-t-6)  =  a-6  and  (a^- 62)-^(a  -  6)  =a-f  6. 

That  is,  the  difference  of  the  squares  of  two  numbers  is  exactly 
divisible  by  the  sum  of  the  numbers,  and  also  by  the  difference  of 
the  tiumbers,  taken  in  the  same  order;  the  quotient  in  the  first 
ease  is  the  difference  of  the  two  numbers,  taken  in  the  same  order^ 
and  in  the  second  case  is  the  sum  of  the  two  numbers. 
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Ex.1.   (9-25x^^(S  +  5x)  =  S-5x, 

Ex.2.   (l(yx^ -- SI  f)-h  (4:0^- 9  f).=  4:0? -^9  f. 

Ex.  3.   (a?  -\-y^  ^z^  —  2  xy)  -i-(x  —  y^z) 

=  (x?  —  2xy-^y^  —  z^)-i-(x  —  y—'Z) 
=  l(x-yy-  z^'\  -^  [ (a;  -  2^)  -  2;] 
=zx-y^z. 


(i.) 


(ii.) 


(iii.) 


2.  By  actual  division,  we  have 

(0^4.  ft.')  ^  (a  +  6)  =  a*  _  flSj  ^  ^2^2  _  ^43  ^  44^ 

■  (flS  _  5.5)  ^  (fl  _  4)  =  a*  +  a'6  +  a'6'  +  «*'  +  b\ 
'  (a*  -  6*)  -h  (a  +  6)  =  a^  -  0^6  +  06^  -  6' ; 
"  (a4  __  54)  ^  (a  -  6)  =  a«  +  0^6  +  aV-Vb\ 

The  above  identities,  and  the  identities  in  Art.  1,  illustrate 
the  following  principles,  which  will  be  proved  in  Art.  6 : 

(i.)  The  sum  of  the  like  odd  powers  of  two  numbers  is  exactly 
divisible  by  the  sum  of  the  numbers. 

(ii.)  The  difference  of  the  like  odd  powers  of  tioo  numbers  is 
exactly  divisible  by  the  difference  of  the  numbers,  taken  in  the 
same  order. 

(iii.)  The  difference  of  the  like  even  powers  of  two  numbers  is 
eocactly  divisible  by  the  sum,  and  also  by  the  difference  of  the 
numbers,  taken  in  the  same  order. 

(iv.)  When  the  divisor  is  a  sum,  the  signs  of  the  terms  of  the 
quotient  alternate,  +  cind  —. 

(v.)  When  tjie  divisor  is  a  difference,  the  signs  of  the  terms  of 
the  quotient  are  all  +. 

(vi.)  In  the  first  term  of  the  quotient  the  exponent  of  a  is  less 
by  1  than  its  exponent  in  the  dividend,  and  decreases  by  1  from 
term  to  term. 

(vii.)  The  exponent  of  b  is  1  in  the  second  term  of  the  quotient, 
and  increases  by  1  from  term  to  term. 

Observe  that  the  quotient  is  homogeneous  in  a  and  6,  of 
degree  leaa  by  1  than  the  degvee  oi  tk^  dividend. 
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Ex.1.   (Sa^  +  j^)^(2x-\-^)  =  (2xy-(2x)(^)  +  (iy 

Ex.2.   (32  2^i<>  -  iB^)  H- (2  y2  -  a^ 

=  (2  2/2)4  _^  (2  yy(x^)  •+  (2  yy(x^y  +  (2  2/2)(a^)-^  +  (a^)^ 
=  16/ H- 8 /iB3+ 4 2/^aj«H- 2  2^^35^  +  0:^2^ 

Notice  that  in  the  type-forms  each  term,  beginning  loith  the 
second,  is  equal  to  the  preceding  term  x  b  -i-  a  when  the  divisor 
is  a  ~  6,  and  x  (—  6)  -f-  a  when  the  divisor  is  a  -f  6.  Thus,  in 
Ex.  2 : 

162/^  =  32 2/^° -5-22/^  82^0^=  16  2^  X  a^H-2  2/'; 

4y^ix^  =  Sf3^X3i^-^2y^',  2 yV  =  4. y^ofi  x  a^ -i- 2 y"" ; 
a"  =  2  2/ V  X  ix^-i-2y\ 

It  is  important  to  notice  that,  as  we  shall  prove  in  Art.  6,  the  sum  of 
the  like  even  powers  of  two  numbers  is  not  exactly  divisible  by  either  the 
sum  or  the  difference  of  the  numbers. 

E.g.,  a*  +  6*  is  not  divisible  either  by  a  +  6  or  by  a  —  &. 

EXERCISES  VII. 

Find  the  values  of  the  following  quotients,  without  performing  the 
actual  divisions: 
1.  (x2-l)--(aj-l).  2.  (25  -  «2)  ^  (6  +  a;). 

8.  (4  a2- 9)^(2  a -3).  4.  (i  -  x^^) -i- (i -^  xy), 

J5.  (16  aj«  -  9  i/2)  -J-  (4  aj  -  3  y).  6.  '(64  0252  _  121  c2)  -^  (8  a6  +  11  c). 

7.  (x*-l)-T-(a;2  +  l).  8.  (4a4-62)H-(2a2-6). 

9.  (a;2n__i)^.(x«_l).  10.  (a*«  -  16  6i6)-.(a2"  4- 4  68). 
11.  (a;2«+«  -  4)  ^  (x»+i  +  2).  12.  (a8«  _  54«+.i)  ^  (a4«  _  62«+2). 
18.  [(a  +  6)»-l]-j-(rt  +  6+l).  14.  [4-(aH-6)2]-(2-a-6). 
15.  (a2-2a6+62-l)4-(a-6+l).  16.  (a^-n'^-p^'{-2np)---(a-n-\-p). 

17.  (p2-r2-4-4r)-^(p-r-2). 

18.  [(a2  +  2  a6  +  62)3c8  _  y4]  -^  [(«  +  6)x8  +  2/2]. 

19.  (a*  4-  2aJ2y2  4.  y4  _  «2  _  2  «m  -  w2)^(a;2  +  y2  4.  ^  4.  2-). 

20.  (a«  -  62  +  2  6;5  -  2  ox  H-  x2  _  «2)  ^  (a  -  «  -  6  H-  2!). 
21.  (xV+l)  +  («y  +  l).  22.  (l-a8)-^(l-a). 

28.  (r»4-126)  +  («  +  6).  24.  (8  a^  -  27)-t-(3  -  2  a). 

28.  (a«-l)  +  (a2-l).  26.  (a^2  4.  27)-(a*  +  3). 

IT.  (8  m^*  -  P^)  -»-  (2  m^n  -  p*).  28.  (a^*  -  i)  ^  (a«  -  1) . 

28.  (348x'«^-/*)-f.(7ar«-i-y2«>  80.  [(x  +  y)»  -  25^"\-^(x -V  y  -  a^> 
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31.  (x8  -f  8  2^  +  2;8  +  6  aj'^y  +  12  xy'^)  ^{x -\-2y  ■]- z). 


32.  (a^-l)^(a;-l).  33. 

84.  (A^-16y*)^(ia;-22/).  35. 

36.  (ic82/i2_256  2?i6)^(a;V-4  2;*).  37.. 

38.  (a5  +  l)--(a+  1).  39. 

40.  (1  -7^)-^{x-\).  41. 

42.  («iV  +  32  2?^6)_j.(a;2y^2  2?8).  43. 

44.  (ic5«-l)-^(x»-l).  45. 

46.  (a«--66)-4-(a-6).  ,47. 

48.  (aii  +  l)-^(a4-l).  49. 

60.  (a^*^  -  A  &^)  -  («^  -  i  &)•  61. 

52.  («85-  l)-(a:6  +  l).  63. 


(1  _16a*)^(l  +  2a). 

(81  ars  -  16  y^)  -j-  (3  x^  +  2  y^). 

(32a;5H-y6)-^(2xH-y). 
(243  a^fes  -  c6)  -  (3  a6-c).    " 

(^102,15^23  _  d[25)  ^  (^258c4  _  J6). 

(1  +  a^'")-^(l  +  a*"). 
(a7H-67)-f-(a  +  6). 

(ai2_l)-(a-l). 
(a7_a;i4)^(a_a.2). 


Of  what  divisions  are  the  following  expressions  the  quotients : 

54.  x^-\-x-{-\.  55.  a2  _  a6  +  h'^. 

56.  a;3  -  x2  ^  a;  _  1.  57.  ^t  ^_  ^s  ^  0^2  ^  ^5  ^  1. 

58.  xV  +  wi^^y^  +  in^xy  +  w^.  59.  x"^-^  4-  x"*-^  +  x"-8+  ...  -f  x  + 1. 

•  • .       *  ■  ■ 
The  Remainder  Theorem. 

3.  If  3  x8  -  4  x2  -  6  X  +  7  be  divided  by  x  -  2,  we  obtain  a  partial 
quotient  3  x^  +  2  x  —  2  and  a  remainder  3. 

If  now  2  be  substituted  for  x  in  the  given  expression,  we  obtain 

3  X  28  -  4  X  22  -  6  X  2  +  7  =  3,  the  above  remainder.  , 

This  example  illustrates  the  following  principle  : 

If  an  expression^  arranged  to  powers  of  a  letter  of  arrangement^  sayx, 
be  not  exactly  divisible  by  x  —  a^  the  remainder  of  the  division  is  equal  lo 
the  result  of  substituting  a  for  x  in  the  given  expression. 

Let  the  given  expression  be  of  the  form 

^x«  H-  -Bx»-i  +  ...  +  C/'x  +  F, 

in  which  n  is  a  positive  integer. 

Let  Q  stand  for  the  partial  quotient  of  the  division  by  x  —  a,  and  B  for 
the  remainder.     Then,  by  Ch.  III.,  §  4,  Art.  13,  we  have 

^x«  +  -Bx»»-i  +  ...  +  C/x  4-  F=  §  (x  -  rt)  +  jB. 

If  now  a  be  substituted  for  x  in  the  last  equation,  we  obtain 

^a«  +  JBa«-^  +  •••  +  Ua-^V=Q(a-a)-^  B 

=  § .  0  H-  jB  =  iJ. 

That  is,  the  remainder,  i?,  of  dividing  the  given  expression  by  as  -  a,  is 
equal  to  the  result  of  substituting  a  tor  x  m  tVift  ^x^reaalon. 
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4.  From  the  principle  of  the  preceding  article  we  derive  the  following : 
If  an  expression^  arranged  to  poioers  of  a  letter  of  arrangement^  say  x, 

be  exactly  divisible  by  x  —  a^  the  result  of  substituting  a  for  x  in  the  given 
expression  is  0 ;  and  conversely. 

For  if  the  (Jivision  be  exact,  the  remainder  is  0,  and  therefore  the  result 
of  the  substitution  is  0. 

E.g.,        3ic8  —  4x2_0x  +  4is  exactly  divisible  by  x  —  2. 

Substituting  2  for  x,  we  obtain  3x28-4x  22 -6x2  +  4  =  0. 

5.  If  an  expression  be  arranged  to  descending  powers  of  a  letter  of 
arrangement,  the  folloioing  is  a  convenient  method  of  substituting  a  par- 
ticular value  for  the  letter  of  arrangement. 

Ex.  1.   Substitute  2  for  x  in  3  x^  -  4  x2  -  6  x  +  7. 

We  have  3  x^  =  3  x  •  x^  =  6  x^,  when  x  =  2  ; 

therefore         3  x^  -  4  x2  =  6  x2  -  4  x2  =  2  x2,  when  x  =  2  ; 
then  2x2  =  2x'X  =  4x,  when  x  =  2  ; 

and  4x  —  6x  =  —  2x  =  —  4,  when  x  =  2  ; 

finally  —4  +  7=3,  the  result  of  the  substitution. 

Ex.  2.   Is  x8  +  x2  -  X  +  7  exactly  divisible  by  x  +  2  ? 

Since  x  +  2  =  x— (—  2),  we  substitute  —  2  for  x.    We  then  have 

x»=~2x2;    -2x2  + x2  =  -x2  =  2x;    2x-x  =  x  =  -2;    -2  +  7  =  5. 

Therefore  x'  +  x^  —  x  +  7  is  not  exactly  divisible  by  x  +  2,  and  the 
remainder  of  the  division  is  6. 

EXERCISES  VIII. 

Prove  that  the  following  dividends  are  exactly  divisible  by  the  corre- 
sponding divisors,  without  performing  the  divisions  : 

1.  (x2-3x  +  2)-^(x-2).  2.    (x2-3x  +  2)-5-(x-l). 

3.  (x8-18x-36)^(x-6).       4.    (x^  +  2x2  -  x  -  2)-^(x  +  1). 

5.  (x8  +  21x  +  342)-r-(x  +  6).     6.    (2x8  +  3x2  +  3x  +  l)^(x  +  i). 

7.  (x8-6x*-19x2  +  84)-^(x2-3)(x2  +  4). 

8.  (x«  +  4x*  +  x2-6)-r-(x2-l)(x2  +  2). 

9.  (2x*  +  4ax3-5a2x2-3a8x  +  2a*)^(x-a). 
10.  (x*  +  3a2x2  +  5a8x  +  a*)-4-(x  +  a). 

Find  the  remainders  of  the  following  indicated  divisions,  without  per- 
forming the  divisions : 

11.  (2«8-7x2  +  6x- 16)n-(x  +  4). 

12.  (6x*-llx3+2x-7)  +  (x-2). 
18.    (17i»»-.2a;a  +  4x-3)4.Cx-.%V 
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14.  Prove  that  (»  +  !)"»+  (a;  —  l)"*  is  exactly  divisible  by  x  when  m 
is  odd. 

15.  Prove  that   (a  +  6  +  c)^  —  (a^  —  6«  —  c^)  is  exactly  divisible  by 
(a  +  6)(a  +  c)(6  +  c). 

16.  Prove  that  x9y^  4-  V'z^  +  z^xr  -  xry9  —  y^gt  —  zrxfi  is  exactly  divisi- 
ble by  {x  -y){x-  z)(y  -  z). 

6.    We  are  now  prepared  to  prove  the  following  principles  enunciated 
in  Art.  2  : 

(i.)   a"  4- 6"  IS  exactly  divisible  by  a-\-b,  but  not  by  a  —  b,  when  n  is  odd. 
The  quotient  is 

an-i  _  a«  25  ^  a5«-352 ^  a^feH-s  _  a6«  2  _^  6»  -\ 

(ii.)  a"— 6»  IS  exactly  divisible  bya—b^  but  not  by  a-\-b^  when  n  is  odd. 
The  quotient  is 

an-i  ^  ojn  25  ^  a»-36-2  +  ...  +  a26«-8  +  a6'»-2  -f  6«-i. 

(iii.)  a"  —  6"  is  exactly  divisible  by  a  +  b,  and  by  a  —  b,  when  n  is  even. 
The  quotient  is,  when  a  +  6  is  the  divisor, 

a«-i  _  an-25  4.  an-sj)2 ^25,4-3  ^  ab^-^  -  6»-i ; 

and  when  a  —  6  is  the  divisor, 

gn-l  ^  a"-^b  +  a"-362  4.  ...  +  a25«-3  _|.  a6n-2  4_  5,1-1. 

(iv.)  a"  +  6"  IS  no^  exactly  divisible  by  either  a  -{■  b  or  a  —  b,  when  n 
is  even. 

For  if  —  6  be  substituted  for  a  in  a"  +  6",  we  obtain 

(—&)**  +  6"  =  0,  only  when  n  is  odd. 

Therefore,  a"  +  ft"  is  exactly  divisible  by  a  +  &,  only  when  n  is  odd. 
If  b  be  substituted  for  a  in  a»  +  ft**,  we  obtain  6»  +  6",  =^  0. 
Therefore,  a»  +  6«  is  not  divisible  by  a  —  6. 
In  like  manner  the  other  principles  can  be  proved. 
It  is  evident  that  the  forms  of  the  quotients  considered  in  this  article, 
obtained  by  actual  division,  conform  to  principles  (iv.)-(vii.),  Art.  2. 


CHAPTER   VII. 


1.  The  use  of  parentheses  has  been  briefly  discussed  in 
Ch.  II.,  §  2,  Arts.  8-9.  It  is  frequently  necessary  to  employ 
more  than  two  sets  of  parentheses  in  the  same  chain  of  opera- 
tions, and  to  distinguish  them  the  following  forms  are  used : 

Parentheses,  ();  Brackets,  [];  Braces,  {  |. 

A  Vinculum  is  a  line  drawn  over  an  expression,  and  is  equiv- 
alent to  parentheses  inclosing  it. 

E.g.,  (a  -f-  6)(c  —  d)  =  a  -f  6  •  c  —  d. 

If  more  forms  of  parentheses  than  the  above  are  needed,  one 
or  more  of  them  is  made  larger  and  heavier. 

Removal  of  Parentheses. 

2.  The  principles  given  in  Ch.  II.,  §  2,  Art.  8,  are  to  be 
applied  successively  when  several  sets  of  parentheses  are  to  be 
removed  from  a  given  expression.  In  removing  parentheses 
we  may  begin  either  with  the  inmost  or  with  the  outmost. 

3.  The  following  examples  will  illustrate  the  method  of 
removing  parentheses,  beginning  with  the  inmost: 

Ex.  1.  4  a  -  {3  a  -f  [2  a  -(a  -  1)]  \ 

=  4a-53a+[2a-a-|-l]| 
=  4a  — {3a-|-a  +  l{ 
=  4a  —  4a  — 1  =  —  1. 

Ex.  2.     [6«  -  }(a«  +  b)a  -(a« -  6)6  -  a\a  -b)\Y 

=  [6» -  ja8 -hah-  a'b  +  &« - a« -h a«6j]« 

=  [6«-{a6-h6«|7 

=[6«  -  aft  -  67  =(-  aby  =  -  a%\ 

US 
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4.  The  method  of  removing  parentheses,  beginning  with  the 
outmost,  may  be  illustrated  by  the  following  example. 

Notice  that  the  part  which  is  free  from  parentheses  is  sim- 
plified at  the  same  time  that  the  next  parentheses  are  removed. 


aj2__{2iB2-[3ic2-h(4a^~5aj2-i)]j 


=  a^  —  2ar^4-[3a^+(4iB^  —  5iB^  —  1)],  removing  braces, 
=  —  a^-f3ar*+(4iB^  —  5a^—  1),  removing  brackets, 
=  2a;^-f4a^  —  5ar*  —  1,  removing  parentheses, 
=  6a^  —  5cc^-fl,  removing  vinculum, 
=  a^  +  l. 

EXERCISES  I. 
Simplify  the  following  expressions  by  removing  parentheses : 

1.  a  +  26-[6a-{3  6-(6a-6 6)}]. 

2.  2  oj  -  {3  y  -  [4  X  -  (5  2^  -  6  X)]  }. 

3.  {50  -  [35  -  (10  -  X)  x]  x}x. 

4.  4x-{[x-3(2~x)]x-4}2. 

6.  6  a  -  [7  a  -  {8  a  -  (9  a  -  10  a -6)}]. 

6.  a  -  {5  6  -  [a  -  (3  c  -  3  6)  +  2  c  -  (a  -  2  6  -  c)]}. 

7.  12a-13{10[7(4a -3)-6]-9a}. 

8.  x--{x  +  y-[x  +  y  +  2;-(x4-2/H-«  +  v)]}. 

9.  10  -  2{x  -  6[3  -  2x  -  6(4x  -  7)]  -  3(6  -2x)}. 

10    7  a«  -  {2  a«  -  [a«  -  3  a"*  +  (5  a"*  -  2  a»)  -  4  ««]  -  2  a«}. 
11-   {[{^  +  2/2)x  -  (2  y  -  l)]x  -  (x2  -  2  y)x  -  x^F- 

12.  [(X  -  y)2  +  6xy]  -  [(x2  -i-2xy)-{x^  -  [2x2/  -  (4*2/  -  y^)]} 

-(-x2_2x2/)]. 

13.  ^a2x+f ax2-{Jax2-[-^a2;^-(iax2-a)]}. 

Find  the  values  of  the  expressions  in  Exx.  1-13, 

14.  When  a  =  ~3,  6=4,  c  =  —  5,  m  =  2,  n  =  l,  x  =  8,  y  =  —  9,  «  =  7, 
t?  =  -4. 

Solve  the  following  equations  : 

15.  (x  +  3)2  =  x2  +  16.  16.    (2x  + 1)2-8=  (2x-l)«. 
17.    (5  +  x)2  +  9  =  3x(9  +  Jx).        18.    (x  +  1)2  =  [6  -  (1 -x)]a^2. 

19.  (3-ix)2  4-(Jx-5)2=(fx)2. 

20.  2x2+17x=(8  +  2x)2-67 -x(3  +  2x). 

SI.    (20!'^ -h  1  -  x)(2x^  -  1  +  x)=  1  -1-  x2(2x  +  l)(2a5  - 1). 
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22.  (X  -  l)(a;2  H-  X  +  1)-  6(«2  _  l)=-(2  -  x)8. 

23.  56x8  -  4x(4x- 7)2=  164x2  _(2x- 5)8. 

24.  6-  {5-(4-{3-[2-(l -x)]})|  =  4. 

25.  2[8  -  2 {6  -  2(5  -  2x  -  1)}]  =  8. 

27.  4{4[4(4x-3)-3]-3}-3  =  l. 

28.  -4-4{4-4[4-4(4-x)]}  =  44. 

39.    ^  4x  -(5x  -[6x  -  {7 X  ~(8x  -  9)}])  =  -  10. 

Insertion  of  Parentheses. 

5.  The  principles  for  inserting  parentheses  in  a  given  ex- 
pression were  proved  in  Ch.  II.,  §  2,  Art.  9. 

Ex.  1.  Express  4  (»  —  y)  +  y  —  a5  as  a  product,  of  which  one 
factor  is  x  —  y. 

We  have  4  («  —  y)  +  y  —  a?  =  4  (»  —  y)  —  (»  —  y)  =  3  (a?  +  y). 

The  sign  +  or  —  before  a  pair  of  parentheses  can  evidently 
be  reversed  from  +  to  —,  or  from  —  to  -f,  if  the  signs  of  the 
terms  within  the  parentheses  be  reversed. 

Ex.2.  7(a;~l)-3(l-a;)  =  7(a;-l)-h3(a?-l)  =  10(a;-l). 

EXERCISES  II. 

Write  each  of  the  following  expressions  as  a  product,  of  which  the  ex- 
pression within  the  parentheses  is  one  of  the  factors: 

1.   3(a--6)-a  +  &.  2.   6(x2  -  ?/)- x2  +  y. 

3.    3m-5n-4(5n  — 3m).  4.    1  -  a« -f  SCa"  -  1). 

6.  5(x2  -  a;  +  1)  -  x2  +  X  -  1.  6.   x  -  y  -  z  -  6(y  -\-  z  -  x). 

Write  each  of  the  following  expressions  as  a  single  product,  of  which 
the  expression  within  the  first  parentheses  is  a  factor  : 

7.  (2x-l)-3(l -2x).  8.   2(2m-370  +  (3n-2wi). 
9.   5(x-i-y2)^.2(y2_a.2).                iq.   7(xy  -  z)-(z  -  xy). 

Simplify  the  following  expressions  without  removing  the  parentheses : 
11.    (a  -  b)c  +  (6  -  d)c.  12.   5(x  -  y)z  +  5(2/  -  x)z. 

IS.    (l-x)(l  +  x2)  +  (x- l)(l  +  x2). 
14.   9(xy^-3)(^-5)-^7Cxi/  +  3)(6-2). 


CHAPTER    VIII. 

FACTORS  AND  MULTIPLES  OF  XNTEGRAL  ALGEBRAIC 


§  1.   INTEGRAL  ALGEBRAIC  FACTORS. 

1.  Factors  have  already  been  defined  in  multiplication  (Ch. 
XL,  §  3,  Art.  12).  The  factors  were  there  given,  and  their 
product  was  required.  The  converse  process,  given  a  product 
to  find  its  factors,  is  equally  important. 

2.  A  product  of  two  or  more  factors  is,  by  the  definition  of 
division,  exactly  divisible  by  any  one  of  the  factors. 

An  Integral  Algebraic  Factor  of  an  expression  is  an  integral 
expression  by  which  the  given  one  is  exactly  divisible. 

E.g.,  integral  factors  of  ^d?x  are  6,  a\  3  a?,  2a\  etc. ; 
integral  factors  of  a^  —  W  are  a  +  h  and  a  —  b. 

The  word  integral^  here  as  in  Ch.  III.,  §  1,  Art.  1,  refers 
only  to  the  literal  parts  of  the  expression. 

E.g.,  \  a  and  |  x  are  integral  algebraic  factors  of  6  a^x, 

3.  A  Prime  Factor  is  one  which  is  exactly  divisible  only  by 
itself  and  unity. 

E.g.,  the  prime  factors  of  6  a^x  are  2,  3,  a,  a,  x. 

A  Composite  Factor  is  one  which  is  not  prime,  te.,  which  is 
itself  the  product  of  two  or  more  prime  factors. 

E.g.,  composite  factors  of  6  a^x  are  6,  ax,  2  a,  S  ax,  etc. 

4.  Any  monomial  can  be  resolved  into  its  prime  factors  by 
inspection. 

E.p.j  the  prime  factors  of  4  aV  are  2,  2,  a,  a,  a,  6,  6, 
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The  Fundamental  Formula  for  Factoring. 

5.  A  multinomial  whose  terms  contain  a  common  factor  can 
be  factored  by  applying  the  converse  of  the  Distributive  Law 
for  Multiplication.     From  Ch.  III.,  §  3,  Art.  14,  we  have 

ab  -{-  ac  —  ad  =  a  (b  -h  c  —  d).  (1) 

That  is,  if  the  terms  of  a  multinomial  contain  a  common  factor, 
the  multinomial  can  be  written  as  the  product  of  the  common 
factor  and  the  algebraic  sum  of  the  remaining  factors  of  the 
terms. 

The  relation  (1)  may  be  called  the  Fundamental  Formula  for 
Factonng, 

Ex.1.  Factor  2  a^2/ -  2  a?y2. 

The  factor  2xy  is  common  to  both  terms;  the  remaining 
factor  of  the  first  term  is  x,  that  of  the  second  term  is  —  y, 
and  their  algebraic  sum  is  x  —  y. 

Consequently  2a^  —  2ocy^  =  2Qcy(x  —  y). 
Ex.  2.  a6*  +  dbc  -\-b^c  =  b  (ab  -\-ctc-\-  be). 

6.  In  the  fundamental  formula  the  letters  a,  b,  c,  d  may 
stand  for  binomial  or  multinomial  expressions. 

Ex.1.  Factor  a  (a?  —  2  2/)  +  5  (»  —  2  2/). 

The  factor  x  —  2y  is  common  to  both  terms ;  the  remaining 
factor  of  the  first  term  is  a,  that  of  the  second  term  is  b,  and 
their  algebraic  sum  is  a  -|-  5. 

Consequently  a(x  —  2 y)-\-  b(x  —  2y)=(x  —  2 y)(a  +  b). 

Ex.  2.  Factor  1  —  a  -|-  a?  (1  —  a). 

We  have  1  -  a  +  a?(l  -  a)  =  (l  -  a)(l  +  x). 

Ex.  3.  Factor  (x  -  y)(a''  +  6^  -  (a?  +  y)(a«  +  6*). 

We  have 

(x^y)(a'  +  h^-(x-{-y){a'  +  b'^  =  (a'-hb')[(x^y)-{x-hy)] 

=  ^2y{a'-\-b% 

It  frequently  happens  that  the  parts  of  a  given  expression 
have  a  common  factor  except  for  sign. 
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Ex.  4.  Factor  oi^(l-  m)  -y\m  —  1). 

Since  1  —  m  and  m  —  1  differ  only  in  sign,  i.e., 

m  — 1=--(1  — m), 

we  may  take  either  as  the  common  factor. 
Taking  1  —  m  as  the  common  factor,  we  have 

a^(l  —  m)  —  2/^(m  —  1)  =  (1  —  r)i)(a^  +  y^. 

The  fundamental  formula  must  often  be  applied  more  than 
once. 

Ex.  5.  Factor  by(x  —  a)—  bx(y  —  a). 

Taking  out  b,  b[jj {x  —  a)  —  x{y  —  a)]  =  b (ax  —  ay). 

Taking  out  a,  we  have    ab  (x  —  y), 

EXERCISES  I. 

Factor  the  following  expressions : 

1.  6  a;  H-  6.  2.   az  —  a.  8.  4  a'  —  6. 

4.  -a^-x^.  5.   a^h-ah\  6.   2an-^n^, 

7.  3  a*  -  2  a;8.  8.   12  a%^  -  3  a^b^.  9.    10  a^x^  -  15  aV. 

10.  3  a6  +  6  ac  -  12  ad.  11.  70  xy  -  98  j/^  -  140  2/«. 

12.  iJax  +  if  6x2  + Jx.  13.  6  ax*  -  16  a85a:6  ^.  18  052523.6. 

14.  8  a^n^x^  -  10  a;i V  +  4  a2^8a;8.      15.  45  ^s^Sp + 90  wi^nSp -  75  mHp^. 

16.  28  aSftSc- 84  aSft^cH  98  a46*c8.       17.  27  xV«H  135  x^y*;?*- 81x^2:*. 

18.  7(a  +  6)  -  14.  19.  a^(a  +  x)  +  x2(a  +  x). 

20.  3a(a-l)-3(a-l).  21.  2(n  +  1)^  -  4(w  +  1). 

22.  a(x-l)-x4-l.  23.  rn(q  -  p)-(p  -  q). 

24.  -  2  a*  +  4  a2*+  6  a^*.  25.  a"+»  -  a  +  a^-^. 

26.  6  m^+i  -  3  m''+2  4.  9  m»+^,  27.  5«+3  -  125  x  +  626  x^. 

28.  ax»  -  6x«+J  +  cx«+2.  29.  2"+4  _  g  x  2'»-i  +  16. 

Grouping  Terms. 

7.  When  all  the  terms  of  a  given  expression  do  not  contain 
5^      a  common  factor,  it  is  sometimes  possible  to  group  the  terms 
so  that  all  the  groups  shall  contain  a  common  factor. 
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Ex.  1.  Factor  2  a -^  2  b -\- ax -\- bx. 

Factoring  the  first  two  terms  by  themselves,  and  the  last 
two  terms  by  themselves,  we  obtain 

2(a  4-  2>)  +  x(a  +  5)  =  (a  +  5)  (2  +  x). 

Ex.  2.  a^  —  xy  —  xz -^ yz  =  x(x  —  y)  —  z(x  —  y)=: (x  —  y)(x  —  z). 

Ex.  3.  (2a-by  +  4:ax-2bx  =  (2a--by  +  2x(2a-b) 

=  (2a-b)l2a-b  +  2x], 

EXERCISES  II. 
Factor  the  following  expressions : 

1.   ac  •\-  ad  +  be -\- bd.  yH.  2ax —  Sby —  2ay  +  S bx, 

S.   20 ad  —  S6bd  —  Sax-\- 14 bx.  4.   6 ax  —  ca;  —  5 ay  +  cy. 

5.   a^  —  (j^c  -\-  ac^  —  (fi.  6.   «*  —  nc^  -f  a;  —  1. 

^.   18n2x-12a;-9n2  +  6.  8.   3ic*  -  ««  + 6x  -  2. 

9.   3c*-3c8n  + cn«-n8.  10.   3 r^  +  nx^  -  6 n^a;  -  2 x^. 

n.   6a«-6a2y  +  2a2/2-2y8.  12.   \ty -^  ^xy  -  \tz  -  \xz. 

13.  12  a86*  -  4  a26*  -  4  a^fts  +  12  a^fta. 

14.  a*  —  a^n^  +  a^n  —  aw'  +  n^  —  an^, 

16.  X*  -  ax*  +  3  a2a;2  _  2  a26x2  +  2  a^&x  -  6  a^ft. 

16.  ax  +  by  +  c«  +  6x  +  cy  +  a«  H-  ex  +  ay  +  6«. 

17.  ax  —  by  -\-  cz  —  bx  —  cy  —  az  —  ex  •]-  ay  -h  bz. 

18.  ax  +  &2/  +  c«  —  &X  —  cy  4-  a«  +  ex  —  ay  —  bz. 

19.  ax  +  6y  H-  c«  —  6x  +  cy  —  a^r  —  ex  —  ay  +  6«. 
K  6  X"  +  4  x«-i  -  9  x"-2  -  12  x^-3  +  3  x**--*  +  4  x"-*. 


Use  of  Type-Forms  in  Factoring. 

8.  If  an  expression  be  in  the  form  of  one  of  the  type-forms 
considered  in  Ch.  VI.,  or  if  it  can  be  reduced  to  such  a  form, 
its  factors  can  be  written  by  inspection. 

Trinomial  Type-Forms. 
ft   From  Ch.  VI.,  §  1,  Arts.  1  and  2,  we  have 

ii«-^aA  +  6«  =  (a-6y, 
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From  these  identities  we  see  that  a  trinomial  which  is  the 
square  of  a  binomial  must  satisfy  the  following  conditions : 

(i.)  One  term  of  the  trinomicU  is  the  square  of  the  first  term 
of  the  binomial. 

(ii.)  A  second  term  of  the  trinomial  is  the  square  of  the  second 
term  of  the  binomial, 

(iii.)  The  remaining  term  of  the  trinomial  is  twice  the  product 
of  the  two  terms  of  the  binomial, 

Ex.  1.  Factor  x^-\-^x  +  ^, 

^  is  the  square  of  «,  9  is  the  square  of  3,  and  6  a5  =  2  •  a?  •  3. 

Therefore  ar^  +  6  a?  +  9  =  (a;  -f  3)1 

Ex.  2.  Factor  —  4  a,-iy  +  4  a^  -f  2/^. 

4 ar^  is  the  square  of  2 aj,  or  of  —2x\  2/^  is  the  square  of  y, 
or  of  —y.  Since  the  middle  term  in  the  given  expression 
is  negative,  one  term  of  the  binomial  is  negative,  the  other 
positive. 

Therefore  — 4aJ2/  +  4ar*  +  2/^=(2aj—  2/)*  =  (—  2a?  +  yf, 

Ex.  3.  60aj2/-36ar^-25/  =  -(36a^-60a^  +  253^ 

=  ~(6a;-52/)2. 

Ex.4,   (n^  -  2  nx)2  +  2  (n^ar^  -  2  najS)  +  a;* 

=  (n*  -  2naj)2  +  2a^(n2  -  2  wa:)  +  a?* 

=  (n2  -  2  nx  +  aj2)2  =  [(n  -aj)^]^  =  (n  -  a?)*. 

EXERCISES  III. 

Factor  the  following  expressions : 

1.  a;2-2xH-l.  2.  a2^.6a  +  9. 

3.  2/2  +  12^4-36.  ^4.  a^- 10a +  25. 

5.  4a;2 -  12 a:  +  9.  6.  9 a2  +  30 a  +  26. 

7.  20a;  -  4x2  _  25.  8.  36a;  -  4a;2  -  81. 

9.   16  a2  4.  40  a6  +  25  62.  10.  49  a;2  -  28  xy  +  4  y«. 

nil.  9  x22,2  _  30  a;y;j2  4.  25  ;5*.  12.  24xy  -  9x2  -  16j^. 

13.  a*  -  2  a2x  +  x2.  14.  x*  -  2  x2y2  4.  j^. 

15.  a2a:2  _  4  acSa;  +  4  cfi.  16.  2  a2x2  -  a*  -  x*. 

17,   (a  +  xy-h2(a-^x)  +  \,  1%.  (x- 4)2- 4(x-4) +  4. 
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19.   (2x-9)2-6(9-2x)+9.         20.  4  a;2«  -  12  af»  +  9. 

21.  36  a»+2  -  48  a"  +  16  a»-^.  22.  4  ax  +  2  ««  +  2  x\ 

23.  6a«a;2-3a2jK8-3a2x.  24.  16 a^fts  +  9 c^  +  24 aft^c*. 

25.  a2»-«  -  2  a«-ia?»+i  +  x2n+2.  26.   (««  +  2a6  +  62)c  + (a  + 6)<P. 

27.  xy  ~  awf  —  (y2  —  2  y;?  +  «2),  28.  a^  ^  2  an  +  w^  —  op  —  jjn. 

29.  2a  +  ad  -  d^  -  4d  -  4.  80.  a^  +  2  a6  -  4  ac  -  4  6c  +  4c2. 

3L  n2x-xy-n*y  +  2nV-y'-        82.   (a  -  c)8  +  2a2c -4ac2  +  2c8. 

10.  From  Ch.  VI.,  §  1,  Art.  5,  we  have 

jr2  +  (a  +  6)jr  +a6  =  (jr +  a)(jr  +  6). 

When  a  trinomial,  arranged  to  descending  powers  of  some 
letter,  say  a?,  can  be  factored  into  two  binomials,  in  both  of 
which  the  first  term  is  the  letter  of  arrangement,  it  must 
satisfy  the  following  conditions : 

(i.)  One  term  of  the  trinomial  is  the  square  of  the  letter  of 
a}*rangementy  i.e.,  of  the  common  first  term  of  the  binomial  factors. 

(ii.)  The  coefficient  of  the  first  power  of  the  letter  of  arrange- 
ment in  the  trinomial  is  the  algebraic  sum  of  two  numbers  whose 
product  is  the  remaining  term  of  the  trinomial 

(iii.)  These  two  numbers  are  the  second  terms  of  the  binomial 
factors, 

Ex.  1.  Factor  a^  +  8  a;  + 15. 

The  common  first  term  of  the  binomial  factors  is  evidently  x. 
The  second  terms  are  two  numbers  whose  product  is  15,  and 
whose  sum  is  8.     By  inspection  we  see  that 

3  +  5  =  8  and  3x5  =  15; 

that  is,  the  second  terms  of  the  binomial  factors  are  3  and  5. 

Consequently,    «*  +  8  a;  + 15  =«  (a?  +  3)  (a;  -f  5). 

Ex.2.  Factor  aj*  -  7  a;  + 12. 

The  common  first  term  of  the  binomial  factors  is  a;.  The 
second  tenns  are  two  numbers  whose  product  is  12,  and  whose 
sum  is  —  7.  Since  their  product  is  positive,  they  must  be  both 
positive  or  both  negative  ;  and  since  their  sum  is  negative,  they 
must  be  both  negative. 
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The  possible  pairs  of  negative  factors  of  12  are  —  1  and 
-  12,  -  2  and  -  6,  -  3  and  -  4. 
But  since  -  3  +  (_  4)  =  -  7, 

the  second  terms  of  the  binomial  factors  are  —  3  and  —  4. 
Consequently     a^  —  7  «  +  12  =  (a;  —  3)  (a;  —  4). 

Ex.  3.   Factor  aV  +  5  aa?  —  24. 

The  common  first  term  of  the  binomial  factors  is  ax.  The 
second  terms  are  two  numbers  whose  product  is  —  24,  and 
whose  sum  is  5.  Since  their  product  is  negative,  one  must  be 
positive  and  the  pther  negative;  and  since  their  sum  is  posi- 
tive, the  positive  number  must  have  the  greater  absolute  value. 
The  possible  pairs  of  factors  of  —  24  are  —  1  and  24,  —  2  and 
12,  -  3  and  8,  -  4  and  6. 

But  since  —3  +  8  =  5, 

the  second  terms  of  the  binomial  factors  are  —  3  and  8. 

Consequently  a V  -f  5  aa;  —  24  =  {ax  —  3)  {ax  -f  8). 

Ex.  4.  Factor  x*-  3  a?^  -  28  yl  . 

The  common  first  term  of  the  binomial  factors  is  x.  The 
second  terms  are  two  numbers  whose  product  is  —  28  y^,  and 
whose  sum  is  —Zy.  It  is  evident  that  both  of  these  terms 
contain  y  as  a  factor.  Therefore  we  have  only  to  find  their 
numerical  coefficients. 

Since  their  product  is  negative,  one  must  be  positive  and  the 
other  negative ;  and  since  their  sum  is  negative,  the  negative 
number  must  have  the  greater  absolute  value.  The  possible 
pairs  of  factors  of  —  28  are  1  and  —  2^^  2  and  —  14,  4  and  —  7. 

But  since  4  +  (-  7)  =  -  3, 

the  second  terms  of  the  binomial  factors  are  4  y  and  —  7  y. 

Consequently  a;^  —  3  a;?/  —  28  ?/^  =  (a;  4-  4  y)  («  —  7  y). 

EXERCISES  IV. 

Factor  the  following  expressions : 

1.  a;2-3«  +  2.  2.   x^  -  a;  -  2.  8.  aJ^  +  x— 6. 

4.   x^-h3x  +  2.  5.   x2^x-2.  6.   aJ^^jp^e, 
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10.   x2  +  7  X  -  30.  11.  a;2  +  12  X  +  32.  12.   x'^-Sx-  40. 

13.   »2_i2a;  +  35.  14.  x^-nx^-h72x.  16.   a;2^13a;-30. 

16.   Qx-x^-xK  17.  35  +  2x-a;2.  18.   aj*-6aj2-24. 

19.   «»  H- 8  a;2  H- 15.  20.  x*  -  24  a;2 -|- 63.  2L   3a^+39x8+66. 

22.   x«-a:8-6r).  23.  x2»  +  Ox'*  -  112.  24.   x2«-16x'»+55. 

25.   x2  +  (a  +  6)x  +  a6.  26.  x2  -  (m  +  w)x  4- wn. 

27.  x2H-(p-g)x-i)3.  28.   x2 +(3r  -  2s)x  -  6rs. 

29.   ax2  +  7a2x  +  6rt8.  30.   x^ -\- 2  xy  -  lb  y^. 

81.  x2  -  4  ox  -  12  a2.  32.   x2  -  7  ax  +  12  a^. 

88.  2  ax8y2  _  26  ax2y3  4- 84  axy*.      34.   a;2  -  11  xm  +  30  ?w2. 
86.  x2«2  4. 12 x«  -  13.  36.   a^b^- lab +  10. 

37.   m2?i2  _  20  mn  +  99.  38.    (a  4- 6)2  +  7  (a  +  6)  + 6. 

89.  (a  -  6)2  +  7(a  -  6)+  12.  40.    (w  +  n)2  +  2(m  +  n) -  15. 

U.  From  Ch.  VI.,  §  1,  Art.  6,  we  have 

(ax  +  6)  (ex  +  rf)  =  acjr^  +  (ad  +  *c)  Jr  +  6(/. 
A  trinomial  which  can  be  factored  by  this  type-form  must 
satisfy  the  following  conditions : 

(i.)  One  term  of  the  trinomial  is  the  product  of  the  first  terms 
of  its  binomial  factors. 

(ii.)  A  second  term  of  the  trinomial  is  the  product  of  the  second 
terms  of  its  binomial  factors. 

(iii.)  The  remaining  term  of  the  trinomial  is  the  sum  of  the 
products  of  the  first  term  of  each  binomial  factor  by  the  second 
term  of  the  other. 

Ex.  1.  Factor  6  ar*  -f  19  a?  -f  10. 

The  first  terms  of  the  required  binomial  factors  are  factors 
of  6  a^,  the  second  terms  are  factors  of  10,  and  the  sum  of  the 
cross-products  is  19  x. 

The  factors  of  6  a?^  are  x  and  6  a;,  2x  and  3  x ;  and  the  factors 
of  10  are  1  and  10,  2  and  5. 

The  following  arrangements  represent  possible  pairs  of  fac- 
tors: 

x-{-l  a;4-10  X'\-2  a;-f5 


a? +  10 


6a;  +  l  6a;  +  o  6  a?  4-2 

16 «  61a?  17  X  ^*2.x 
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2x-\-l  2x  +  10  2x  +  2  2x  +  5 

X.      X       X       X 


3  a? +  10  3a?4-i  Sx  +  5  3a?-f  2 

23  a?  32  a;  16  a?  19  a; 

Since  the  sum  of  the  cross-products  in  the  last  arrangement 
is  equal  to  the  middle  term  of  the  given  trinomial,  we  have 

6  ar^  + 19  a;  + 10  =  (2  a;  +  5)  (3  a?  -f  2). 

Ex.  2.  Factor  5ix^ —  Qxy —  Sy\ 

The  factors  of  5  a;^  are  x  and  5  x,  and  the  factors  of  —  8  ^ 
are  y  and  —  Sy,  —  y  and  Sy,  2y  and  —  4  ^,  —  2  y  and  4  y, 
x  —  2y         Since  the  sum  of  the  cross-products  in  the  arrange- 

Xment  on  the  left  is  equal  to  the  middle  term  of  the 
^      ,    .       given  trinomial,  we  have 
5a;H-4y    °  ' 

-^xy  5x^  —  6xy  —  Sy^  =  (X'-2y){5x  +  4:y). 

Observe  that  the  reason  given  in  Art.  10,  Ex.  4,  for  rejecting 
at  sight  some  factors  of  the  last  term  of  the  trinomial  does  not 
hold  in  the  above  example.     For,  although  the  middle  term, 

—  6  a^,  is  negative,  the  negative  factor  of  —  8  y*  is  less  in  ab- 
solute value  than  the  positive  factor. 

Ex.  3.  Factor  10  a*  -f  a^b  -  21  b\ 

The  factors  of  10  a*  are  a^  and  10  a^,  2  a^  and  5  a* ;  and  the 
factors  of  —  21  b^  are  b  and  —21  by  —b  and  21  6,  3  6  and  —  7  &, 

—  3  6  and  7  K 

2  a^  4-  3  6        Since  the  sum  of  the  cross-products  in  the  arrange- 

Xment  on  the  left  is  equal  to  the  middle  term  of  the 
K   2  __  7  /,     given  trinomial,  we  have 

~~^  10  a*  +  a'b  -  21  62  =  (2  a^  -f  3  6)(5  a«  -  7  5). 

Ex.  4.  Factor  - 15  ar^  -f  22  a;  -  8. 

Wehave  -15ar^-f  22a;-8  =  - (15ar^- 22ar.f  8) 

=  _(3a._2)(5a?-4) 
=  (2-3aj)(5a;-4). 


.  iL 
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12.  The  following  directions  may  be  observed  in  factoring 
trinomials  which,  come  under  this  type-form : 

(i.)  When  all  the  terms  of  the  trinomial  are  positive,  only  posi- 
tive factors  of  the  last  term  are  to  be  tried. 

(ii.)  When  the  middle  term  is  negative  and  the  last  term  is 
positive,  the  factors  of  the  last  term  must  be  both  negative. 

(iii.)  When  the  middle  term  and  the  last  term  are  both  negative, 
one  factor  of  the  last  term  must  be  positive,  the  other  negative. 

(iv.)  Select  that  pair  of  factors  of  the  last  term  which,  by  cross- 
multiplication,  gives  the  middle  term  of  the  trinomial. 

EXERCISES  V. 

Factor  the  following  expressions : 

1.  6x2  +  aj-12.  2.   6x2_x-12.  3.   35  x^  +  32  a;  -  12. 

4.  36x2  + a -12.  6.   35x2+i6x-12.  6.   35x2-13x~12. 

7.  2x2  +  6x  +  2.  8.    10  +  16x  +  6x2.  9.   6  +  13x-63x2. 

10.  3x2  +  13x  +  12.       11.   40  +  2x-2x2.  12.   25x8  +  26x2  -  6x. 

13.  36x*-18x2-10.    14.    12x-6x2-90x8.      16.    10x2  +  7x-33. 

16.  8x*-19x2-16.     17.  40  +  6x-27x2.  18.  49x2-36x  +  6. 

19.  64x2-92x  +  30.    20.  6-19x+15x2.  21.   6x2-41x-56. 

22.  30aJ2-89x  +  35.     23.    18x2  -  3xy  -  45y2.    24.   3a2-6a6-262. 

25.  18x*  +  3x2y-10y2.  26.   abx^  -  (^a^  -  b^)z  -  ab. 

27.  6a*x2-4a2a^_9602.  28.    -  10  a*  +  7  a262  +  12  6*. 

29.  4x2-xy-3y2.  30.    10a2-f  lla6-662. 

81.  9  x2«  -  4  x»  -  5.      32.   2  x2»"+2  -  3  x»'+i  -  2.     33.   6  x'^'^+x^iT- 15  y^. 

84.  10(a  +  6)2  +  7c(a  +  6)-6c2.     35.   7(x  -  y)2  -  37  2r(x  -  y)+ 10«2. 

36.     6(X2  +  y2)2  _  9(a;2  +  y2^g2  _  Ig  ^i, 

37.   2(a2  -  c2)2  _  4  6(a2  -  c2)  -  6  62. 

Binomial  T3rpe-Form8. 

13.  From  Ch.  VI.,  §  1,  Art.  4,  we  have 

That  is,  the  difference  of  the  squares  of  ttvo  numbers  can  be 
written  as  the  product  of  the  sum  and  the  difference  of  the 
numbers. 
Ex.  1.  aW  -  i  b^^{a£f-{\  bf 
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Ex.  2.  32  m^n  -  2  n*'  =  2  n(16  m*  -  n^ 

=  2  n  [(4  my  -  n^] 
=  2  n  (4  m^  +  n)(4  m^  —  7i). 

Ex.  3.    m^  ^  4:xy  +  4ty^  -9 z"  =  {x -^2 yy -  (Szy 

=  («  -  2  y  4-  3  »)  (a;  -  2  y  -  3  2> 

In  factoring  a  given  expression  the  type-form  must  fre- 
quently be  applied  more  than  once. 

Ex.4.    4aV-(a2-62  +  c2)2 

=  {2  ac  +  a^ -  b^  +  c^(2  ac - a^  +  b^ -  (^ 

=  [(a  -f  c)2  -  b'^  [b^  -  (a  -  c)T 

=  (a  4-  c  4-  &)  (a  +  c  —  6)  (6  +  a  —  c)  (6  —  a  +  c). 

14.  The  difference  of  the  like,  or  unlike,  even  powers  of 
two  numbers  can  always  be  written  as  the  difference  of  the 
squares  of  two  numbers,  and  should  therefore  first  be  factored 
by  applying  this  type-form. 

Ex.  a'^b'=(a')^-(by 

EXERCISES  VI. 

Factor  the  following  expressions : 

1.  x^-1.                         2.  4-a2.  3.   a^-xY- 

4.  25x2-9.                     6.  36  a2- 49  62.  e.  4a;2-y*. 

7.  862-142.                     8.  672-432.  9.   372-272. 

10.  81  a*  -  16.                  11.  i  a%^  -  \%  cH^.  12.    16  ««  -  26  W. 

13.  a254c6_j.                  14.  ja2^4_^^a:6.  15.   a^-\, 

16.  a2n_j2m.                   17.  a;2r+2  _  4.  18.   9  a2«62  -  4  c^*. 

19.  {m-ny-\.            20.  c2-(a-6)2.  21.   9-(3-a;)2. 

22.  (4  X- 3)2 -16x2.                         23.    (a  -  6)2  -  (c  -  (2)2. 

24.  (5x-2)2-(4x-3)2.  25.    (3  xy  -  5)2  -  (2  xy  -  6)2. 

26.  (X2H-X+ l)2-(x2-x+ 1)2.      27.    a*  -  a^  +  a  -  1. 

28.  7  -  112  X*.                  29.  16  x*  -  i/*.  30.    a^  -  b^. 

Bl.  1  -  256  o^yK               32.  x^s  _  yi6.  33.    ^le  __  i. 
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87.   iah^-ia(^.  38.   izy*-^x^.  89.   a^*  -  b^, 

40.   a*'-b^,  41.   144a;«-x»+2.  42.   4  a^n+s  _  a*'+^. 

48.     a2»+352n  _  a652n+2         44.     ^2n-4^6m+2  _  1.  45.     ^2  _  52  ^  (05  ^  J)C. 

46.  x^-^-Sx^-x^-Sx.      47.   a^  -  a;2  +  a  -  x.        48.   x^  -  x^r  -  y«  -  2/2. 

49.  a^-aH-^an^-n^.      60.   x^  -  2  xy  +  2/2  -  2^2.     51.   ^52  +  2  6c  -  62_  ^2. 

62.  a2  __  ;i2  +  2  lip  -  p2.  53.  p2_g2^4g_4^ 

64.  a*-2a68_64  4.2a'6.  66.   a2  +  62  _  c2  -  d^  +  2  (a6  +  C(Z). 

66.  x^y  -  xy^  +  x^y  +  xy^.  67.   a2  +  ^2  _  c2  _  ^2  _  2(a6  -  c(Z). 

68.  2(a&+cd)-(a2H-6-2-c2-d2).       59.   a2  -  62  _,.  2  ft;?  _  2ax  +  x2  -  «2. 

60.   4a262-(a2  +  62_c2)2.  61.   a^' -  a^  -  2  a^*"  -  a^o^. 

62.   a*H-4a2c-4  62+4ftdrH4c2-d2.   68.   4(ad+6c)2-(a2-62_c2+d2)2. 

64.    (a  +  w)  (a2  -  x2)  -  (a  -  x)  (a2  -  n2). 

66.    (n  -  x)(5  n2  -  4  x2)  -(3  x2  -  4  n2)(x  -  n). 

66.  (a  +  6)2-l-2(a  +  6  +  l). 

67.  (a -2  6)2- 9 -3(a -2  6 +  3). 

15.  From  Ch.  VI.,  §  2,  Art.  2  (i.)  and  (ii.),  we 'derive 

flS  -  63  =(a  -  6)(a2  4.  a*  +  6^. 

Ex.  1.  a^  +  8y3  =  a:8^(2t/)8 

=  (aj  +  22/)[a^-ic(2y)  +  (2y)2] 

Ex.  2. 

(1  -  a;)8  -  8  aj8  =(1  -  a;)»  -(2  a?)' 

=  (1  _  aj  -  2  aj)  [(1  -  aj)2  +(!-»)  (2  aj) + (2  a;)^] 

=  (l-3aj)(l  +  3ar^). 
Ex.  3. 

512a^  +  /  =  (8a^8+(y3)8 

=  (8  a^  4- 1/«)  [(8  ar^)^  -  (8  aj8)  (2/«)  +  (2/«)T 

=  [(2a?)«  +  2/^](64a.'«-8a;St/«4-2/«) 

=(2a?  +  y)(Ax^-2xy  +  y^(64: 2(fi-Sx^f  +  f). 
Ex.  4. 
a«-729  6»  =  (a«)«-(27  6y 

=  (a»  +  27&^(a»-27  6«) 
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16.  From  Ch.  VI.,  §  2,  Art.  2  (i.)  and  (ii.),  we  infer : 

(i.)  The  sum  of  the  like  odd  powers  of  two  numbers  (xynJtaiM 
the  sum  of  the  numbers  as  a  factor, 

(ii.)  Tlie  difference  of  the  like  odd  powers  of  two  numbers  crnir 
tains  the  difference  of  the  numbers  as  a  factor, 

Ex.1.   7^^-u'  =  {x  +  y)(x^--7?y  +  ii^f--xi/'  +  y'). 

Ex.2.  «^-y^  =  (aj-y)(a/'  +  a:^y  +  a^  +  «^/  +  ajV  +  aj2^  +  3/^. 

17.  The  sum  of  the  like  even  powers  of  two  numbers,  whose 
exponents  are  divisible  by  an  odd  number,  except  1,  can  be 
factored  by  applying  the  type-forms  of  Arts.  15  and  16. 

Ex.  x'^-^y'^^^^y+iff 

=  (i»*  +  2^)(^-»V  +  2/^- 

EXERCISES  VII. 
Factor  the  foUowiug  expressions  ; 

1.  x8  +  l.  2.  «8_8.  8.   a* +  27. 

4.  64ic8_i.  6.  8x8 -2/«.  6.   8a^8-27. 

7.  125xV  +  8.  8.  3a2-24a6.  9.   27a-aW 

10.  2x8^5+432^2.  XI.  a6  +  243.  12.   x^  +  y«. 

13.  x6-64.  14.  x9+-y9.  16.   x9-l. 

16.  27  x8  -  y«.  17.  a^b^  +  64  c«.  18.  '126  x^  -  y^z^. 

19.  aio  -  6^0.  20.  x^o  -f  yio.  21.   x^a  -  1. 

22.  xiV*-l-  23.  xi*  +  yi*.  24.   a^*  +  6". 

25.  1  -  xi6.  26.  1  -  ai8.  27.  x^s  +  y". 

28.  a^''  -  b^\  29.  8  x^'^  -  729  y^+^z^.         80.   27  -  (3  +  2  x)«. 

31.  (2-a  +  x)8+(a-2x)8.  32.  4-x2  +  4x8-x6. 

33.  x^-y^-2x^y  +  2xy^.  34.  (a  +  &)» -(c  +  d)«. 

35.  x6-x8-x2+l.  36.  x8-8-6x2+12x. 

37.  a^  -  4  a^c  -  4  ac^  +  cK  38.  n^  +  5  rt^x^  +  6  n^a^  ^  a«. 

18.  The  method  of  Art.  11  can  be  extended  to  factor  multinomials 
of  the  second  degree  whose  factors  contain  three  or  more  terms. 

Ex.  1.   Factor  ax^  —  ay^  +  x -\-  y  -  ax -{■  ay  —  1. 

The  terms  ax^  —  ay^  are  evidently  the  product  of  the  terms  which  con^ 
tarn  X  and  y  in  the  two  factors.     These  may  be  either 

axi-  ay  and  x  —  y,  ox  ax  —  a))  «jid  « -^  y. 
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Since  the  last  term  of  the  multinomial  does  not  contain  either  x  or  y^ 
it  must  be  the  product  of  terms  in  the  factors  which  do  not  contain  x  or  y. 
These  can  be  only  -f  1  and  —  1.  The  following  arrangements  represent 
possible  pairs  of  factors  : 

(aa;+ay)  +  l  (ax+ay)— 1  (ax— ay)-fl  (ax— at/)  — 1 

X  X      ,    X         X 

(x-y)-l  {x-y)^\  (a;  +  y)-l  (x+y)  +  l 


x—y— ax-ay         —x+y+ax-^ay        x-\-y—ax+ay         —x—y-\-ax-ay 

Since  the  third  arrangement  gives  the  remaining  terms,  x+y— ax  +  ay, 
of  the  multinomial,  we  have 

ax^  -  fiy^  +  x  +  y  -  ax  +  ay  -  I  =(^x  +  y  -  l)(ax  -  ay  +  1). 

Ex.  2.   Factor  ^x"^ -12 y^  +  iz'^  -  6xy  -Syz -9xz. 

The  given  expression  suggests  the  product  of  two  trinomials,  both  of 
which  contain  terms  in  x,  y,  and  a.  The  part  2x'2  —  5xy  —  12  y"^  is  evi- 
dently the  product  of  the  parts  of  the  factors  which  contain  terms  in 
X  and  y,  and  the  term  4z^  is  evidently  the  product  of  the  terms  in  z 
in  the  factors. 

The  factors  of  2 x^  —  6 xy  —  12 y^  are  found  to  be  2 x  +  3 y  and  x  —  4y; 
the  factors  of  4 z'^  are  z  and  iz,  —z  and  — 4 sr,  2z  and  2 «,  —2z  and  —2 z. 
By  trial  we  find  that  the  following  arrangement 


(2x+3y)-    z 


(x-42/)-42?. 


—  Qxz  —  Syz 
gives  the  remaining  terms  of  the  multinomial.     Consequently, 

2x2-  12y2  +  4«2_5a^_8y«-9x«=(2x  +  3y-5?)(x-4y-4«). 

BXEBOISES  VIII. 
Factor  the  following  expressions : 
1.   ac2_y2_2y-l.  2.   a'^  +  b^  +  2ab  +  Sa -hSb  -  9. 

8.   x2_|.2a^  +  3x  +  y2^3y  ^.2.         4.   2x'^- Sy^-z^ -\-xy-\-xz  +  iyz. 
6.   x2  +  3xy  +  5x  + 2^2  +  8^  +  6. 

6.  2a2-9ac-5a6  +  4c2-86c-12&2. 

7.  x^-8xy  +  8x  +  2y2-.5y  +  2. 

8.  ««4-4y»-4xy-10x  +  20v-Bft. 
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9.   4ic2  +  9y2+ 1»- 12ary  +  40x-60y. 

10.  66x^ -Qy^- 12 z^-6xy  +  Uxz -22yz. 

11.  3x2-4a.x+'26x-2a&  +  a^. 

Special  Devices  for  Factoring. 

19.  A  factorable  expression  can  frequently  be  brought  to 
some  known  type-form  by  adding  to,  or  subtracting  from 
it  one  or  more  terms. 

Ex.  1.  Factor  x*  4-  x^y^  +  y*- 

This  expression  would  be  the  square  of  os'  +  y*,  if  the  co- 
efficient of  a^y^  were  2.  We  therefore  add  a^y^,  and,  in  order 
that  the  value  of  the  expression  may  remain  the  same,  we 
subtract  x^y^.    We  then  have 

x^  ^2x^f  ^y^  ^ix?y^  =  {Qt?  ^  ff  -  7?f 

=  (pt^  +  f  +  xy){a^  +  f  --  xy), 

Ex.  2.  Factor  a^-\-Sx^-2. 

The  terms  x^  +  Sx^  suggest  the  cube  of  a?  + 1. 
To  complete  the  cube  of  «  + 1  we  must  add,  and  therefore 
also  subtract,  3  a;  +  1.     We  then  obtain 

x^-\-Sx^-\-Sx-^l-3x-S=:(x-\-iy-S(x  +  l) 

=  (a;  +  l)(a^  +  2aj-2). 

Ex.  3.   Factor  a^-Sx-^2. 

Subtracting  1  from,  and  adding  1  to  the  given  expression, 
we  obtain 

x^-Sx-\'2  =  a^-l-Sx-\-3 

=  (q^-1)-3(x^1) 

=  (x-l)l{x'-\-x  +  l)^S] 

=  (x-l)(x'-\-x-2) 

=  (x-l)(x--l)(x  +  2f 

20.  Another  device  consists  in  separating  a  term  into  two 
or  more  terms,  and  grouping  these  component  terms  with 
others  of  the  given  expression. 
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Ex.   Factor  aj^-Sof +  4. 

Separating  —  3  a*  into  —  2  ar^  and  —  ar^,  we  obtain 

aj»- 3aj2  +  4  =  a;^  -  2aj2  -  »2  +  4 

=  ar^(a:--2)-(aj2-4) 

t=  (a?  -  2)  [ar^  -  (a?  +  2)] 
=  (aj-2)(a:2_^_2) 

=  (aj-2)(a;-2)(a?  +  l) 
=  (a:-2)2(aj  +  l). 

2L  These  devices  could  have  been  applied  to  factor  many 
expressions  given  under  the  preceding  type-forms. 

Ex.  1.  a'-b^^za^-^ab  +  ab-b^ 

=  a(a  —  b)-\-b(a  —  b) 
=  (a-\-b){a  —  b), 

Ex.  2.  a^  +  5aj  +  6  =  ar^-h2a;-f3aj  +  6 

=  aj(a;  +  2)  +  3(aj  +  2) 
=  (x-f2)(aj  +  3). 

22.  Symmetry.  —  An  expression  is  symmetrical  with  respect  to  two 
letters  if  it  remain  the  same  when  these  letters  are  interchanged. 

E.g. ,  aby  a^  +  6',  a*  +  2  aft  +  6^  are  symmetrical  with  respect  to  a  and 
6,  since,  when  a  and  6  are  interchanged,  they  become 

ha,  ¥  +  a*,  b^  +  2ba  +  a*,  as  above. 

23.  An  expression  is  symmetrical  with  respect  to  three  or  more  letters, 
if  it  be  symmetrical  with  respect  to  any  two  of  them. 

E.g.,  a(b  +  c)  +  6(c  +  a)  +  c(a  +  h)  is  symmetrical  with  respect  to  the 
three  letters  a,  6,  and  c.  For,  if  any  two  letters,  say  a  and  c,  be  inter- 
changed, we  obtain 

c(6  +  a)  +  6(a  +  c)  +  a(c  +  &),  as  above. 

2A.  Cyclo-83rmmetry.  —  An  expression  is  cyclo-symmetrical  with  re- 
spect to  three  or  more  letters  if  it  remain  the  same  when  the  first  letter  is 
changed  into  the  second,  the  second  into  the  third,  and  so  on,  and  the 
last  into  the  first. 

Such  an  interchange  of  letters  is  called  a  cyclic  interchange. 

Thus,  abc      becomes  bca  by  a  first  cyclic  interchange  ; 

becomes  cab  by  a  second  cyclic  interchange  ; 
becomes  abc  by  a  third  cyclic  int^xcYkaAi^^. 
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Therefore  abc  is  a  cyclo-symmetrical  expression  with  respect  to  a,  6, 
and  c. 

The  expression  (a  -  d)  (b^  -  c^)  ^(b-d)  {c^  -  a^)  +  (c-d)  (a^  -  b^) 
is  cyclo-symmetrical  with  respect  to  a,  6,  and  c.  For,  after  making  a 
cyclic  interchange  of  these  letters,  we  have 

(6  -  d) (c2  -  a2)  +  (c  -  (Z)  (a2  -  &2)  +  (a  -  (Z) (62  -  c2),  as  above. 

Observe  that  this  expression  is  not  cyclo-symmetrical  with  respect  to 
all  four  letters,  a,  b,  c,  and  d. 

25.  A  symmetrical  or  cyclo-symmetrical  expression  can  frequently  be 
factored  by  arranging  its  terms  to  powers  of  one  of  the  letters  with  respect 
to  which  it  is  symmetrical. 

Ex.  Factor  b^{c  -  a)  -f-  (^(a  -b)+  a\b  -  c). 

Arranging  the  given  expression  to  descending  powers  of  a,  we  have 
a\b  -  c)  -  a(&8  -  c8)  +  6c(62  _  c2) 

■  =  (6  -  c)  [a8  -  a(&2  +  6c  +  c2)  +  bc(b  +  c)] 

=  (6  -  c)  [a8  -  a62  _  abc  -  ac^  +  62c  +  6c2] 

=  (6  -  c)  [a(a2  -  c2)  -  62(a  -  c)  -  6c(a  -  c)] 

=  (6  -  c)(a  -  c)[a(a  +  c)-  62  -  6c] 

=  (6  -  c)(a  -  c)[a2  +  ac  -  62  -  6c] 

=(6  —  c)(a  -  c)[(a2  -  62)+  c(a  -  6)] 

=  (6  -c)(a-c)(a-6)(a  +  6  +  c). 

EXERCISES  IX. 

Factor  the  following  expressions : 

1.   l  +  4x*.  2.  l+64x*.  3.  x*"  +  4y**. 

4.  l+3a2  +  4a*.  5.  l-Ta-  +  a^.  6.  1  +  2 a;2y2  +  9 a;*y*. 

7.  x*  -  a;2y2  +  16  y4.  8.  a*  +  y*  -  11  a;2y2.         9.  le  a:*  -  a;2y2  +  y4. 

10.  a:*  +  4  2/*  -  12  ^22/2.       n.  x^  +  y^  +  xY-  12.  a;8  +  yS—  142  x^j/*. 

13.   a;8-6x2  +  16.  14.  ic^  -  15x2  + 250. 

15.   x8  +  6x2  +  10x  +  4.  16.  x8_9a;2  +  32ar-42. 

17.  x8  -  15x2 +  72x~  110.  18.  8x8  -  36x2  +  48x- 18. 

19.  27x8-27x2-6x  +  4. 

20.  ac(a  —  c)  —  a6(a  —  6)  —  6c(6  —  c). 

21.  a2(6-c)+62(c-a)+c2(a-6). 

22.  a2(5  ^  c)  +  62(c  +  a)  +  c2(a  +  6)  +  2  a6c. 

"  23.   (a  -  (f)(62  -  c2)  +  (6  -  (i)(c2  -  a2)  +  (c  -  d)(a^  -  fi^). 
24.   fl8(62  -  c2)  +  68(r2  -  a2)  4.  cS(a2  _  62). 
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Method  of  Substitution. 

26.  In  Ch.  VI.,  §  2,  Art.  4,  it  was  proved  that  if  an  expression  be 
divisible  by  x  —  a  (i.e.,  if  x  —  a  be  a  factor  of  the  expression),  the  result 
of  substituting  a  for  x  in  the  given  expression  is  0. 

The  following  example  will  illustrate  the  method  of  applying  this  prin- 
ciple in  factormg  certain  symmetrical  expressions. 

Ex.  1.  Factor  (x  -  y^  +  (y  -  zY  +  («  -  xy. 

The  given  expression  has  the  factor  x  —  y,  if  it  be  divisible  by  x  —  y ; 
that  is,  if  the  result  of  substituting  y  for  x  be  0.  Making  this  substitution, 
we  have 

08  +  (y  -«)«  +  («  -  yy  =  {y  -  zy  -{y-  zy  =  0. 

Therefore,  x  —  y  is  a  factor  of  the  given  expression. 

In  like  manner,  it  can  be  shown  that  y  —  z  and  z  —  x  are  factors.  It  is 
evident  that  the  given  expiression,  which  is  of  the  third  degree,  cannot 
have  a  fourth  literal  factor,  since  the  product  of  four  literal  factors  is  an 
expression  of  the  fourth  degree.  But  it  may  be  equal  to  the  product  of 
the  factors  x  —  y,  y  —  z^  z  —  x^  and  a  numerical  coefficient. 

Let  us  assume,  therefore, 

(x  -  2^)8  +  (2/  -  zy  +  (5?  _  x)8  =  C(x  -  y) (y  -z){z-  x),         (1) 

wherein  C  is  some  numerical  coefficient  yet  to  be  determined. 

Now  (1)  is  an  identity,  and  hence  its  first  member  must  be  equal  to  its 
second  member  for  all  values  of  the  letters  x,  y,  and  z  (Ch.  IV.,  §  1,  Art.  3). 

If  we  substitute  x  =  0,  y  =  1,  2?  =  2,  in  both  members  of  (1),  we  have 

(-  1)8  +  (1  -  2)8  +  28  =  C(-  1)(1  -  2)  X  2. 

Whence  0=3. 

Consequently,     {X'-yy-\-{y—zy-\-{z—xy=.^{x—y){y—z){z—x). 

This  method  depends  upon  the  possibility  of  forming  in  advance  of 
factoring  a  given  expression  some  idea  of  the  nature  of  its  factors. 

Ex.2.  Factor  (^a-\-h'-cy{a-h-\-c)-\'{a-\-h-\-c){a-\-h-c){h-\-c-a). 

The  given  expression  has  the  factor  h  if  it  be  exactly  divisible  by  6  -  0  ; 
that  is,  if  the  result  of  substituting  0  for  h  be  0.  Making  this  substitu- 
tion, we  have 

(a-c)2(a+c)  +  (a+c)(a-c)(c-a)  =  (rt-c)2(a+c)-(a+c)(a-c)2=0. 

Therefore,  6  is  a  factor  of  the  given  expression.  In  like  manner,  it 
can  be  shown  that  c  is  a  factor,  and  that  a  is  not  a  factor. 

It  is  evident  that  the  given  expression  reduces  to  0,  when  a  +  &  —  c  =  0. 
Therefore,  a  +  &  —  c  is  a  factor.    We  now  assume 


134  ALGEBRA.  [Ch.  VIII 

In  this  identity  let  a  =  0,  6  =  1,  c  =  2.     We  thus  obtain  C  =  4. 
Therefore, 

(a+6--c)2(a-6+c)  +  (a  +  6  +  c)(a+6-c)(6+c-a)  =  46c(a+6-c). 

In  factoring  expressions  like  the  above,  it  is  advisable  to  test  such  ex- 
pressions as  a  +  6,  a  -  6,  a  +  b  +  c,  a  +  6  —  c,  a,  6,  etc.,  according  as 
any  one  of  them  is  suggested  by  the  form  of  the  expression  to  be  factored. 

27.    Ex.  1.   Factor  ofi  -  6  x"- -\- 9  x  -  6, 

If  this  expression  is  a  product  of  factors  of  the  form  x  —  a,  then  —  6 
is  evidently  the  product  of  the  last  terms  of  these  factors.  Therefore,  a 
must  be  a  factor  of  6,  and  possible  values  of  a  are  1,  —  1,  2,  —  2,  3,  —3, 
6,  -6. 

The  given  expression  does  not  reduce  to  0,  when  1  and  —  1  are  sub- 
stituted in  turn  for  x  ;  therefore, x  —  1  and x  —  (—  1),  =x  +  l  are  not  fac- 
tors. But  when  x  =  2,  the  given  expression  reduces  to  0 ;  therefore,  x  r-  2 
is  a  factor.  The  other  factor  is  found  by  dividing  the  given  expression 
by  X  —  2.    We  then  have 

x'  -  5x2  +  9x  -  6  =(x  -2)(x2  -  3x  +  3). 

The  factor  x*^  —  3  x  +  3  is  found  not  to  have  a  factor  of  the  form  x  —  a. 
But  in  many  examples  this  second  expression  can  be  factored. 

Ex.2.   Factor  3x8  -  6x2 -34x  + 24. 

This  expression  reduces  to  0  when  x  =  4.     We  then  obtain 

(X  -  4)(3x2  +  7  X  -  6)  =  (x  -  4)(x  +  3)(3x  -  2). 

EXERCISES  X. 
1-6.  Factor  the  expressions  given  in  Exercises  IX.,  Exx.  20-26. 
Factor  the  following  expressions  : 

7.  a(6  +  c)2  +  6(c  +  a)2  +  c(a  +  6)2-4a6c. 

8.  (6  +  c  -  a)2  (a  -  6  +  c)  +  (a  +  6  +  c)  (6  +  c  -  a)  (a  +  6  -  c). 

9.  (a  +  6)2  +  (a  +  c)2  -  (c  +  d)^  -  (b  +d)^ 
10.   (x  +  y  +  z)  (xy  +  yz  -\-  zx)  -  xyz. 

11.     (a2  -  62)8  _,.  (52  _  c2)8  +  (c2  _  ^2)8. 

12.  (x  +  y-^zy-ix  +  y-zy-ix  +  z-yy-iz  +  y-  x)«. 

13.  a(6-c)8  + 6(c-a)8  +  c(a-6)8. 

14.  x2y  -I-  y'^z  +  z'^x  —  xy2  _  2^2-2  _  x^z. 

15.  (rt  +  6  +  0)8  -  (a8  +  68  +  c8). 

16.  C<z  -/-  6  +  c)*  +  a*  +  6*  +  c*  -  (6  -h  c)*  -  (c  +  a)*  -  (a  +  6)*. 
17.  2(a^b^+  a^c^  +  62c2)-Ca*  -V  b*  ^  c!^> 
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18.  «8-10x2  +  31x-30. 

20.  6«8-8a;2-27a;+18. 

22.  «8-21x  +  20. 

24.  3x«-8«2-i0a;  +  21. 

26.  «8+  18  a;2  +  107  a;  +  210. 

28.  3«8-x2-38aj-24. 

80.  3«8  +  6x2-7x-l. 


19.  x8  4. 10x2 +  27x4-18. 

21.  x8-6x2-22x-16. 

23.  x3-x2  +  3x  +  6. 

25.  x8-6x2  +  llx-6. 

27.  x8  -  7  x2  -  21 X  +  27. 

29.  x8-19x-30. 

31.  2x8+7x2  +  4x4-3. 


EXERCISES  XI. 

Factor  the  following  expressions  by  the  methods  given  in  this  chapter : 
1.  o*  +  2  aSft  -  2  a68  -  6*.  2.  ax2  +  (a  +  6  +  c)x  +  6  +  c. 

8.   iac**+i  -  6  cT«+i  -  6  c«+i.  4.  x2y2  +  17  ^y  +  16. 

6.  6  a*  -  6  a^c  +  2  a8x2  -  2  a2cx2  +  6  a«x  +  2  a2x8. 

7.  x«  +  64.  8.  a86«  +  l.  9.  x'  +  y?.  10.   a^^-a. 

11.  a?  -  1.  12.  28«+8  -  64.  13.  x^  -  1.  14.  2  a*  -  16a68. 

16.  x*  +  2x2  +  9.  16.  24x2-(3&-8a)x-a6. 


18.  a;2«-2  +  2  x«+»  +  x2'»+2. 

20.  3x2+4y24.2j2_8xy-4y2J  +  4x«. 


17.  6a-c2  +  a(a-26). 
19.  x*-2x8-l  +  2x. 

21.    x8«+8  -  3  x2»»+2y2  +  3  x«+ly4  -  2/6. 

22.  a6(x2+y2)  +  a^(a2  +  62). 

23.  27x8  +  27  x2y  +  9xy2  +  y8  -  x«  -  3  x*  -  3  x2  -  1. 

24.  28(x  +  3)2  -  23  (x2  -  9)  -  16  (x  -  3)2. 

25.  9  ac  +  2  a2  -  6  aft  +  4  c2  +  8  6c  -  12  b'^. 

26.  (ox  -  6y)2  _  (a  +  6)  (x  +  z)  (ax  -  6y)  +  (a  +  b^xz. 

^'  «aH5  +  &a4  +  cx8-ax2-6x-c.    28.   (a  +  6)x2+ (a  -  26)x -36. 
^'  «^  --.  62  -  c2  -  2a  +  2  6c  +  1.       30.  49x*y6  +  42xV  4-  9x1^*. 
^^*   ^^--2x  +  l-y2.      32.   16x2  +  x-40.      33.   x8  -  x2;?  +  X«2  -  ^8. 


*^     — ^  1  +  c  —  ac. 

*\^*^  ^6x2-x  +  6. 

^'    ^^  <t*6*  +  70  a262c2  +  49  c*. 

--9«2-4y(y+3«). 

-+  a2c  +  a6c  +  62c  -  6«. 
Cc^-l)8-(l-a). 

— -  ox  —  to  +  a6. 


2. 
I. 

S.    3 
I 


35.  a2  —  a  -  1  —  aH  -\-  ac-\-  c. 

37.  20x2- 123  x+  180. 

39.  x2(x+l)  -62(6  +  1). 

41.  x*y  +  5fx8  —  xy  —  z. 

43.  x8-2x*y*+2/8__4a.2y2(j^2_y2)a. 

45.  x*  —  2  x^y  +  2  x^y^  -  2  xy*  +  y^. 

47.  x«-j/«  +  l  -2x8. 

49.  x23/^+26-^»'^-\^XM. 
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60.  x2  +  9_2a;(3  +  2xy2).  61.  ab +  2a^ -Sb^ -^bc  -  ac -c^ 

62.  3»«  + 8a:* -8x2-3.  63.   7  a^aj^  +  49 a^x  +  84 a. 

64.  (x2+a;y+2/*)2-(x2-xy+y2)2.       55.  cd  -  bd-\- a(b -c). 

66.  8  x8  -  60  x2  +  140  x  -  100.  67.   (x^  +  1)»  -  (2^  +  1)'. 

68.  abx^  +  a;  +  a&  +  1.  69.  36a*  -  21  a^  +  1. 

60.  10  X*- 47x2 +  42.  61.   (x2 +xy- 2/2)2  _  (3.2  _ajy  _y2)2 

62.  x2+c(a+6)x+a&(a+c)(c-6).-  63.   6 a2- 18062, 

64.  ^abc^-i^abcP,  65.   10x2  +  3x-18. 

66.   x2»- y2n+4yn_4a^.  67.   rt6(x2  -  y2)  4.^^(02  -  62). 

68.   125x3-160x2  +  45x-2.  69.  36  a*62  -  60  a868  +  26  a26*. 

70.  a2(a2 -1)- 62(62  _i).  71.   (m  -  n)2- 12(m  -  n) +27. 

72.  aH^  (a8  -  x)  -  a^x^  (x^  -  a). 

73.  3  (a  -  1)  (««  +  7)2  -  12(4  ««  +  28)  (a  -  1)  +  192  (a  -  1). 

74.   (x  +  y)2-18(x  +  y)+77.  76.   (a2  -  62)  x2  -  (a2  +  62)  x  +  a6. 

76.  300  a6c2  -  432  a6(?2.  77.  76  a262  -  108  c2d2. 

78.   \iabx'^y^-\%abz\  79.   18  a2x2  -  98  62y2. 

80.  18  (X  +  2/)2  +  23  (x2  _  y2)  _  6  (X  -  yyK 

81.  Express  (a^  —  62)  (c2  —  (P)  as  the  difference  of  two  squares. 

§2.    HIGHEST  COMMON  FACTORS. 

1.  If  two  or  more  integral  algebraic  expressions  have  no 
cominon  factor  except  1,  they  are  said  to  be  prime  to  one- 
another,  or  are  called  relatively  prime  expressions. 

E.g.,  ah  and  cd\  5  xFy  and  82;^;  a^  -\-b^  and  a^  —  bK 

2.  The  Highest  Common  Factor  (H.  C.  F.)  of  two  or  more 
integral  algebraic  expressions  is  the  expression  of  highest 
degree  which  exactly  divides  each  of  them. 

JE.g.,  the  H.  C.  F.  of  ax^,  boi^,  and  cx^  is  evidently  a^. 

H.  C.  F.  by  Factoring. 

3.  Monomial  Expressions. — The  H.  C.  F.  of  monomials  can 
be  found  by  inspection. 

Ex.  1.  Find  the  H.  C.  F.  of  x^fz,  xYz^  and  a^y*z\ 
The  expression  of  highest  degree  which  exactly  divides 
each  of  the  given  expressions  evideiit\y  Q,3k.vm.ot  contain  a  higher 
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power  of  X  than  a^y  a  higher  power  of  y  than  y^,  and  a  higher 
power  of  z  than  z.    Therefore  the  required  H.  C.  F.  is  a^j^z. 

Observe  that  the  power  of  each  letter  in  the  H.  C.  F.  is  the 
lowest  power  to  which  it  occurs  in  any  of  the  given  expressions. 

If  the  monomials  contain  numerical  factors,  the  Greatest 
Common  Measure  (Gr.C.  M.)  of  these  factors  should  be  found 
as  in  Arithmetic. 

Ex.  2.  Find  the  H.  C.  F.  of  18  a*6Vd,  42  a^hc\  and  30  aVc^, 

The  G.  C.  M.  of  the  numerical  coefficients  is  6.  The  lowest 
power  of  a  in  any  of  the  given  expressions  is  a^ ;  the  lowest 
power  of  6  is  b ;  the  lowest  power  of  c  is  c^ ;  and  d  is  not  a 
common  factor.    Therefore  the  required  H.  C.  F.  is  6  a^b(^. 

In  general,  the  H.  C.  F.  of  tivo  or  more  monomicds  is  obtained 
by  multiplying  the  O,  C.  M,  of  their  numerical  coefficients  by  the 
product  of  their  common  literal  factors,  each  to  the  lowest  power 
to  which  it  occurs  in  any  of  the  given  monomials. 

EXERCISES  XII. 

Find  the  H.  C.  F.  of  the  following  expressions : 
1.   ax2,  a2jc.  2.    16  a,  20  a^,  10  6,  6. 

3.  a^bx%  ah^^,  a'^h^x.  4.   2oi^,  Sx^,  x^.^xfi. 

6.  56  xy\  70  ofiy,  98  xV-  6.   20  a^x*b,  40  ax^,  10  aV. 

7.  20  a*62,  12  a^,  10  a^b.  8.   55  x^b*,  20  x^b^,  15  a'^b%  5  a*b^. 

9.   16  a^,  20a8a;'»-i,  10ax»+\  6a^x»+2,  25a8x». 
10.    (x  -  y)\x -\- zy,  ^x  -  y)\x  +  z)^, 

4.  Multinomial  Expressions. — The  method  of  finding  the 
H.  C.  F.  of  multinomials  by  factoring  is  similar  to  that  of  find- 
ing the  H.  C.  F.  of  monomials. 

Ex.  1.  The  expressions 

a*  -  1  =  (a:  -  l)(x  +  1), 

and  a^  +  aj  -  2  =  (a;  -  l)(x  +  2), 

have  only  the  common  factor  x  —  1.    This  \a  ttvevt  '^^.C.^ . 
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Ex.  2.  The  expressions 

=  4  xy^{x  +  2y)(x  +  y)(x  -  y), 

=:2xylx  +  l){x  +  y)(x  —  y), 

have  the  common  factors  2xy,  x-\-y,  x  —  y. 

Therefore  their  H.  C.  F.  is 

2xy{x  +  y)(x  -y)  =  2  xy(a^  -  f). 

In  general,  the  H.  C.  F.  of  two  or  more  multinomial  esqyres- 
sions  is  the  product  of  their  common  factors,  each  to  the  lowest 
power  to  which  it  occurs  in  any  of  them, 

EXERCISES  XIII. 
Find  the  H.  C.  F.  of  the  following  expressions  : 

1.   «»  +  h\  a2  -  62.  2.   8  -  a\  a^  -  4. 

3.  a*  -  yS  (x^  -  y2)2.  4.  ^^  ^  y6^  ax  -  ay. 

5.   x^  +  xy^  x^  +  y^.  6.   x^  —  2/*,  x^  —  y^. 

7.   ^2  +  xy,  x^-\-2xy-\-  y^,  8.    a^  -  ab,  a^  -  2  a6  +  &*• 

9.  x^-1,  x^  +  'Zx+l.  10.   x^-1,  z^-^x-i-l. 

11.   x8  +  27,  x2  +  6  X  +  9.  12.   x^+l,  x^ -\-  mx^  +  mx  +  1. 

13.   x2_|_2xy+y2-a^  2x  +  2y+2a.       14.   x*  +  9x2  +  20,  x*  +  7x2+ 10. 

16.   3x8-8x2  +  4x,  x8-6x2+12x-8. 

16.  3  x2  -  ax  -  4  a2,  6  x2  -  17  ax  +  12  a*. 

17.  a8  +  2a2  +  2a  +  1,  a^  +  1. 

18.  x3  -  1,  x2  -  1,  (X  -  1)2. 

19.  x2  +  5  X  +  4,  x2  +  2  X  -  8,  x2  +  7  x  +  12. 

20.  x2  -  2  a2  -  ax,  x2  -  4  a2,  x^  -  6  a^  +  ax. 

21.  x2  -  2  X  -  3,  x"^  -  7  X  +  12,  a;2  -  x  -  6. 

22.  x^  -  2/^,  X*  +  xy8,  X®  +  2  x^y^  +  j/*. 

H.  C.  F.  by  Division. 

5.  A  Multiple  of  an  integral  algebraic  expression  is  an  ex- 
pression which  is  exactly  divisible  by  the  given  one. 

^.^.,  multiples  of  a  +  5  aie  2  (a  -V  h\  (x  —  y)(a+  6),  etc. 
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6.  If  the  given  expressions  cannot  be  readily  factored,  their 
H.  C.  F.  can  be  obtained  by  a  method  analogous  to  that  used  in 
Arithmetic  to  find  the  G.  C.  M.  of  numbers. 

7.  The  expressions  whose  H.  C.  F.  is  required  should  be 
arranged  to  powers  of  a  common  letter  of  arrangement. 

If  one  of  two  expressions  be  divisible  without  a  remainder  by 
the  other,  which  must  be  of  the  same  or  lower  degree  in  the  letter 
of  arrangement,  then/the  latter  (the  divisor)  is  the  required  H,  C  F. 
For  it  is  a  factor  of  the  other  expression. 

But  if  the  one  expression  be  not  divisible  without  a  remain- 
der by  the  other,  their  H.  C.  F.  is  found  by  applying  the 
following  principles: 

(i.)  A  common  factor  of  two  integral  algebraic  expressions  is 
also  a  factor  of  the  sum  or  the  difference  of  any  multiples  of  the 
expressions  (including  simply  the  sum  or  the  difference  of  the 
expressions). 

E.g.,  x  —  y  is  a  common  factor  oi  a?  —  j^  and  Qi^  —  2xy-\-^; 
also  of  ia?-f)-'(i^-2xy-\-y^=-2f-\-2xy=2y(x--y), 

and   S(p^-f)+2(a^-2xy+f)=5a^-4:xy-f=(5x-{-y)(^x-y). 

(ii.)  If  an  integral  algebraic  expression  be  divided  by  another 
(of  the  same  or  lower  degree  in  a  common  letter  of  arrangement) 
and  if  there  be  a  remainder,  then  the  H.  C.  F,  of  this  remainder 
and  the  divisor  is  the  H.  C,  F.  of  the  given  expressions. 

E.g.,  the  H.  C.  F.  of 
a^  _  10a»  +  35a^  -  50a;  +  24,  =  (a?  -  l)(x  -  2)(x  -  3)(aj  -  4),  (1) 
and         a^-7a^+lla?-5,  =(a;-l)(a;-l)(a;-5)  (2) 

is  05  —  1.     The  remainder  obtained  by  dividing  (1)  by  (2)  is 

3a^-12a;-h9,  =3(aj-l)(a?-3).    '  (3) 

The  H.  C.  F.  of  this  remainder  and  the  divisor  (2)  is  evi- 
dently  also  «  - 1,  the  H.  C.  F.  of  (1)  and  (2). 

Notice  that  the  H.  C.  F.  of  the  remainder  and  the  dividend 
(1)  is  (»-l)(»-3),  and  is  not  the  H.C.E.  oi  (T)  ^ltlSl^^Y 
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(i.)  Let  Ei  and  E2  stand  for  the  two  expressions,  and  F  for  their 
common  factor.     Then  we  are  to  prove  that  F  is  a  factor  of 

MEi  +  NE2, 

wherein  M  and  N  stand  for  two  numbers  or  integral  algebraic  expressions. 
Since  F  is  b,  factor  of  Ei,  Ei  is  the  product  of  F  and  some  other 
expression,  say  §1 ;  or 

^1  =  QiF.  (1) 

For  a  similar  reason  E2  =  Q2F.  (2) 

Multiplying  both  members  of  (1)  by  Jlf,  and  both  members  of  (2)  by 
N,  we  have,  by  Ch.  I.,  §  1,  Art.  16  (iii.)i 

MEi  =  MQiF,  and  NE2  =  NQ2F. 

Adding  corresponding  members  of  the  last  equations,  we  have,  by  Ch.  L, 
§  1,  Art.  15  (i.), 

MEi  +  NE2  =  MQiF+  NQ2F  =  (MQi  +  NQ2)F. 

The  last  equation  shows  that  MEi  +  NE2  contains  i^  as  a  factor,  the 
remaining  factor  being  MQi  +  NQ2. 

(ii.)  Let  El  and  E2  stand  for  two  integral  algebraic  expressions,  which 
have  a  common  factor,  and  let  Ei  be  of  the  same  or  higher  degree  than 
E2  in  some  letter  of  arrangement. 

Let  Q  be  the  quotient  and  B  the  remainder  of  dividing  Ei  by  J^2- 
Then,  by  Ch.  III.,  §  4,  Art.  13,  we  have 

El  =  QE2  +  B.  (1) 

By  (i.),  any  common  factor  of  B.  and  E2,  and  therefore  their  H.  C.  F.^ 
is  also  a  factor  of  QE2  +  B\  that  is,  of  Ei.  Transferring  QE2  to  the 
first  member  of  (1),  we  obtain 

El  -  QE2  =  B.  (2) 

From  the  last  equation  we  infer  that  any  common  factor  of  Ei  and  ^2» 
and  therefore  their  H.  C.  F. ,  is  also  a  factor  of  E\  —  QE2  ;  that  is,  of  B. 

If  now  the  H.  C.  F.  of  Ei  and  E2.  be  not  the  H.  C.  F.  of  B  and  E2, 
then  E2  must  have  in  common  with  B  some  factor  of  higher  degree  than 
is  contained  in  Ex.  But  this  contradicts  the  first  part  of  the  proof,  that 
the  H.  C.  F.  of  i?  and  E2  is  also  a  factor  of  Ei. 

8.  The  following  example  will  illustrate  the  method  of 
applying  the  principles  of  Art.  7 : 

Ex.   Find  the  H.  C.  F.  of  ar^  -  3  a;  -f  2,  (1) 

and  a?-4a?  +  4x-l,  (2) 


«2] 
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a^-3a;-f  2 


Dividing  (2)  by  (1),  we  have 

a"  —  4  ic^ -h  4  a;  —  1 
a^-3a^  +  2a;  a;  - 1 

-a^  +  3a;-2 

—  a?  +  l 

By  Art.  7  (ii.),  the  H.  C.  F.  of  (1)  and  (2)  is  the  H.  C.  F.  of 

aj^  —  3  05  -f-  2  and  the  remainder  —  a;  +  1. 

We  change  the  sign  of  this  remainder,  since,  if  a^  —  3  a;  -|-  2  is 
divisible  by  —  a;  + 1,  it  is  divisible  by  aj  —  1,  =  —  (—  aj  + 1). 

We  now  have  a^  —  3x-\-2  I  a;--l 

ap  —    X        I  05  — 2 

-2aj  +  2 

-2a;  4-2 

Since  the  remainder  of  this  division  is  0,  the  divisor  a?  —  1 
(i.e.,  the  remainder  of  the  first  division)  is  the  H.  C.  F.  of  itself 
and  (1),  and  therefore  of  (1)  and  (2). 

This  work  can  be  arranged  more  compactly  thus : 

aJ»-3a?  +  2)a;'-4ar^  +  4a;-l(aj-l 
aj8_3aJJ_|_2aj 

-ar^-f  2aj 

x(-l)|-a;4-l 

x-l)x^-Sx-\-2(x-2 
x^  —  x 

-2x 
-2a;  +  2 

The  divisor  is,  for  convenience,  placed  on  the  left  of  the 
dividend,  and  the  quotient  on  the  right. 

9.  The  following  principle  will  frequently  simplify  the  work 
of  finding  the  H.  C.  F.  of  two  expressions ; 
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Either  of  the  expressions  may  be  multiplied  or  divided  by  any 
number  which  is  not  already  a  factor  of  the  other  expression. 

For  a  factor  introduced  by  multiplication  into  one  expression 
will  not  be  common  to  both  of  them,  and  therefore  will  not  be 
introduced  into  their  H.  C.  F. 

In  like  manner,  the  factor  removed  by  division  from  one 
expression  was  not  common  to  both  of  them,  and  therefore 
would  not  have  been  a  factor  of  their  H.  C.  F. 

Ex.  1.   Find  the  H.  C.  F.  of 

2ar^?/2-12a;y  +  12a^y2-6ar^2^  +  4a^ 
=  2xyXx*  -6a^-f6a^-3aj  +  2), 

6x'y-15ai*y-\-21x^y-12a^y 
=  3a^y(2  x" -  50^ -\-7 x-^). 

We  set  aside  xy,  the  H.  C.  F.  of  2  oey^  and  3a^y,  as  a  factor  of 
the  required  H.  C.  F.,  and  find  the  H.  C.  F.  of  the  remaining 
factors  by  division. 

The  first  of  these  expressions  cannot  be  divided  by  the 
second  without  introducing  fractional  coefficients-  To  avoid 
these  we  multiply  the  first  by  2,  siiice  2  is  not  a  factor  of  the 
other  expression. 

2x8-6x2+7x-4)2a:4_i2a;8  +  i2a;2_  6a;+4(a;+7 

2x^-  5x8+  7x2-  4x 
X  (-  2)  I-  7x8+  5x2-  2x+  4 
14x8-10x2+  4x-  8 
14x8-86  x2+49x-28 


-r-5  25x2-45x  +  20 


2d  divisor,  5x2-  q^..^  4)10x8-25x2+  36a;-  20(2x-7 

10x3-18x2+     8x 


x5  -  7x2+  27 X-  20 


-35x2+135x-100 
-35x2+  63 X-  28 


-^72|72x-  72 
3d  divisor,  x-l)6x2-9x+4(6»- 

-4« 

^4g+4 

i 
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To  avoid  fractional  coefficients,  we  multiply  the  partial 
remainder  of  the  first  division  by  —  2,  divide  the  remainder  of 
the  first  division  by  5.  In  beginning  the  second  stage  of  the 
work,  the  dividend  is  the  first  divisor  multiplied  by  5.  To 
avoid  fractional  coefficients,  we  multiply  the  partial  remainder 
of  the  second  division  by  5,  and  divide  the  remainder  of  the 
second  division  by  72.     The  required  H.  C.  F.  is  icy(x—l), 

Ex.  2.  Find  the  H.  C.  F.  of 

aj4_i0ic3_^35aj2_  50^.^24  (1) 

and  x^-7a^-\-llx-5.  (2) 

We  have : 
Ist  divisor,  x»-7x2+iix-5)x*-10a;H35x2-50a;+24(x-3 

-  3xH24x2_45x 

-  3x3+21  a:2„3.3x+16 


-f-  3         |.3x2-12x+  9 
x2-  4x+  3 

The  remainder  a^  —  4aj  +  3,  =(x  —  l)(x  —  3),  is  readily  fac- 
tored. 

Dividing  or*  —  7  ic^  + 11  a?  —  5  by  a?  —  1,  we  have 

a»-7aj2  +  llaj-5=(a?-  l)(ar^  _  6  a;  -f  5)  =  (a?  -  l)Xx  -  5). 

The  H.  C.  F.  of  the  first  remainder  and  (1),  and  therefore 
the  required  H.  C.  F.,  is  aj  —  1. 

10.  The  examples  worked  in  the  preceding  articles  illustrate 
the  following  method  of  finding  the  H.  C.  F.  of  two  expressions : 

(i.)  Remove  from  the  given  expressions  any  monomial  factorSy 
and  set  aside  their  H,  C.  F.  as  a  fojdor  of  the  required  H.  C,  F, 

(ii.)  Divide  the  expression  of  higher  degree  in  a  common  letter 
of  arrangement  by  the  one  of  lower  degree;  if  the  expressions 
be  of  the  same  degree,  either  may  be  taken  as  the  first  divisor. 

(iii.)  Divide  the  first  divisor  by  the  first  remainder,  the  first 
remainder  (second  divisor)  by  the  second  remainder,  and  so  on, 
until  a  remaindei'  0  is  obtained.  The  last  divisor  will  be  the 
required  H.  C.  F. 
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If  a  remainder  which  does  not  contain  the  letter  of  arrange- 
ment, and  which  is  not  0,  is  obtained,  the  given  expressions  do 
not  have  a  H.  C.  F.  in  this  letter  of  arrangement. 

(iv.)  At  any  stage  of  the  work  the  dividend  may  he  multiplied 
by  any  number  which  is  not  a  factor  of  the  corresponding  divisor; 
or  the  divisor  may  be  divided  by  any  number  which  is  not  a 
factor  of  the  corresponding  dividend, 

(v.)  If  the  divisor  and  dividend  at  any  stooge  of  the  work  can 
be  factored  readily,  it  is  better  to  find  their  H,  C.  F.  by  factoring 
than  by  continuing  the  method  of  division, 

11.  To  find  the  H.  C.  F.  of  three  or  more  integral  algebraic 
expressions  find  the  H.  C.  F.  of  any  two  of  them,  next  the 
H.  C.  F.  of  that  H.  C.  F.  and  the  third  expression,  and  so  od. 

For  any  common  factor  of  three  or  more  expressions,  and 
hence  their  H.  C.  F.,  must  be  a  factor  of  the  H.  C.  F.  of  any 
two  of  them. 

EXERCISES  XIV. 

Find  the  H.  C.  F.  of  the  following  expressions : 

1.  x3  +  4  a:  -  5,  x8  -  2  a;2  ^.  6  a;  -  6. 

-Hi.  2  ajs  +  3  x2  _  aj  _  12,  6  a;8  -  17  x2  +  2  X  +  16. 

3.  x8  -  3  x2  +  4,  x8  -  2  x2  -  4  X  +  8. 

4.  x2-3x  +  2,  x4-6x2  +  8x-3. 

5.  2x2  +  3x-2,  4x8+10x2-19x  +  5. 

6.  x8  -  3  x2  +  4,  3  x8  -  18  x2  +  36  X  -  24. 

x^  —  (a  +  &  —  c)  x2  +  (ab  —  ac—  6c)  x  +  a^ 
x8  —  (a  —  6  +  c)  x2  +  {ac  —  ab  —  bc)x-{-  abc. 

I    ^   x8  +  x2  -  5x  +  3,  2x3  +  7  x2  -  9. 

U     9.   3x8-8x2-36x  +  5,  9x8-60x2  +  27x-10. 

10.  4  x9y3  _  3  a;2y2  _  4  icy  +  3,  6  x^y^  +  8  x;Y  +  xy  -  14, 

11.  x8  -  3  X2/2  _  2  y%  2  x8  -  5  x22/  -  xi/2  +  6  y^ 

12.  a8  -  a2  -  6  a  +  2,  3  a3  -  a2  -  8  a  4-  12. 
._   13.   14x8-41x2i/  + 17xy2_5y8^  10a;8_3ia;2y^.23fl^-20f*. 

14.   x8  +  2  x2  +  2  X  +  1,  x»  -  4  x2  -  4  X  -  5. 
J3,   5(?4r«-25axa  +  8a*x -o^  18x8 -24ax2+ 16(rtc-8a». 


(^^ 


I 
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16.   36  ««  +  9  a8  -  27  a*  -  18  a^,  27  a^h^  -  9  am  -  18  a^. 
LT^Sx*^  -  lOa^  +  15x  +  8,  «5  _  2  x*  -  6x8  +  4x2  +  1.3x  +  6. 

18.  2x8-3x2-8x-3,  2x4--9x8+13x2-23x-16. 

19.  2  a«x8  -  7  a2x2  +  11  ax  — 15,  2  a*x*  -  7  a^xS  +  8  a2x2  -  12  ax  -  9. 

20.  x5  +  a;*-8x2-8,  x*  -  2x8  +  x2  -  2x. 

N21.   x8-4x  +  3,  2x8  +  «2-7x+4,  x^- 2x2  +  1. 
22.   2x8  +  5x2-4x-10,  2x8  +  5x2  +  2x  +  5,  2x8  +  7x2  +  7x  +  5. 
^tS.   2x*  +  6x8  +  4x2,  3x8  +  9x2  +  9x4-6,  3x8  +  8x2  +  5x  +  2. 

24.  x8-3x2-4x+12,  x8-7x2  + 16X-12,  2x8  -  9x2  +  7x  +  6. 

25.  2x*-x8+3x2  +  x+4,  2x*  -  3x8  -  2x2  +  9x  -  12, 
4x*  -  16x8  j^  25x2  -  23x  +  4. 

12.  The  words  Highest  Common  Factor  in  Algebra  refer  to  the 
degree  of  the  common  factor.    Thus,  the  H.  C.  F.  of 

x8  -  2  x2  -  X  +  2  =  (x2  -  1)  (X  -  2) , 

and  x8  -  4x2  -  X  +  4  =(x2  -  l)(x  ~  4) 

is  evidently  x2  —  1. 

That  factor  is  of  higher  degree  in  x  than  any  other  common  factor, 
as  X  —  1,  X  +  1, 

The  words  Greatest  Common  Measure  refer  to  the  greatest  numerical 
common  measure  when  particular  numerical  values  are  substituted  for 
the  letters. 

If  we  substitute  6  for  x  in  the  above  expressions,  we  have 

x8  -  2x2  -  X  +  2  =(x2  -  l)(x  -  2)=  35  X  4  =  140, 

and  x8-4x2-x  +  4=(x2-l)(x-4)=35  x  2  =  70. 

The  arithmetical  G.  C.  M.  of  70  and  140  is  evidently  70. 
Now  notice  that  when  x  =  6,  the  G.  C.  M.  of  the  expressions  is  not  the 
same  in  numerical  value  as  the  H.  C.  F.  ;  for  when  x  =  6, 

x2  -  1  =  35,  not  70. 

The  reason  for  this  is  that  while  x  —  2  and  x  —  4  do  not  have  an 
algebraic  common  factor,  their  numerical  values  for  particular  values 
of  X  mtkj  have  a  c^mon  numerical  factor. 

Tluity  when  x  =  6,  x  ~  2  and  x  ~  4  have  the  values  4  and  2,  respectively, 
and  tiMBvetoe  have  the  common  factor  2. 

Hm  HiOids  QteateU  Common  Measure  should  not  therelot^  \^  \»i^ 
U        MP*  MDM  Af  the  wordB  Highest  Common  Factor* 
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13.   The  following  principles  will  be  of  use  in  subsequent  work : 

(i.)  In  the  process  for  finding  the  arithmetical  G,  C.  M,  of  two  integers^ 

M  and  Ny  the  remainder  at  any  stage  of  the  work  can  he  expressed  in  the 

form 

±(mM-nN), 

wherein  m  and  n  arQ  positive  integers^  and  the  upper  sign  goes  xoUh  the 
firsts  third,  etc.,  remainders,  and  the  lower  sign  with  the  second^  fourth,  etc. 

Let  M  be  greater  than  N.  Then,  in  the  process  for  finding  the 
G.  C.  M.,  let  Qi  be  the  quotient  and  Bi  the  remainder  of  the  first  division, 
Qi  and  i?2  the  quotient  and  the  remainder,  respectively,  of  the  second 
division,  and  so  on.  It  is  to  be  kept  in  mind  that  the  Q^s  and  the  i?'s  are 
positive  integers. 

Then,  by  Ch.  III.,  §  4,  Art.  13,  we  have 

.V  =  QyX^  Ih  (1),       .V=  Q2B1  +  i?2  (2)       Bi  =  QiBi  +  -Bs  (3),  etc. 
Then,  from  (1):        Bi  =  M-  QiN;  (4) 

from  (2):        B2  =  -  Q2R1  +  iV 

=  -Q2{M-QiN)-{-N, 

substituting  the  value  of  Bi  from  (4) 
=  -[§2^¥~(Qie2  +  l)-ZVr];  (6) 

from  (3) :       i?3  =  -  §3^22  +  Bi 

=  Q:^lQ2M-(iQlQ2  +  l)N}+M-QlN 

=  (iQ2Qs  +  l)M-iQiQ2Qs  +  Qi  +  Qs)K.    (6) 

In  like  manner,  the  value  of  each  succeeding  remainder,  in  terms  of  if 
and  ^Y,  can  be  derived. 

In  (4),  m  =  1,  n  =  Qi ;  in  (5)  m  =  Qi,  n  =  QiQ2'\- 1,  and  so  on. 

(ii.)  If  xY  and  N  be  two  positive  integers,  prime  to  each  other,  then  two 
positive  integers,  m  and  n,  can  he  found,  such  that 

mM—  nN'=±  1. 

Since  ilfand  lY  are  prime  to  each  other,  1  is  their  G.  C.  M.  Therefore, 
the  next  to  the  last  remainder  will  be  1  (the  last  being  0).  Consequently, 
by  (i.)  two  positive  integers,  m  and  ji,  can  be  found  such  that 

±(mM—  nN)=  1 ;  or  mM  —  nN=±  1. 

(iii.)  If  M  and  N  he  two  positive  integers,  prime  to  each  other,  then 
any  common  factor  ofM  and  NB  must  he  a  factor  of  B. 

For  by  (ii.),  mM—  nN=±  1. 

Therefore,   mMB  -  nNB  =±B,  or  mB-M-n* NB  =  ±  J2. 

Since,  by  Art.  7  (ii.),  any  common  factor  of  M  and  NB  is  a  fectorof 
m^'  M—  n '  NB^  the  last  equation  aYiOYfa  \^9A.  Wi\&  iAAtor  ia  a  factor  of  !?• 
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Tlie  following  principles  follow  directly  from  (iii.)* 

(iv.)  If  M  he  a  factor  of  NR  and  he  prime  to  N,  ft  is  a  factor  of  B. 

(v.)  If  M  he  prime  to  i?,  /S',  etc.,  it  is  prime  to  BS  •••. 

(vi. )  If  each  of  the  integers  3/,  N,  P  he  prime  to  each  of  the  integers 
iJ,  S,  T,  then  MNP  is  prime  to  BST, 

(vii.)  If  M  he  pnme  to  N,  then  Mp  is  prime  to  Np,  wherein  p  is  a 
positive  integer. 

§3.    LOWEST  COMMON  MULTIPLES. 

1.  The  Lowest  Common  Multiple  (L.  C.  M.)  of  two  or  more 
integral  algebraic  expressions  is  the  integral  expression  of 
lowest  degree  which  is  exactly  divisible  by  each  of  them. 

E.g.,  the  L.  C.  M.  of  ax^,  hot?,  and  cx^  is  evidently  abcx\ 

L.C.M.  by  Factoring. 

2.  Ex.  1.  Find  the  L.  C.  M.  of  a%  a^h(?,  and  abh\ 

The  expression  of  lowest  degree  which  is  exactly  divisible 
by  each  of  the  given  expressions  cannot  contain  a  lower  power 
of  a  than  a?,  a  lower  power  of  h  than  6^,  and  a  lower  power  of 
c  than  c^     Therefore,  the  required  L.  C.  M.  is  a^6V. 

Observe  that  the  power  of  each  letter  in  the  L.  C.  M.  is  the 
highest  power  to  which  it  occurs  in  any  of  the  given  expres- 
sions. If  the  expressions  contain  numerical  factors,  the 
L.  C.  M.  of  these  factors  should  be  found  as  in  Arithmetic. 

Ex.  2.  Find  the  L.  C.  M.  of 

3aZ>2,  6^>(a;+2/)^  and  ^a%{x-y)(x^y). 
The  L.  C.  M.  of  the  numerical  coefficients  is  12. 

The  highest  power  of  a  in  any  of  the  expressions  is  a^j  of 
h  is  6* ;  of  a?  H-  y  is  (05  +  yf ;  and  of  x  —  y  is  x  —  y. 

Consequently  the  required  L.  C.  M.  is  12  a^b\x  +  yy(x  —  y). 

In  general,  th£  L.  C  M.  of  two  or  more  expressions  is  obtained 
by  multiplying  the  L,  C.  M,  of  their  numerical  coefficients  by  the 
product  of  aM  the  different  prime  factors  of  the  expressions,  each 
to  the  highest  power  to  which  it  occurs  in  any  of  them. 
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EXERCISES  XV. 
Find  the  L.  C.  M.  of  the  following  expressions : 

1.  2a,  3  6.  2.  4a86,  2ab^,  Sax. 

3.  4ab,  2aV)\  VI a%,  4.  Ha',  21  a^  6  6,  7a. 

5.  laV),  3a86x,  2a6,  2a2a:«.  6.  Ta^rn^,  21x2^8,  343  am. 

7.  12a862a;,  18  aj^a^ft,  36a68a;.  8.  Sa^xS,  30  a^ajs,  4a2a;S  10  oa^ 

9.  20a2ic«,  \haH^-\  10ax2n+i.  lo.  6a; +11,  lOx-33. 

11.  a  +  1,  a  -  1,  a.  12.  a  +  6,  a^  +  2  a6  +  h\ 

13.  X  +  1,  x2  -  2  X  -  3.  14.  a  +  X,  a^  -  x^. 

16.  X  -  6,  x2  -  3x  -  10.  16.  3 X  -  3,  a2  -  2  ax  +  x^. 

17.  8a2  +  i6a,  a8  +  4a2  +  4a,  a^. 

18.  a2-6^  4a  +  46,  a' -  ft' _  3  ^525  4  3  ^fta. 

19.  X  +  1,  x2  -  1,  x3  -  1.  20.   a8  -  x«,  a^  -  x2,  x  -  a. 
21.   x2  -  2/2^  (X  -  2/)2,  x8  -  y8.          22.   X  -  a,  a2  -  x2,  X*  ~  a*. 

23.   1  -2x,  4x2-1,  1  +  4x2.  24.   1  -  x,  x^  -  1,  x  -  2,  x2-4. 

25.   4(1  -  x)2,  8(1  -  X),  8(1  +  X),  4(1  -  x2). 

26.  9  0^62  _  4  C2#,    9  0^62  _  12  a25cd2  ^.  4  ^2(^4. 

27.  3x2-5x  +  2,  4x8-4x2-ar+ 1. 

28.  x2  -  4a2,  x8  +  2ax2  +  4a2x  +  8a8,  x'  -  2ax2  +  4a2x  -  Sa^. 

29.  ^{a^  -  h^){a  -  6)8,  9(a*  -  h'^){a  -  6)2,  12(a2  -  62). 

Lowest  Common  Multiple  by  Means  of  H.  C.  F. 

3.  If  the  given  expressions  cannot  be  readily  factored,  their 
L.  C.  M.  can  be  obtained  by  first  finding  their  H.  C.  F. 

Ex.   Find  the  L.  C.  M.  of 

x^  —  2q^  —  2o^y-\-  A:Q(nj  -\-x  —  2y  and  a^  -T2x^y-\-  xy^  —  2 2^. 

The  H.  C.  F.  of  these  expressions  is  found  to  be  a?  —  2  y. 

Consequently  the  other  factors  of  the  given  expressions  can 
be  found  by  dividing  each  of  them  by  their  H.  C.  F.    We  have 

:i?-.27?-2Q?y-{-4.xy-\-x-2y  =  {X'-2y){Qi?'-2x  +  l), 

a?-2a?y-\rxy^-2f  =  (x  -2y)(ix^  +  f). 

From  the  definition  of  the  H.  C.  F.  we  know  that  these  sec- 
ond factors,  aj^  —  2  a;  +  1  and  a^  +  y^,  have  no  common  factor^ 
and  therefore  that  the  L.  C.  M.  of  the  given  expressions  must 
contain  both  of  them  as  factoia. 


i 
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Consequently  the  required  L.  C.  M.  is 

4.  The  example  of  Art.  3  illustrates  the  following  principle : 

The  L,  C,  M,  of  two  integral  algebraic  expressions  is  the  prod- 
uct  of  their  H,  C.  F.  by  the  remaining  factors  of  the  expressions. 

Let  El  and  E^  stand  for  the  two  expressions,  and  let  F  stand  for  their 
H.  C.  F. 

Then  Ei  =  FQi  and  E2  =  FQ2, 

wherein  Qi  and  Q2  are  the  remaining  factors  of  Ei  and  Ez-,  respectively. 

Sinoe  Qi  and  Q2  have  no  common  factor,  the  expression  of  lowest 
degree  which  is  exactly  divisible  by  FQi  and  FQo  must  be  FQ1Q2. 

5.  To  find  the  L.  C.  M.  of  three  or  more  integral  algebraic 
expressions,  find  the  L.  C.  M.  of  any  two  of  them ;  next,  the 
L.  C.  M.  of  a  third  and  the  L.  C.  M.  already  found,  and  so  on. 

Let  El,  E2,  Ez  stand  for  three  integral  algebraic  expressions,  and  let 
Ml  stand  for  the  L.  C.  M.  of  Ei  and  E2,  and  M2  for  the  L.  C.  M.  of  Mi  and 
Es.  Then  M2  is  the  expression  of  lowest  degree  which  is  exactly  divisible 
by  Ml  and  E^ ;  but  Mi  is  the  expression  of  lowest  degree  which  is  exactly 
divisible  by  Ei  and  E2»  Hence  M2  is  the  expression  of  lowest  degree 
which  is  exactly  divisible  by  Ei,  JF2,  Es. 

EXERCISES  XVI. 
Find  the  H.  C.  F.  and  L.  C.  M.  of  the  following  expressions : 
Ifi-x,  oc^-l,  2.  x2  _  1^  a;8  +  1. 

5.  2ie8-17x2+19x-4,  3 x^  _  20 a;2  _  10 x  +  27. 

6.  6  ic8  -  x2  +  11 X  +  4,  3  x3  +  13  x2  +  X  -  3. 

7.  x8-6x2  +  9x-9,  x*-4x2  +  12x-9. 
8;^x»-x2-9x  +  9,  x*-4x2  +  12x-9. 
9.    14x»-17x2  +  llx-3,  6x*-3x8  +  4x2-l. 

10.  2  X*  -  3  x8  +  4  x2  -  5  X  -  4,  2  x*  -  x'  +  x  -  12. 

IL  4x»-8x^  +  5x-3,  2x*-3x8  +  6x2-3x  +  2. 

It.  4«*-8x»-3x2  +  7x-2,  3x8-llx'^  +  2x+ 10. 

IS.  «*-6a!'+llx-6,  x«-9x2  +  26x-24,  x8-8xa+  19x-12. 

14.  ii^-6a^  +  9a;-9,  a^-a;2-9x  +  9,  x*  -  4x* -V'V'ix-^. 
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Relation  between  H.  C.  F.  and  L.  C.  M. 

6.    The  following  example  illustrates  an  important  relation  between 
the  H.  C.  F.  and  the  L.  C.  M.  of  two  integral  algebraic  expressions. 

Ex.   The  H.  C.  F.  of 

x^-l  =(x-l)Cx2  +  x  +  l) 
and  x2_  1  =(x-  l)(x+  1) 

is  (x  —  1). 

The  L.  C.  M.  of  the  same  expressions  is 

(x-l)(a:  +  l)(a;2  +  x+l). 
The  product  of  the  two  given  expressions  is 

(a:  -  1) (x  -  1) (X  -\-l)(^x^-\-x-^l)  =  (H.  C.  F.)  x  (L.  C.  M.). 
This  example  illustrates  the  principle  : 

The  product  of  two  integral  algebraic  expressions  is  equal  to  the  product 
of  their  H.  C.  F.  and  their  L.  C.  M. 

Let  El  and  E^  stand  for  two  integral  algebraic  expressions,  and  let  F 
stand  for  their  H.  C.  F.  and  M  for  their  L.  C.  M. 

Then  Ei  =  Q^F  and  Ez  =  QiF, 

wherein,  as  before,  Qi  and  Q2  stand  for  the  remaining  factors  of  E\  and 
JE'2,  respectively.    The  L.  C.  M.  of  the  two  expressions  is  Q\Q2F. 
But  the  product  of  the  two  expressions  is 

QiFQ2F  =  {qiQ2F)F=M'R 

It  follows  from  this  principle  that  the  L.  C.  M.  of  two  Integral  algebraic 
expressions  can  be  found  by  dividing  their  product  by  their  H.  C.  F. 

§4.     SOLUTION  OF  EQUATIONS  BY  FACTORING. 

1.   The  roots  of  the  equation 

(a;_l)(a;_2)=:0  (1) 

are  evidently  1  and  2.  For  1  reduces  the  first  member  to 
0  X  (—  1),  =  0 ;  and  2  reduces  the  first  member  to  1  x  0,  =0. 
Therefore  equation  (1)  is  equivalent  to  the  equations 

a;  —  1  =  0  and  aj  —  2  =  0,  jointly. 

This  example  illustrates  the  following  principle : 

If  all  the  terms  of  an  integral  equation  be  transferred  to  the 
first  member,  and  if  this  first  member  be  factored,  tJie  given  equa- 
tion is  equivalent  to  the  set  of  equations  obtained  by  equating  to  0 
each /actor  of  its  first  member. 
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Let  Fx  Qx  B  =  0  (1) 

be  the  given  equation.  Then  we  are  to  prove  that  the  equation  is  equiva- 
lent to  the  set  of  equations 

P  =  0,    Q  =  0,   ^  =  0.  (2) 

For  any  solution  of  (1)  must  reduce  Px  Q  x  BtoO,  and,  therefore,  by 
Ch.  IIL,  §  3,  Art.  18,  either  P,  or  Q,  or  B  to  0.  That  is,  every  solution 
of  (1)  is  a  solution  of  one  of  equations  (2). 

Any  solution  of  P  =  0  must  reduce  P  to  0,  and,  therefore,  by  Ch.  III., 
§  3,  Art.  16,  P  X  Qx  BtoO. 

That  is,  every  solution  of  P  =  0  is  a  solution  of  P  x  Qx  B  =  0. 

In  like  manner,  it  can  be  shown  that  the  solutions  of  Q  =0  and  B  =  0 
are  solutions  of  (1). 

Ex.     Solve  the  equation  x(x  —  2)(x-{-5)  =  0. 
The  given  equation  is  equivalent  to  the  equations 

a?  =  0,  a;  —  2  =  0,  and  « -}-  5  =  0. 
The  roots  are  therefore  0,  2,  and  —  5. 

EXERCISES  XVII. 
Solve  the  following  equations : 
L  x(x-l)=0.  2.  52/(y+ll)  =  0. 

8.  (x  +  2)(2a;-3)=0.  4.   (6a;  +  4)(9  -  3a;)=  0. 

5.  a;(«-6)(3-2a;)=0.  6.  5a:(6x  -  7)(2  -  43c)  =  0. 

7.  a;2  _  5aj  4.  6  =  0.  8.   10x2  +  7  a;  -  12  :^  0. 

9.  a*  +  6a;2  -  16a;  =  0.  10.  x^  -  Sx^  -  10a;  =  0. 

11.    (x2-4)(x2-9)=0.  12.   (9a;2-25)(12-6x-2a;2)=0. 

2.  The  expression  (x  —  1)  (a;  —  2)  reduces  to  0  for  x  =  1  and  x  =  2, 
and  the  expression  (x  —  5)  (x  +  4)  reduces  to  0  for  x  =  5  and  x  =  —  4. 

Observe  that  the  two  expressions  do  not  have  a  common  factor,  and 
do  not  reduce  to  0  for  the  same  values  of  x.  This  example  illustrates  the 
following  principle : 

If  two  expressions  in  one  and  the  same  unknown  number  do  not  have 
a  common  factor,  they  cannot  reduce  to  0  for  the  same  value  of  the  un- 
known number. 

Let  El  and  Ei  be  two  integral  expressions  in  x  which  do  not  have  a 
common  factor.  Then  we  are  to  prove  that  Ei  and  E2  cannot  reduce  to  0 
for  the  same  value  of  x. 

For  if  El  and  E2  do  reduce  to  0  for  the  same  vaUie  of  x,  say  a,  they 
must  both  be  divisible  by  x  —  a  without  a  remainder  (Ch.  VI.,  §  2,  Art.  4). 
That  is,  X  —  a  most  be  a  factor  of  both  expressions.  But  this  contradicts 
the  hypothesis  that  Ei  and  Eg  do  not  have  a  commotv  iaeVox* 
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FRACTIONS. 

1.  The  quotient  of  a  division  can  be  expressed  as  an  integer 
or  an  integral  expression  only  when  the  dividend  is  a  multiple 
of  the  divisor ;  as  a^6  -r-  a6  =  a ;  {aa?  -\-2bx)  -i-x=i  ax-\-2h. 

If  the  dividend  be  not  a  multiple  of  the  divisor,  the  quotient 
is  called  a  Fraction  ;  as  a  -j-  6 ;   {a^  -\-2hx)-i-  x^. 

2.  The  notation  for  a  fraction  in  Algebra  is  the  same  as  in 
ordinary  Arithmetic. 

Thus,  (oa^  +  2  bx)  ---  x'  is  written  ^^  +  ^  ^^. 

The  Solidus,  /,  is  frequently  used  instead  of  the  horizontal 
line  to  denote  a  fraction ;  as  (ax^  +  bx)/x^  for  — ^ — 

3.  As  in  Arithmetic,  the  dividend  is  called  the  Numerator  of 
the  f  raction,"the  divisor  the  Denominator,  and  the  two  are  called 
the  Terms  of  the  fraction. 

4.  An  integer  or  an  integral  expression  can  be  written  in  a 
fractional  form  with  a  denominator  1. 

E.g.,  7  =  ^,    a  +  6=^^. 

^'  11 

It  is  important  to  notice  that  an  algebraic  fraction  may  be 
arithmetically  integral  for  certain  values  of  its  terms. 

E.g.,  when  a  =  4  and  6  =  2,  the  fraction  a/b  becomes  4/2  =  2. 

5.  By  the  definition  of  a  fraction,  a/b  is  a  number  which, 
multiplied  by  b,  becomes  a ;  that  is, 

(a/b)  X  6  =  a,  or  ^  X  6  =  a  (1) 

0 
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6.  The  Sign  of  a  Fraction.  —  The  sign  of  a  fraction  is  written 
before  the  line  separating  its  numerator  from  its  denominator ; 

Since  a  fraction  is  a  quotient,  the  sign  of  a  fraction  is  deter- 
mined by  the  rule  of  signs  in  division. 

-f a___  I  g    — a__  .  a    4-a_     a    —a___     a 
+  &""&'    -^b~      b'    -6~      b'    -f-6"      6' 

7.  From  the  rule  of  signs  we  derive : 

(i.)  If  the  signs  of  the  numerator  and  the  denominator  of  a 
fraction  be  reversed,  the  sign  of  the  fraction  is  unchanged. 

Tj,  —7        7  X  —X 

This  step  is  equivalent  to  multiplying  or  dividing  both  terms 
of  the  fraction  by  —  1. 

(ii.)  If  the  sign  of  either  the  numerator  or  the  denominator 
of  a  fraction  be  reversed,  the  sign  of  the  fraction  is  reversed; 
and  conversely, 

w         I  —  _  "'^  .     — ^  _ _     .T     ,    __ x  —  a _ x  —  a 
'^''     3"        3    '  oj-l""     a;-l'        h-x" x-b 

(iii.)  If  the  signs  of  an  even  number  of  factors  in  the  numeror 
tor  and  denominator,  either  or  both,  of  a  fraction  be  reversed,  the 
sign  of  the  fraction  is  unchanged;  but,  if  the  signs  of  an  odd 
number  of  factors  be  reversed,  the  sign  of  the  fraction  is  reversed. 

T-y  X  —  a  x  —  a 

E.g., 


(a  —  b)(b  —  c)  (c  —  a)         (a  —  b)(b  —  c)  (a  —  c) 

x  —  a 

(b  —  a)(b  —  c)  (a  —  c) 

a  —  x 
(a  —  6)  (6  —  c)  (a  —  c) 

8.  Observe  that  the  sign  of  a  fraction  affects  each  term  of 
the  numerator  (or  each  term  of  the  denominator);  or,  the 
dividing  line  between  the  numerator  and  the  denominator  has 
the  same  effect  as  parentheses. 
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E.g.,  -?LzA±f  =  _(a--6-f-c)-4-d 

d 

~  d 

EXERCISES  I. 

Change  each  of  the  following  fractions  into  an  equivalent  fraction  with 
sign  reversed,  leaving  the  denominator  unchanged : 

a  —  b  +  c  x^  —  X  —  I  -«(^'  —  q)  (fi  -  c) 

X  -\-  y  —  z  x*  +  X  —  1  (x  —  b){a-c) 

Change  each  of  the  following  pairs'  of  fractions  into  two  equivalent 
fractions  whose  denominators  are  equal : 

4. ,    -•  0.    ,    • 

a^  —  I    I  —  a^  a  +  b  —  c    c—  a  —  b 

Change  each  of  the  following  pairs  of  fractions  into  two  equivalent 
fractions  whose  denominators  have  a  common  factor : 

X  —  a  b  —  X 


6. 

7. 


(x  —  6)  (x  —  c)     (a  —  x)  (c  —  x) 

a  b 


(a  —  6)  (a  —  c)  (x  -  c)     (6  —  c)  (c  —  a)  (x  —  6) 


Classification  of  Fractions. 

9.  A  Proper  Fraction  is  one  whose  numerator  is  of  lower 
degree  than  its  denominator  in  a  common  letter  of  arrange- 
ment. 

An  Improper  Fraction  is  one  whose  numerator  is  of  the  same 
or  of  a  higher  degree  than  its  denominator  in  a  common  letter 

of  arrangement. 

w  a?        0^  -\-  3  gy^  -]- X  —  1 

^^•'  .     ^Tl'        .^2  +  20^-1 

A  Fractional  Expression  is  an  expression  which  has  one  or 

more  fractional  terms. 

XT  .  ^  .  r  c        x  —  y 

E.g.,  a-f-)    ax-\-oy ■ — ,    — — ?• 

^'  c  ^      x-\-y    a-\-h 

If  both  integral  and  fractional  terms  occur  in  an  expression, 

It  is  sometimes  called  a  Mixed  Expression. 
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An  improper  fraction  can  be  reduced  to  a  mixed  expression. 

Thus,  if  a^-|-i»^-4a;4-3  be  divided  by  a^  +  2a;-l,  the 
quotient  will  be  a;  —  1,  and  the  remainder  —  x-{-2.  Therefore, 
by  Ch.  III.,  §  4,  Art.  9, 

a^  +  a^^4a;  +  3^^      ^  -x  +  2     ^^      ^  'x-2 

a?-\-2x-l  aj2  +  2a;-l  Qi?^2x-i 

EXERCISES   II. 

Reduce  each  of  the  following  fractions  to  equivalent  fractional  expres- 
sions, containing  only  proper  fractions  : 

a^  -f  a;2  -  1  «    x^-x-\  «    10a2_3a  +  4 

1.    •  «. •  o.     -• • 

oc;^  ic2  6  a2 

-  6  a5  -  9a26  +  5  6        ^    x^  +  x-xy  «    «2  _  52  _  ^ 

oa  x  —  y  a  —  b 

-  9x2 -Pa; +  8  ^    2x2  + a; -5  ^    2lx2  +  20x-l 

X- 1      ^  x-f  1  3x  +  2 

10    ^"^-w^-l         11  xg-3x2+2x-3         j2  m8-mn2-m'^yi+yi8+l 

m— 7i  X— 1  m  —  n 

13    5x2-3x-14  j^    4x«-i-21x4-9  ^^    gS  4.  3.2  _  2 

x2  -  2        '  *           x^-\-l        '  '       x2  -  1     * 

Reduction  of  Fractions. 

10.  The  reduction  of  fractions  is  based  upon  the  following 
principles : 

(i.)  If  both  numerator  and  denominator  of  a  fraction  be  multi- 
plied by  one  and  the  same  number  or  expression,  not  0,  the  value 
of  the  fraxition  is  not  changed;  or,  stated  symbolically, 

a     am 
b     bm 
w       2_2_x_5_10,    a  —  x _{a  —  x)x{a-\-x) __  a^  —  x^ 
'^''  3~3x5""l5'    a-\-x~~(a  +  x)x{a-{-x)      {a-\-xy 

(ii.)  If  both  numerator  and  denominator  of  a  fraction  be 
divided  by  one  and  the  same  number  or  expression,  not  0,  the 
value  of  the  fraction  is  not  changed;  or,  stated  symbolically, 

a     a  -i-m 
b     b-i-m 
^^     6     6-4-2     3     a-^ab      (a-\-ab)-i-a     I4-6 
'^''  8     8-h2     4'  a  +  ac     (a  +  ac)-i-a     \-V<i 
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Let  the  fraction  -  be  denoted  by  g,  or  g  =  -•  (1) 

b  b 

Multiplying  both  members  of  (1)  by  6,  we  have,  by  Ch.  I.,  §  1, 

Art.  15  (iii.), 

qb=^xb; 

0 

or  qb  =  a,  by  Art.  6.  (2) 

Multiplying  both  members  of  (2)  by  w,  we  have 

qbm  =  am.  (3) 

Dividing  both  members  of  (3)  by  6w,  we  have,  by  Ch.  L,  §  1,  Art.  15 (iv.), 

g  =  am-j-6wi=^.  (4) 

bm 

From  (1)  and  (4),  we  have,  by  Axiom  (iv.), 

a     am 
b     bm 

The  principle  enunciated  in  (ii.)  can  be  proved  in  a  similar  way. 

Reduction  of  Fractions  to  Lowest  Terms. 

11.   A  fraction  is  said  to  be  in  its  lowest  terms  when  its 
numerator  and  denominator  liave  no  common  integral  factor. 

6  aVc* 
Ex.  1.  Keduce  — ——  to  its  lowest  terms. 

The  factor  2  a^6V  is  the  H.  C.  F.  of  the  numerator  and 
denominator.     We,  therefore,  have 

Sa'b'c^     S  a'b'c' -h  2  a'b'c'     4.Wc^    ^       *       ^  '^' 

F     2  (^  —  ^  __  (g  +  a;)(a  —  a;)  _  a  —  x 

(a  +  aj)2     (a  +  a;)(a  +  a;)     a  -f-  a? 

!4  fraction  is  reduced  to  its  lowest  terms  by  dividing  its  nu- 
merator and  denominator  by  the  H.  C.  F.  of  its  terms. 

This  step  is  called  canceling  common  factors^  and  can  uaucdly 
be  done  mentally j  if  the  terms  of  the  fraction  are  first  resolved 
mto  their  prime  fadors. 
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EXERCISES   III. 
Reduce  each  of  the  following  fractions  to  its  lowest  terms : 


1.  ^ 


ab 

--^—  • 

etc 

2  gg&M 

6a~96 


2.   H2e 


6. 


10. 


48o4x7 
2w  — 2n 


\ 


8. 


7. 


11. 


6  a8»2' 

5(a;  +  y)8      \g 

15(x  +  yy 

64  g"6»-V+i     j2 

72  ab'^-^y'* 
2-x 


a;2  4-  2  X  -  3 


3x  +  6a  a8-6« 

x2  -  X  -  12 


23. 


4  x*m2?i« 
8  x'w  V 

44  (g  +  c)*- 
66(a  +  cy-^' 
a^  +  ab 
a'^  —  ab 

5  g'-^  +  5  qx 

2  g  -  3  6 
8  g8  -  27  68' 
6  x2  +  4  X  -  1 


x8-gx2-6'^x+«&2 
x2»  -f  2  x»  +  1 


80 


X*  +  6  x^  -f  6 
1-ga 


(l  +  gx)2-(g4.x)2 
g6(x2-y'2)+xy(g2-6a) 


x2«  4-  3  x"  +  2 

X*  —  (X^y  —  X2y2  4  icyS 


6  x2  +  33  X  -  14 

6x+2 
26+(62_4)x-26x2 


81. 


88. 


g6  +  g^  -  g2  -  1 
g8  -  g6  +  g2  -  l' 


84. 


n^ 


16 


88. 


n*  -  4  n«  +  8  n2  -.  16  n  +  16 
(g  +  6  +  c)2-(g-&-c)g 

(y~g)H(g-x)»+(x-y)8 
(x-y)(y-0)(0-x) 


g2-(6-c)2 

(g  +  c)2  -  62* 

6c(6— c)  +  cg(c— g)+g6(g  —  b) 

(6— c)(c— g)(g  — 6) 
33    g*(62-c2)  +  6*(c2-g2)+c*(g2-62) 

g2(6-c)  +  62(c-g)+c2(g-6) 


85. 


87 


12.  If  the  numerator  and  denominator  of  a  fraction  cannot 
be  readily  factored,  we  find  their  H.  C.  F.  by  the  method  of 
division. 

Ex.  The  H.  C.  F.  of  the  numerator  and  denominator  of  the 
fraction 

6ar*-ar^- 61  a: +  56 
is  3  ar  —  8.     Dividing  both  terms  of  the  fraction  by  3  a;  —  8,  we 

have 

a?~2 

2x^  +  5x^1 
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BXBBCISBS   IV. 
Kedace  the  following  fractions  to  their  lowest  terms : 


8. 


X. 


x8  -  x^  +  2 

x«  -  a;5^  +  «  +  14 


3a;»-18x''  +  30x--24 


2. 


6x8  +  11  a;'-6x-5 
3  x«  +  10  x^'  +  3  X  -  10* 

^    2x8-i3x«+19x-20 
2x8  +  9xa-14x  +  24* 

8x8  +  2  x^-6x  +  l 
8x»+  lOx?-  llx  +  2' 


6. 


g    2x8y«~  17xV  +  27xy-9 
2xV-ll«V-  16xj'  +  9' 


Reduction  of  Two  or  More  Fractioiui  to  a  Lo^^est  Common 

Denominator. 

13.  Two  or  more  fractions  are  said  to  have  a  common  de- 
nominator when  their  denominators  are  the  same. 


E.g., 


a       1  c         X  -, 


a?-.V 


(a  -f-  aj)  (a  —  x) 

The  Lowest  Common  Denominator  (L.  C.  D.)  of  two  or  more 
fractions  is  the  L.  C.  M.  of  their  denominators. 

JE.q,,  the  L.  C.  D.  of  — ^—  and  7-^^ 
is  {x  +  l)Xx  -  1),  the  L.  C.  M.  of  a^  -  1  and  («  + 1)". 

Ex.  1.  Kediice  — -  and  —z  to  equivalent  fractions  having  a 

b^c  b(r 

lowest  common  denominator. 

Their  required  L.  C.  D.  is  6V.     Multiplying  bpth  terms  rf 


a 


d 


by  ^V  -5-  b%  =  c,  and  both  terms  of  —  by  W  +  W,  =^ 

we  have  ,  , 

«^  and   ^^ 


^>V 


2.^ 


a; 


^>2c 


2/ 


Ex.  2.  Keduce  a,  =-,  and 

1  x-y 


to  equivalent  fractiw* 


having  a  lowest  common  deivommator. 
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The  required  L.  C.  D.  is  x  —  y.     Multiplying  both  terms  of 
by  X  —  y,  and  both  terms  of  — ^ —  by  1,  we  have 

if 

tsz^  and  -y-. 
x  —  y  x  —  y 

1  1  o 

Ex.  3.  Reduce  — — -,    =- — ,   and 


,  to  equivalent  fractions  having  a  lowest  com- 


(x-l)(a;  +  l) 
on  denominator. 

The  required  L.  C.  D.  is  {x  —  l)(x  —  2)(x  + 1).     Multiplying 
>th  terms  of  the  first  fraction  by 

(a?-l)(a?-2)(a;  +  l)-^(a?-l)(a;-2),  =«  +  !, 

id  both  terms  of  the  second  fraction  by 

(a.-l)(a;-2)(a?  +  l)-(a?-l)(aj  +  l),  =aj-2, 

3  have  . ...^  +  1. and  ^^^^ 


(x  -  l)(x  -  2)(x  +  1)  (x-  l)(x  -2)(x  + 1) 

Ex.  4.  Reduce  and  — to  equivalent  fractions 

x  —  a  a^  —  or 

iving  a  lowest  common  denominator. 

Observe  that  the  denominator  of  the  first  fraction  is,  except 
r  sign,  a  factor  of  the  denominator  of  the  second  fraction. 
i  such  examples  we  first  change  the  fractions  into  equivalent 
actions  whose  denominators  are  arranged  to  ascending  or 
iscending  powers  of  a  common  letter. 

If,  in  this  example,  the  denominators  be  arranged  to  descend- 

g  powers  of  a,  the  first  fraction  becomes  -^ — ,  by  Art.  7  (i.). 

a  —  X 

The  required  L.  C.  D.  is  now  a^  —  a^,  =(a  —  x)  (a  +  x).  Mul- 
t^lying  both  terms  of  ^^ —  by  (a  —  x)(a  -\-  x)-i-(a  —  x),  z=i(a-\-x)i 

OL  "~~  X 

id  both  terms  of  — by  1,  we  have 

a'  — ar 

=dSL±A, S±JL    =^±^,  aad  — i 
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These  examples  illustrate  the  following  method: 

To  reduce  two  or  more  fractions  to  equivalent  fractions  with  a 
lowest  common  denominator^  multiply  both  numerator  and  de- 
nominator of  each  fraction  by  the  quotient  obtained  by  dividing 
their  L.  C.  D.  by  the  denominator  of  the  fraction, 

EXERCISES  V. 

Reduce  the  following  fractions  to  equivalent  fractions  having  a  lowest 
common  denominator : 

1.   1  —  a,  •  26.   w,  — = • 

a  +  1  m  —  4 

,       16        2x  -       3  7  1 


Uxy'^'   3y2  '  ^a^^'    I6abx     10  b^ 

5    2-3x^   5  + 2a;  g  6a-  4  &^   3 6  -  2 q 

4ic    '      12ic2  *  6a26    '      Bab^ 

^        1             6  a  1                3 

7.   » 8. 


a;  +  2    3x  +  6  x2- 49    4a; +  28 

Q    2         3  2g  ,-.        1  3  6 

V.     — »     » •  lU.     —1     — 5 


X    2x-l    4x2__i  a;-3    a;2_0    33.4.9 

ti        6  8  1  10  ^  <2  <^ 

11.    »    — »    — -•  1«.    ?    — : » 


a;  +  2    a:2  -f  a;  -  2    x2  -  4  ax  +  ab    x'^  —  b^    bx-ab 

18.  -^,  -J-,  -1-.  14.  —??*—,  — y ,  1+^ 

X—  I     X  +  1     1  —x^  y{x  —  y)     m{y  —  x)       my 

15    ^^'  ~  ^     q  —  fta;       1  ig        g             1         3fl  4- 1 

ax+ab'    6x4-62'    a26^'  '  1-a     a^  -  a     a^-l' 

3                   6  X 


17. 
18 
19. 


2x-2'    x2-2x4-l'    l--a;2 
1  3  nm  m  —  n 


n  —  m     n^  —  m*     m^  4-  nin  +  ^t-^ 
1  1  2 


x242x-8    x2-6x  +  6    2x2  +  x~10 


«>0  3  1  4 

*»U.     —1 \ — r»     —1 — r» 


21. 


x2  4  2ax-3a2    x^-^a^    x2  4  4ax  +  3a2      ^ 

1  1  1_^ 

2x2--4x+2'    2x2  +  4x42'    1  -  x^' 

1  1  1 


99     ___—      , 

'  (a-c)ia-b)'    C^-a)Cb-cy    (c-a)Cc-6) 
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Addition  and  Subtraction  of  Fractions. 

14.  The  sum,  or  the  difference,  of  two  fractions  having  a  com- 
mon  denominator  is  a  fraction  whose  numerator  is  the  sum,  or  the 
difference,  of  the  numerators  of  the  given  fractions,  and  whose 
denominator  is  their  common  denominator;  or,  stated  symboli- 
cally, 

a_^6^a  +  6^   and  ?-^  =  «ZU^. 

G       C  C  GOG 

E.g.,      — - — :^= \  ;^  f  =  — -=i. 

x  —  l     x  —  1  x  —  1  x  —  1 

We  have  -  +  -=:a-i-c  +  6-r-c,  by  definition  of  a  fraction, 

c      c 

=  (a  +  6)  -f-  c,  by  the  Distributive  Law, 

=  ^       ,  by  definition  of  a  fraction, 
c 

In  like  manner,  the  principle  can  be  proved  for  the  difference  of  two 
fractions. 

15.  If  the  fractions  to  be  added  or  subtracted  do  not  have  a 
common  denominator,  they  should  first  be  reduced  to  equiva- 
lent fractions  having  a  lowest  common  denominator. 

Ex.  1.   Simplify  -^  +  ^ 


b^c     hi? 
We  have  o^^±^a€_      M^a^±hd^ 

Ex.2.   Simplify  2a;-5y_^3a;-6y +  2z__a;  +  4y-6z 

Reducing  to  L.  C.  D.,  we  have 

8a;-20y     15a;-30y  +  10g     x^^y-^z 
20  20  20 

^8a;-20y-15a?  +  30y-10z-a;-4i/-h62; 

20 
_— 8a;  +  6y  — 4g^-4a?-f-3y-2a;^     4a?-3y-f-2g 
20  10  10 

Observe  that  the  expressions  in  this  example  are  not  a^e- 
braic  fractions. 
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Ex.3,   Simplify  -i ^^^E^. 

Changing  the  signs  of  the  terms  of  the  first  fraction,  we  have 

3x        -(x4-D     2fa;-l^  .     3a? 


3a;    ^-(g-fl)      2(a;~l) 


x-1     xi-1     x^-l        ar^-1  a«-l        a?--! 

_^(x  +  l)-2(x-l)+3x 

■"  ar^-1 

1 


Ex.  4.   Simplify  -^^  + 


4 


x-{-4:     x  —  5     a?  — 4     x  +  5 

The  character  of  the  denominators  in  this  example  suggests 
that  it  is  better  first  to  unite  the  first  and  third  fractions,  and 
the  second  and  fourth  fractions  separately,  and  then  to  unite 
these  results.     Eeducing,  in  pairs,  to  L.  C.  D.,  we  have 

3(a;-4)      3  (a; -f  4)      4  (a;  +  5)      4(a;-5) 
aj2__i6       ar^-16        ar^-25       a^---26 

^3(a;-4)-3(a;  +  4)     4(a;  +  5) -4(a;- 5) 
-  24_         40 


aj2_i6     ar^-25 

^^24(a:^-25)  +  40(a;^-16)^       S(2a^-S) 

(aj2  _  16)  (aj2  _  25)  (a;^  _  ^g)  (aj2  _  25) 


Ex.5.   Simplify i + r  + 


(a-b){a-c)      (6-a)(6-c)      (c-aXc-h) 

Changing  the   fractions   into  equivalent   fractions,  whose 
denominators,  taken  in  pairs,  have  one  common  factor,  we  ■ 
have 

1  1      +      1 


(a  —  6)  (a  —  c)      (a  —  b){b  —  c)      (a  —  c)  (6  —  c) 
h  —  c a—c • 

(a  —  6)  (a  —  c)  (b  —  c)     (a  —  6)  (6  —  c)(a^  c) 
J a-6 ^(b  -  c)  -  (a  -^  c)  +  (a-b)  _Q 

(a-c)(b-c){a-h)         {a-h)((i-c\(p-e) 
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Ex.  6.   Simplify  1  —  a;  -f-  sc^  — 


a? 


l-\-x 


We  have    l-aj  +  a:^^-^  =  ilzi^±^l(L±^ 

^l  +  a^-a^^     1 
l-\-x         l-\-x 

m 

EXERCISES  VI. 


-0^ 


Simplify  the  following  expressions : 


..    1  + 


1  -8a 


^    ^      4a6 

,      6    ,36     66 
.  2a     4o     oa 

J.    l  +  a  +  a^  + 


2.   2m- 

6.   X  — 


3m  —  hn- 
4 

3a:-4 


8.    o  — 


a^ 


3  -X 


a+  6 
6.   a'^'{-ax^-x^-\- 


x* 


a— X 


-'-(-ifs) 

11.  i^t-L- 

x«        x»-^ 


14.    3._^+    5 


9.   a  +  6  - 


2a6 


a  +  6 

1 
x^     xz     yz 


a"     a 


n-l 


13.   J.  +  ±_± 


15. 


a 


n— 2 


a" 


l-o 

'    14663-   21  ac2     15 a66* 


(a-l)8     (l-a)8 

1-    5a6  —  3 V  ,  3a6  —  6x 

17.   ^  H • 

20  y  4x 


D. 


x-1      x-3 
x-2     x-1 

^    -J^ i_. 

'x-3     x'+4 

m  -^  n     m  —  n 


19. 
21. 
28. 


-  +    I 


x-1      2x-l 

x-1      x-2 

X  +  1     X  +  2* 

2a  +  3x     2a- 3x 


6  2 


2  a  -  3 X     2  a  +  3x 
OK    x*"  +  y"*  _  x"»  —  y"» 

1 1 

ac  +  c*-^     a^  +  ac 

n  n 

a«  +  1     a"  -  1 

a  — 3     a  —  6     4  —  a 

8 


27. 
29. 
81. 


I. 


«-l     x-2 , x+7 


8 


.L/:" 


_1  33.  3-2a     3a -2  _  6  a  +  2 


6-8a5"TJT~t    '55-19x 


10 


15 


10 
85    ag-2     2x  -6  .  4-3x 


dx 


\ai^ 


^x 
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og    2x  —  4y     5ag  + 2y  -  3g  .  X  4- 16y  —  5g 
6  10  16  ' 

«-    X  —  y  —  z _  6y  —  Sz  —  X _  bz  —  lOy-f  Qx 
4  7  .        14  ■ 


88. 
89. 


a;g  -  3  a;  +  1  _  Sx^-2x-4t  __  Qx-Sx'^ 

18  12 

3a-46     2a-b 


16 


c  ,  15a  —  4c     a  —  46 


40. 
42. 


a 


3  -  a     a2  -  3o    ,  - 

^g-1      l'-3a     3a -16 
rt2-9       a  +  3         a-3 


^    gg  -f  3  w^  +  4  ayi     q 


46. 
48. 
50. 
52. 


a2  +  n2  +  2  a» 

1  o 

+ 


2a; 


(X  -  1)2       X  -  1        X2  +  1 

2a 1 

a?_-  1     a  +  1* 


5xy 


xy 


4  a2  -  9  62     9  6rf  -  6  ad 


48. 

45 

47. 

49. 

51. 


X     3x-f6     x2+2x 
X  —  1         1  —  X         x-5 


6X  +  24     x2-16     3X-12 
fl-ft      /aa-62     g-f-ftx 
*   a  +  6      U^  +  62     a -6/' 


+ 


»2  +  52 

1  2x 


1+X       1-X       1-X2 

ac        ,        bd 

-|.  » 

a2  —  4  2/2     ac  +  2  cy 
w      ,     2m»  2w* 


+ 


4-20X 


2ax 


2x-l      2x  +  l      1-4  x2 


58.    -A«_+     « 


64.    ^^^-^,+ 


+  2. 


1  —  4  wi2      1  —  2  m     m 


a  +  x     a  —  X     a^  —  x^ 
a  +  1     Vl-a     <f2-iy 


56. 
57. 
58. 
59. 
60. 

61. 


a  +  x 


rx-  a  __  /a2  +  x2       4ax  \  ~| 
Lx  +  a      W-x^     a2  +  x2JJ 


a  —  X 

a  +  x 2 ^ 

2a  +  2x  +  4     a2  +  2ax  +  2a  +  2x  +  x2* 

6a 2  a  +  3  6 4a-6 

9 a2  -  25  62     6ad+  10  bd     Gad-  10 bd 

2 3  ■  4 

x2-3x  +  2     x2-5x  +  6     ic2-4x  +  3' 

6 4 7 

x2-2x-3     x2-9     x2  +  4x  +  3* 

4x  3x 


5x 


62. 


x2-3ax  +  2a2     2x2-3ax  +  a2     2x2-6ax  +  2a2 
1         a2  +  2  a 


a  -  1       a8  -  1 
1  1 


68. 


1         .  X2  +  X 

X  +  1     x«  +  1' 


(a-'l)HSa     l-a3     o-l 


66.  -«^:-? L.  +  ^+«H 
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g  —  2n a  —  n 1 

cfi  -\-  n^     a^n  —  an^  4-  w*     an  +  n^ 


68 

69. 

.'  70. 

71. 
72. 
78. 
74. 
76. 
76. 
77. 
78. 
79. 
86 
81. 


1    >      3  nm 


'm  —  n 


n  —  m     w®  —  w*     wi**^  +  mn  +  n^ 
1.1.1 


+ 


'x*  +  a;2  4l     x-l-x^     x  +  l  +  x2 
1.1  1 


:f 


1  .  2o  .  1 


+ 


+ 


a2  +  6a  +  6     a-^  +  4a  +  3     (a  +  l)2  +  (a  +  l)     a  +  3 

r2  J.  /».  _  1  /»r2  _  /*.  _  1  X  2  X* 


,  g'-'  +  X  -  1  .  x\-  X  -  1 

X»-X2  +  X-1       xS  +  X'-^  +  X+l        1 

ft  6x  x2  2ftx8 


x'' 


x*-l 


x  +  7     X--8     X  — 7     x  +  8 
a  +  ft  ,  6  +  c 


+ 
+ 


(ft  —c)(c  —  a)      (c  —  a)  (a  —  ft)      (a  —  ft)  (ft  —  c) 
aft  .  ftc  ,  ca 


+ 


c  +  a 


(ft-c)(c-a)      (c-a)ia-b)     (a-ft)(ft-c) 
1  1  .  1 


+ 


+ 


a(a  —  ft)  (a  —  c)      ft(ft  —  a)  (ft  —  c)      c(c  —  a)(c  —  ft) 
o  .  6  .  c 


+ 


ia-b){a-c)      (ft-a)(ft-c)      (c-a)(c-ft) 
a«  .  ft2  .  c2 


+ 


(a'-b)^a-c)     (ft~a)(ft-c)      (c-a)(c~ft) 

ftc  .  ac  .aft 


+ 


4- 


a(^a^  T  &^)  (a*  -  c^)      ft(ft2  _  a^)  (ft2  -  c2)     c(c2  -  a2)  (c* 
a^-bc  ft2  -f  ac        ,         c2  +  aft 


-ft2) 


(a-b)(^a-c)      (6  +  c)(6-a)      (c-a)(c  +  ft) 

88.   a-b  ^b-e  ^c^a  ^  (g -b)(b  -  c^jc- a)_ 

a  4-  ft     6  +  c     c  +  a  (a  +  ft)  (6  +  c)  (c  +  a) 

88.       2,2,2      ^  (a-ft)2^,(fe_c^2  +  (c^a)a 
0  —  5     ft  —  c     c  —  a  (a  —  ft)  (ft  —  c)  (c  —  a) 
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Multiplication  of  Fractions. 

16.  The  product  of  two  fractions  i$  a  fraction  whose  numerator 
is  the  product  of  the  numerators  of  the  given  fractions,  and  whose 
denominator  is  the  product  of  their  denominators;  or,  stated 

symbolically, 

a     b     ab 

-  X-  =  — • 

c     d     cd 

T?n  a±x     a--x     a^  —  a^ 

We  have  -  x  -  =  (a  -;-  c)  x  (6  -^  d),  by  definition  of  a  fraction 
c     d 

=  ax6-^c-i-d,  by  Commutative  Law, 
=  (a6)-f-(cd),  by  Ch.  IL,  §  4,  Art.  8  (ii.), 

=  — ,  by  definition  of  a  fraction. 
cd 

If  the  numerator  of  one  fraction  and  the  denominator  of 
another  have  common  factors^  such  factors  should  be  canceled 
before  the  multiplications  are  performed. 

Ex.'l.   Simplify  6^1^  X  ^±2^5, 

or  —  y'        3  (a  —  of 

_2-3(a  +  b)(a-6)       (a;  +  y)(a;  +  y) 
(a,  +  2,)(ar-y)     "^  3(a- 6)(a.-6)" 

Canceling  the  common  factors,  3  (a  —  6),  {x  -\-  y),  we  have 

2{a^h)  ^  x-hy  ^ 2(a  + 6)(a?  +  y), 
X  —  y        a  —  b       {x—'y){a  —  h) 

Ex.2.     „     ^'^      ..x^x     ,^+^„> 


2 


aj2_3a:4.2     x  +  1     xip^^l) 

2x  ^^x  —  1^     x-\-l 


{x-l)(x-2)      aj  +  l      x(9^  +  iy 

Canceling  common  factors,  we  have 

2         11  2 

X  -  X 


x^2     1      (.r^  +  l)2      (a; -  2) (aj» 4- 1)* 
A  mixed  expression  may  be  reduced  to  a  fraction  before 
multiplying. 
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a*         a^  —  b^  a  4-  5 

17.  The  principle  proved  in  Ch.  III.,  §  4,  Art.  2,  namely, 

a"  -5-  a"  =  a"*~",  when  m>  n, 

can  now  be  extended  to  the  case  in  which  the  dividend  is  a 
lower  power  than  the  divisor. 

In  general,  —  = ,  when  m<n, 

a"     fl**~*" 

When  m  <  n,  we  have 

g*"  _  aaa  •■»  to  m  factors 
a*»     aaa  •••to  n  factors 

aaa  •••  to  w  factors 


aaa  •••  to  wi  factors  x  aaa  •••to  (n  —  w)  factors 

1  1 

aaa  •••to  (n  —  w)  factors  a**-"* 

EXERCISES  VII. 
Simplify  the  following  expressions : 

1    7  a;  ^  5  a6»                                     2  16  g^ft^  ^  14  gy^ 

a«      14x2*                                      *  22  xV     25a^6' 

3    8  ggftgx^  ^  6  g*68cg  ^  3^V_.          4  2x-6y  ^  2  a;  +  5  jy 

16c^y^     -^Oa^y*      4gi86*             *  a;  +  y          x-y 

16g--106      ^               ^  a2-62        2a 

-    ab^  -  6»  ^  gg  -  ab^                      ^  x-3^x2  +  2a;  +  l 

f.    — X  '  o*    X • 

a'^-\-ab          2  62  x -\-  I          a;'  -  27 

g       a(a-f-&)     ^      b(a~-b)           -q  6  aa;  —  15  6a;      8  aar  +  3  da; 

a2-2a6+6'*     g2+2g6+62*          *  40ay-\-lbdy     4g2-2663' 

11.    g*-y*  ^^g'--y\    g-fy           12  ^*-U*  y^a^-ab-hb^^a-\-b 

I    *    (x+y)2     acHy^     {x-y)^       '     *  gs  +  6^           a;  -  y           x  +  y 

'j3    a;2-(g+6)x-fg6^^  gg-c^         ^^  g^  -  (6  -  c)^  ^      (x  +  y)^ 

'  x«-(a+c)x  +  gc     x2-62'  x*  -  y^          (« -  6)*  -  c*^' 

^    g»-8y»^^         x  +  y              13  xg--4       ^      x'-O       .  ', 


-2a: 

— • 

2 
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22  a*  -  10  a6       6  ax  -  9  ay       10  6x  +  16  by 
--18     x^  +  x-6  ^^3(;2  4-x-12^gg-3a;~10     ^- - 

19.       y  +  g     ^^  g'  -  y%^  (m  +  n)2  ^  6  (m«  -  n^) 
(m  +  n)'         12  w  —  n  a;  +  y 

30.    (x^-x  +  \)(\  +  l  +  l).  21.    (2+l  +  6)(f-l  +  6y 

\x2     X       I     ^.-'  \6  a/ \6  al 

33.    f«±^_illi?V-T^^-  23.    f*i±i_Jx^xi^ 

\    a  X     I     x^  +  ay  \2x-l  /      x  + 

24.   1^^  Lul!  X  ( 1  +  ^V 
1  +  y      x  +  x2     V        l~x/ 

26.    (a;-fy     x-y        4y'^    Vx  ^  +  ^ 
\x  — y     x  +  y     x^  —  y^l        2y 

Powers  of  Fractions. 

18.  From  the  principle  for  multiplying  fractions  we  have: 

A  power  of  a  fraction  is  a  fraction  whose  numerator  is  tk 
like  power  of  the  numerator  of  the  given  fraction,  and  whose 
denominator  is  the  like  power  of  the  denominator;  or,  stated 
symbolically, 

b)  ""  b^' 
wherein  n  is,  as  yet,  a  positive  integer. 

The  converse  of  the  principle  evidently  holds ;  that  is, 

b'^     \bj  * 
(x--3y  \     x-3      I      ^         ^ 
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EXERCISES  VIII. 
Simplify  the  following  expressions : 


'    [  Sx  )  '  '      3x     *  '[     Ib^c'^)  '        '  [St^YJ  ' 

-     /     2 o8g*g2\g       g   /a^\»  -    /     2aHy^     g    /2aV^\«+i 

*    ^      bb^c^yj'        '\bj'  '[    bbYl    '         V  36V  y 

(x^  -  1)^  10      (^'"^)'    .    11.  (^^-y^)^        12.  (^^-5  0^+6)3, 

(3C_1)6  *  (a;2-fa;+l)8  (icHy*)^  (ic-2)8 

18.  (^±1]\^1^.      14.      (^  +  7)^    .       15.  {^'-^y'y\ 

Ig     /gg  +  a6  +  52\8  ^^  /x^  -  xy  +  y^y. 
1^     /8x2~10x-3y^   /       a:2~y2      y 

18.  dizi^^^+^x/^i^L^£±i!\^ 

Express  each  of  the  following  fractions  as  the  square  of  a  fraction : 

19    ^.  20    1^«^'.  21.   ^^5^^'^^ 

y*  81  x«y8  a2«-26* 

Reciprocal  Fractions. 

19.  The  Reciprocal  of  a  fraction  is  a  fraction  whose  numera- 
tor is  the  denominator,  and  whose  denominator  is  the  numera- 
tor of  the  given  fraction. 

E,g,y  the  reciprocal  of  -  is  -• 

b       a 

20.  The  product  of  a  fraction  and  its  reciprocal  is  1. 

For  2x^  =  ^  =  1. 

b     a     ba 

DivlBion  of  Fractions. 

21.  Tlie  quotient  of  one  fraction  divided  by  another  is  equal  to 
the  product  of  the  dividend  and  the  reciprocal  of  the  divisor;  or, 
stated  symbolically, 

b     d     be 

TP^  a  —  x     b  -\-x     a  —  X  ^a  -{-  X     a'  —  «* 

b—x     a-i-  X     b  —  X     6  +  x     tf  —  o? 
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We  have  -  -r-  -  =  (a  -*-  6)  -i-  (c  -«-  d),  by  definition  of  a  fraction, 

h     d 

=  a-*-6-i-cxd,  since  -^(c-f-(f)  =  -^cxd, 
=  a-j-6xd-i-c,  -since  -*-  c  x  (i  =  x  d-i-c, 

=  (a  -^  6)  X  ((i  -r-  c),  since  x  d  -i-  c  =  x  (d  -s-  c), 

/»     /? 
=  -  X  -,  by  definition  of  a  fraction. 
0      c 

-g  4(a^  -  a5)  .     6  a    ^  4  a(a  -  6)     (a  -  b)(a  -f  6) 

*    '     (a-\-by    '  c?-\?       (a-h6)«  6a 

^2(a---6)« 
3(a-h6)' 

Ex.2.    (a«  -  y  -■  c»  +  2  6c)  -^  ^  "^  ^  ""  ^ 

=  (a+6-c)(a-6+c)  x  ^^±7^ 

a+o— c 

=  (a-6+c)(a4-6  +  c). 

22.  If  the  numerator  and  denominator  of  the  dividend  be 
multiples  of  the  numerator  and  denominator  of  the  divisor, 
respectively,  the  following  principle  should  invariably  be  used : 

The  quotient  of  one  fraction  divided  by  another  is  a  fraction 
whose  numerator  is  the  quotient  of  the  numerator  of  the  first 
fraction  divided  by  the  numerator  of  the  second,  and  whose  de- 
nominator is  the  quotient  of  the  denominator  of  the  first  fraction 
divided  by  the  denominator  of  the  second;  or,  stated  symboli- 
cally, 

u  ,_  g  _  g  -s-  g 

En      ^^-^^  .  c^  —  a; _  (g^  —  0^)  -^  (a  —  0?)  _  g -f  a? 
'^''     V-^  '  b  -  x~  (b^  -  a^-r-lb  -  x)"  b  +  X 


We  have 


-  -^  -^  =  (a  -4-  6)  -J-  (c  -^  d),  by  definition  of  a  fraction, 
b     d 

=  a-i-h-^cxd,  since  ^  (c  -4-  d)  =  -»-  c  x  d, 

=  a-f-c-T-6xd,  since  -T-6-T-c=-r-c-j-6, 

=  (a  -^  c)  -^  (6  -4-  d),  since  -f-6xd  =  -T-(6H-d), 

=  ^  "^  ^,  by  definition  of  a  fraction. 
b  -i-d 
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23.  Observe  that  a  fraction  is  divided  by  an  integral  ex- 
pression, which  is  a  factor  of  its  numerator,  by  dividing  its 
numerator  by  the  expression. 

Ex.1.  ^^^(a-6)  =  ("'-^')"(«-^)  =  ^^ 
xy         ^         ^  xy  xy 

Also  that  a  fraction  is  divided  by  an  integral  expression, 
which  is  not  a  factor  of  its  numerator,  by  multiplying  its 
denominator  by  the  expression. 

Ex.2.       ^     -s-(a-f  g>)=      ,     ,  ,  ' 
xy  xy{a  +  b) 

EXERCISES  IX. 
Simplify  the  following  expressions : 
J    27  a^b*  .  9  a^by  2    a^b^  .  a^fe* 


^9a^6y 
•  4x8/ 


8. 


6. 


16a^y^     4x*y*'^  x^ys     ajs^ 

12xSy«  .  18gPy6  ^    a**-^x»  .  g^+^a^ 

35  a'68  '  7  a*66 '  '   b^''-^  '    bhf  ' 

a;2  +  7  X  +  12  .  X  +  4  ^    6(a2  -  6^)^  .  3(a  +  6). 

x2  +  2x-16*x  +  6  ■     7(x8-l)    '    (l-a)' 


-    2  gg  -  2  g5g  .    gg  -  fi^  g  x^-Bx  +  S  .  x-4 

g  +  26      *2g  +  4  6'  'x2-f2x+l'x+l* 

g     x^+y^--2xy-g^  .    x-y+g  ^q       45dx-9%     .      30x-6y 

(,2-9+4  62-1-4  g6  ■g+2  6-3*  *  20g6x-1062x  '  20g2x-6  62x' 

jj    g2-(6-c)2  .  g-6  +  c  j2  x8 -  1    ,  x^  +  x  +  1                    /, 

(g2  -  62)2     '     g4  -  6*  '  •  052  -  g2  '       x-a     ' 

13     l  +  n-n»-  n*  .  n2  -  1  ^^  l-2x.l-2x  +  x2-2x8 

l-a2             g^-l'  *  1 -x8   ■  1 +  2x  +  2:52  +  x»* 


\ 


K 


g2  +  g6  ^  g86  +  g6» -f  2  g262         ^g         1-x       .  l-x«    '^. 

(g  4-  2  6)g8  -(2  g  +  6)68       (q  ^  5)2 
g*6*  ■  g*62  +  g26*' 

^-f2x-3  ^  x2  +  4  X  -f  3  ^  x8+l 
a^-2x-3'^x2-4x  +  3      x8-l' 

ag?-rf  g^  -i-  y*     x2  +  y(2  X  +  y)  a:*4ti» 


19. 
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Complex  Fractions. 

24.  A  Complex  Fraction  is  a  fraction  whose  numerator  and 
denominator,  either  or  both,  are  fractional  expressions. 

2  a-\-x     ^  ,1 

3  a  —  x  X 

5     a  —  y  X 

Observe  that  the  line  which  separates  the  terms  of  the  com- 
plex fraction  is  drawn  heavier  than  the  lines  which  separate 
the  terms  of  the  fractions  in  its  niunerator  and  denominator. 

If  no  distinction  be  made  between  the  lines  of  division,  the 
indicated  divisions  are  to  be  performed  successively  from  above 
downward. 

E.g.,  I  =2h-3h-4h-5=2h-(3x4x5),  by  Ch.  II.,  §  4,  Art.  8, 
=2-60  =  ^; 

while  |  =  |xf=|. 

25.  Complex  fractions  are  simplified  by  applying  succes- 
sively the  principles  already  established  for  simple  fractions. 

Ex.1.   -£— =  lr:^--(l-a;)  =  l±^byArt.  23. 

1 —X  X  ^  ^  X  ^ 

m^  H-  n^  m^  -h  w^  —  mn 

_,  n  m^  +  7r n rrr  —  nr 

1      1  '  m^  —  ?i^ ""       m  —  n           rn?  +  n* 

n     m  mn 

_  m  {w?  4-  n^  —  tfnn)  (m  +  n)(m  —  w)        _ 

m  —  n  (w  -h  ?i)(m*  —  mn  -f  n*) 

We  might  have  simplified  the  complex  fraction  in  Ex*  2  by 

£Tst  multiplying  both  its  terms  by  mn,  the  L. CD.  of  the 

fractions  in  them,  instead  of  umtm^  >i\i<^^  ix^fitions  before 
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multiplying  by  mn.     This   fraction   would    then    first  have 
reduced  to 

w? -\- mv?  —  m^n     __m(m^-\-n^ —  mn)  , 

m  —  n        '  m  —  n  ' 

Continued  Fractions. 

26.  A  Continued  Fraction  is  a  fraction  whose  numerator  is  an 
integer,  and  whose  denominator  is  an  integer  plus  (or  minus) 
another  fraction  whose  numerator  is  an  integer,  and  whose 
denominator  is  an  integer  plus  (or  minus)  a  third  fraction,  etc. 

1   .  1  1  1      22 


Ex.  1. 


Observe  that  in  this  reduction  the  work  proceeds  from  below 
upward. 

3  3  3 


Ex.  2. 


"^S-x  3-x 

3  4 


3a;4-3     x  +  1 
4 

EXERCISES  X. 
Simplify  the  following  expressions : 

ax  X        z  + 1 

o  a-hx  ^    x-1        X 


^  ,     ax  05        X  —  1 

a -I _ 

a  —  x  X  -\- 1        X 


0.  = — •  o.   a  + 


1  +  X  a    9 


9.   X 


\^x^^* 


x-hl  a      /  \-x 


\  ^'^4  . 
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10. 


11. 


1  + 


2x-  1      2 

x-h2 


12. 


a  +  X  >^2z 

X        z  —  a 
a2  +  x2 


1  + 


X 


l-2x 


X  —  a 


13. 


4-x 
g  +  X     X  —  y 

rt X 

g^  +  qy' 


14. 


16. 


a-* 
n  n 


1  + 


l  +  a;  + 


'   2x2 


1- 


16. 


n  +  X     n  —  X 
n      ,      n 


17. 


*-  .  w  —  X     n  4-  a; 
x2""   • 


1-x 

g  +  x     g  —  X 

g  —  x     g  +  X 

4gx 

g2-x2 


1- 


18. 


19 


a  + 


x-^ 


.   x  +  1  - 


^> 


1-x 
g  4- 1  .  g  — T 
g- 1     g+ 1 
g+.l     g  -  l' 
g-1     g+ 1 

X 


g  + 


x,' 


x  +  2- 


x+  1 


g 

X  X 


x  + 


x  +  2 


21. 

-^ 

X  - 

-2      x  +  2 

2x 

i 

g 

n 

X*- 

_n 

x3  +  4  X  -  8 
—  X  1      gx 

23. 

g         n"^  —  nx 

. 

a 

+»-*+2 

\„„     X  +  1       X*  +  X6 

1         1 

X       X* 


24. 


n  —  X 


a 


25. 


hlYi'-ir 

g+25     2g+6 


g6* 


g*6 


62  +  c'Yi      1\     /I     .l\g'^  +  cs 
~U2"''c2;     U^   'c2y    g2c2 


g*  4-'  0* ^*  —  g  -  S^  +  3  a* 


26. 


g2  +  62 


g86  +  rt68  4-  2  g252 


X 


g86  -  6* 


g*-6* 


g^  +  g^  -  2  g8 
g262  +  a68  +  6* 


Factors  of  Fractional  EzpreBBions. 

27.  Fractional  Expressions   can  be   factored  by   the   same 
methods  as  were  employed  in  factoring  integral  expressions. 


Ex.  1. 


A;»  +  fc  +  n+^^  =  m  +  ±J+n(l+i^ 


=(;-^&(f+^- 
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Ex.2.  4a;_^^/2a       y2a_^Y 

Ex.3.    a^  +  i  +  l  =  iB2  +  24-4-l  =  r»  +  -Y-l 
or  or  \        xj 


=    X 


-l-^X-l-^} 


EXERCISES  XI. 
Factor  the  following  expressions : 


1. 

«^^^-ci 

4. 

^'Ul' 

7. 

«8  +  i  +  3x  +  ?. 
ir              z 

10. 

X     x^ 

2.   3^8 +1.  3.    ^-1. 

a*  125  y8 

5.  a;2+l+JL.  6.  4a;H2-+   ^ 


I 


4x2  y      4y2 

8.   x8^.aj_,.l+l.  9.   ^  +  2^+1. 

X       X^  y2       jp2 

11.   x*+4x2+6+-i  +  -^     12.   x6--i-+x-i. 

X2       X*  X^  X 

Indeterminate  Fractions. 

28.  By  Art.  6,  a  fraction  is  a  number  which,  multiplied  by  the  de- 
nominator, gives  the  numerator.  Therefore  the  fraction  J  is  a  number 
which,  multiplied  by  0,  gives  0.  But  by  Ch.  III.,  §  3,  Art.  16,  any  num- 
ber, multiplied  by  0,  gives  0. 

Therefore  the  fraction  J  may  denote  any  number  whatever.  For  this 
reason,  it  is  called  an  Indeterminate  Fraction. 

Some  PrincipleB  of  Fractions. 

29.  The  following  principles  will  be  of  use  in  subsequent  work : 

(1.)  y  5i  =  ^  =  ?»  =  eto., 

<*i     <h     <h 


i   then  each  of  these  fractions  is  equal  to  the  fraction 

i.  ani  +  &»2  +  cnti  -\-  "» 

adi  +  bd2  +  cdz  +  ••• 

/        «  2^4^5x2+6x4 

^^•'  3     6     6x3  +  6x6' 

Let  the  common  value  of  the  given  fractions  be  v.    Then  from 

ni  =  t;,      ^«  =  t;,      2§  =  „,etc., 
»i  ck  «• 


V 


4 
4 
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Multiplying  these  equations  by  a,  b,  c,  etc.,  respectively,  and  adding 
corresponding  members  of  the  resulting  equations,  we  have 

ani  +  bn2  +  cnz  +  •••  =  adiv  +  bdzv  +  cdsv  +  ••• 

=  (adi  +  bd2  +  cdz  +  •••)''• 
Therefore 

ani  +  &yi2  -f  cris  H _  ^  _.  wi  __  wa  __  g^^^ 

adi  +  &<^2  +  cdj  -f  •••  di     di 

(ii.)  In  particular^ 

2*1  _  W2  _  ^  _      _  Wi  -f  yi2  +  Ws  -f  *** 
c?i      c^     dz  di  -\-  d^  +  dz  ■\-  •»• 

Vn  2_4_2+4 

(iii.)  If  the  fraction  -  be  in  its  lowest  terms,  then  — ,  wherein  p  is  a 

d  dP 

positive  integer,  is  in  its  lowest  tenns. 

For  by  Ch.  VIII.,  §  2,  Art.  13  (vii.),  n**  and  d'  are  prime  to  each 
other  when  n  and  d  are  prime  to  each  other. 

n  N 

(iv.)  If  two  fractions,  —  and  — ,  whose  terms  are  positive  integers^  he 

n  d  D 

equal,  and  if  -  be  in  its  lowest  terms,  then  N=  kn,  D  =  kd,  wherein  k  is 

d 

a  positive  integer. 

E.g.,  i^  =  },  and  10  =  5  X  2,  15  =  6  x  3. 

From  ^  =  ^,  we  have  iV  =  ^.  (l) 

D     d  d  ^  ^ 

Since  iV  is  an  integer,  this  equation  shows  that  nD  is  exactly  di 

by  d ;  that  is,  that  it  contains  c?  as  a  factor.    Also,  since  -  is  in  its  I 

d 

terms,  n  and  d  are  prime  to  each  other.    Therefore,  by  Ch.  VIIL,  1 

Art.  13  (iv.),  d  is  a  factor  of  D ;  that  is,  2>  =  kd,  wherein  A;  is  a 

integer.     Substituting  kd  for  2>  in  (1),  we  have 

d 

n  AT  ' 

(v.)  ff  two  fractions  -  and  — ,  whose  terms  are  positive  integen^  6i 

d         D 

equal,  and  each  be  in  its  lowest  terms,  then  N=  n  and  D^d. 
Tiriffpilacipie  follows  directly  tiom  C).^.V 
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MISCELLANEOUS    KXAMPLB3. 

Simplify  the  following  expressioiia ; 


a  +  fe/l     1\     &  +  en 


6-0+-^ 
a  +  6 


a  +  6  — 


X 


*l  »+i 


4T- 


I 


M  +  m     B*  +  ii*  +  2tta 
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20. 


a-] a  +  -     o  +  -     c  4-- 

^i—  X  z ^—_  -^ :•       21.    =■  X r  X r. 

6+-     c+i     a+i 
a  &  c 


C4- 


cd 


6+c+d     c+d 


a  +  6 
1       X  -\-  a      1       a*  —  a 


rt^^-  ax 


_-    a     x'^  +  a^     a;     x*-^  +  a^ 
22.    ■: : h  ;- 


1       a  -\-  X 


a  —  X 


Q^  —  ^      \    4  ax  / 


a     a^  +  x-^     a     a^  +  x-^ 


L;)2    q^    p  +  gVp    g/J 


^■M 


L\y3     x/     Vj/-^     y     a;/ J     ac  +  y 
^  LU'^  +  1     x2-iy     U^+i     a;2-i;J 

V\a     h-vc]     \a     h  ^  c)  \     \        \     2  6c       ^ 


/l2  _  1 

30.    -\ — -y. 
n^  —  n 


1- 


1 


1 

x^  + 

n  —  n^  — 

n* 

1-1 

A 

l-a2 

n 

l-3x 

+  X2 

1 

Bl. 


3x  +  (x-l)-^  x8-l 


x~l 


1  -  2  X  +  x'^  -  2  x« 
1  +  2  X  +  2  x2  +  x8 


1  +  x  +  x2  +  — |-a;«-i4- 


X 


n 


32. 


1  -X 


1  +  2  X  +  x2  _  ^±2.  . 


t'- 


X2-1 


x»J 


33. 


(x«-  1  _  7  -  x"\  ^ 
\  3  +  x»y 


x»+2  4-3x2 


6  x2«  -  24 


2x 


a:a.+3 4.  6x«+8  +  9 x»      a x«  -V ^ 


■Si 
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In  each  of  the  following  expressions  make  the  indicated  substitution, 
nd  simplify  the  result : 

34.   In  (fn—l\\  let  ».  =  «  +  * 


2 


86.   ln-«^  +  H,  letx  =  -^5_. 
n  —  cx      c  c2  —  » 

86.  In  i+^i+ci:^   let  a  +  6  +  c  =  2 «. 

2  6c       ' 

87.  In^fl-?^U^fl-^V  let  a  =  m  +  ». 

n\        aj     m\       aj 


a-\ 


88.   lng^±i-ra(a;  +  l)-^(^'-^)-^lletx  =  ^ 
XL  X  J  a 

Verify  each  of  the  following  identities  : 

33    a(a-x)_5(5  +  x)^^^  whenx  =  a-d. 
b  a 

6  +  c  a-^-  c  a-\-b 


41.   x±2a     xj:^2a^_±ab_    ^^^^  ^^_ 
26-x     26  +  x     462_x2  a 


ah 


+  b 


43.    (H.x)(l  +  y)(l  +  2)  =  (l-x)(l-y)(l-«),  when 

/*.  —  «-- 6    ,,     b  —  c    „     c  —  a 
a  +  6  6  +  c  c  +  a 

4 

48.  6*  —  X*  =  —  «(«  —  a) («  —  6) (»  —  c),  when 

X  =      ^' ^  and  a  +  6  +  c  =  2«. 


^       ^■ij:.W- 
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CHAPTER  X. 

FRACTIONAL  EQUATIONS  IN  ONE  UNKNOWN 

NUMBER. 

1.  A  Fractional  Equation  is  an  equation  whose  members, 

either  or  both,  are   fractional   expressions   in  the  unknown 

number  or  numbers. 

J.                    3            2               o  ,  4-2a;     ^ 
E.g..  -  = -,   x  —  2-\ r-  =  0. 

^'  ajH-2     a;  +  l  «  +  l 

Observe  that  we  cannot  speak  of  the  degree  of  a  fractional 
equation.  The  term  degree,  as  used  in  Ch.  IV.,  §  2,  Art.  5, 
applies  only  to  integral  equations. 

2.  The  principles  of  equivalent  equations  established  in 
Ch.  IV.,  §  3,  hold  also  for  fractional  equations. 

Ex.  1.   If  both  members  of  the  equation 

-^  =  -^  (1) 

a;  +  2     x-^1 

be  multiplied  by  (a?  +  2) (a; -h  1),  the  L.C.I),  of  the  denomi- 
nators of  its  fractional  terms,  we  obtain  the  integral  equation 

3(a:-hl)  =  2(a;  +  2);  (2) 

whence  x=l. 

The  root  1  of  the  derived  equation  (2)  is  found,  by  substitu- 
tion, to  be  a  root  of  the  given  equation. 

Ex.  2.  If  both  members  of  the  equation 

or  —  1      1  —X         x-{-l 

be  multiplied  by  ar^  —  1,  we  obtain  the  integral  equation 

-  2 ar^  -  a;(a;  +  1)  =  -  a;(aj  -  1)  -  3(a^  - 1), 

OT  (aj-f  l)(a;-3)  =  0.  (2) 

1^0 
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Now  observe  that  it  was  not  necessary  to  multiply  by  ar^  —  1, 
=z(x-\-l)(x  —  1),  to  clear  the  given  equation  of  fractions.  For, 
if  the  terms  in  the  second  member  be  transferred  to  the  first 
member,  we  have 

ar  —  1      1  —  x     l-\-x 

/ij2 2x 3 

or,  uniting  terms, =  0, 

ar  — 1 

x  —  3 
or,  canceling  a;  +  1,  =  0. 

aj  —  1 
Clearing  the  last  equation  of  fractions,  we  have 

a;-3  =  0;  (3) 

whence .  a;  =  3. 

The  root  3  of  the  derived  equation  (3)  is  found,  by  substi- 
tution, to  be  a  root  of  the  given  equation.  Had  we  solved 
equation  (2),  we  should  have  obtained  the  additional  root 
—  1,  which,  as  will  be  proved  later,  is  not  a  root  of  the  given 
equation. 

This  root,  which  does  not  satisfy  the  given  equation,  and 
which  was  introduced  by  multiplying  both  members  of  the  given 
equMion  by  the  unnecessary  factor  a;  -f  1,  is  a  root  of  the  equa- 
tion obtained  by  equating  this  factor  to  0. 

3.  The  roots  of  a  fractional  equation  are  found  by  solving 
the  integral  equation  derived  from  it  by  clearing  of  fractions. 
The  equivalence  of  the  given  equation  and  the  derived  integral 
equation  is  determined  by  the  following  principle : 

If  both  members  of  a  fractional  equation,  in  one  unknown 
number,  be  multiplied  by  an  integral  expression  which  is  neces- 
sary to  clear  the  equation  of  fractions,  the  integral  equation  thus 
derived  wiU  be  equivalent  to  the  given  fractional  equation. 

Thus,  in  Art.  2,  Ex.  1,  equation  (2)  is  equivalent  to  (1); 
and  in  Ex.  2,  equation  (3)  is  equivalent  to  (1),  while  (2)  is  not 
equivalent  to  (1)* 
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Let  —  =  0  (1) 

be  the  given  fractioDal  equation  when  all  its  terms  are  transferred  to  the 
first  member,  added  algebraically,  and  the  resulting  fraction  reduced  to 
its  lowest  terms.  In  deriving  equation  (I)  from  the  given  fractional 
equation,  terms  were  transferred  from  one  member  to  the  other,  by 
Ch.  IV.,  §  3,  Art.  7  (i.)  ;  and  then  only  indicated  operations  were  per- 
formed. Therefore  equation  (1)  is  equivalent  to  the  given  fractional 
equation. 

Clearing  (1)  of  fractions,  we  have  the  integral  equation 

ivr=o.  (2) 

Any  root  of  (1)  reduces  —  to  0.     But  any  value  of  x  which  reduces 

N  -^ 

7:  to  0  must  reduce  N  to  0  (Qh,.,  III.,.  §  4,  Art.  7),  and  hence  is  a  root  of 

the  derived  equation.     That  isj  no'  solution  is  Tost  by  the  transformation. 

N 
Any  root  of  the  derived  equation  reduces  AT  to  0.     But,  since  —  is  a 

fraction  in  its  lowest  terms,  N  and  D  have  no  common  factor,  and  there- 
fore cannot  both  reduce  to  0  for  the  same  value  of  x  (Ch.  VIII.,  §  4, 

Art.  2).     Consequently,  any  value  of  x  which  reduces  iV  to  0  must 

N 
reduce  —  to  0  (Ch.  III.,  §  4,  Art.  6).    That  is,  no  root  is  gained  by  the 

transformation. 

Therefore  the  derived  integral  equation  is  equivalent  to  equation  (1), 
and  hence  to  the  given  fractional  equation. 

4.  If  all  the  terms  of  a  fractional  equation  be  transferred  to 
its  first  member^  be  united  into  a  single  fraction,  and  this  frac- 
tion be  reduced  to  its  lowest  terms,  the  integral  equation  ob- 
tained by  then  clearing  of  fractions  is  equivalent  to  the  given 
fractional  equation.  But  it  is  not  necessary,  nor  advisable,  to 
make  this  transformation  before  clearing  of  fractions.  If  any 
new  root  be  introduced,  it  will,  as  we  have  seen,  be  a  root  of 
one  of  the  factors  of  the  L.  C.  D.,  equated  to  0,  and  can  there- 
fore be  rejected  at  sight. 

Ex.    Solve  the  equation  ^-— -  =  -— •  +  —-• 

X  —  2        12       6 

Multiplying  by  12  (x  -  2), 

84a;  +  120  =  5x^-10x-VTOx-140. 
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Transferring,  uniting  terms,  and  factoring, 

(oj  -  10)  (5  «+ 26)  =  0. 

Whence  a?  =  10  and  aj  =  —  ^. 

Since  neither  10  nor  —  ^^  is  a  root  of  the  L.  C.  D.  equated  to 
0,  that  is,  of  12  (x-2)  =  0,  both  10  and  -  ^  are  roots  of  the 
given  equation. 

5.  The  following  suggestions  will  simplify  the  work  of 
solving  many  fractional  equations: 

(i.)  If  any  fraction  be  not  in  its  lowest  terms  it  should  be 
reduced. 

(ii.)  The  form  of  an  equation  will  frequently  suggest  grouping 
and  uniting  some  fractional  terms.  This  reduction  should  always 
be  made  if  two  or  more  fractions  have  a  common  denominator, 

1111 


Ex.  1.  Solve  the  equation 


x  —  2     05  —  4     x  —  6     x  —  S 


Uniting  the  fractional  terms  in  each  member  separately,  and 

dividing  by  —  2, 

•  1  ^  1 

(x  -2)(x-  4)      (x  -6)(x-  S) 
Clearing  of  fractions, 

(x  -e)(x-S)  =  (x-  2)(x  -  4). 

Therefore       a^-14aj-h  48  =  ic2-6a;-f  8. 

Whence  —  8  aj  =  —  40,  or  x  =  5. 

Since  5  is  not  a  root  of  any  factor  of  the  L.  C.  D.  equated  to 
0,  it  is  a  root  of  the  given  equation. 

(1) 


Ex.  2.  Solve  the  equation 

x-1 

1 
x-1 

-f  10. 

Transferring  and  uniting 

terms, 

aj2-l 
x-1 

=  10. 

Reducing  to  lowest  terms, 
Whence 

x-\-l 

X 

=  10. 

(2) 
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The  integral  equation  (2)  is  equivalent  to  the  given  equation, 
and  therefore  9  is  the  required  root. 

Had  the  given  equation  been  cleared  of  fractions  by  multi- 
plying by  x  —  1,  the  root  1  of  a  — 1  =  0  would  have  been 
introduced. 

(iii.)  An  improper  fraction  should  in  some  cases  first  he  reduced 
to  a  mixed  expression. 

Ex.  3.  Solve  the  equation  ^^^  +  ^^  =  2. 

cc  — 4     cc  — 5 

Reducing  the  improper  fractions,  we  obtain 

9  9 


x  —  4^ 


or 


+ 


x  —  b 
1 


=  0. 


a;  —4     x  —  b 

Clearing  of  fractions,     a;  —  5  +  a;  —  4  =  0.     Whence  a;  =  f . 


EXEBCISBS  I. 

Solve  the  following  equations  ; 


1.    1?  =  4. 


4. 


7. 


X 
X 


1 


X  +  1 

x-2 


2 

—  • 

8 


2.    5-5  =  2. 

X 


5. 


8.   i^II-§  =  3. 


X 


2x-5      2x-2 


8. 


X  — 

1 

X  — 

4 

a:  — 

8 

X  — 

2 

26 

10 

x  —  l     3ic— 4 


10.   ^-Ill  +  l  =  l. 


a:  +  1 


X 


12. 
14. 
16. 


5x 


1 


3x  +  l      9x  +  3      6 

3  |x  +  f^      f 3, 

4  i  +  a;       t  +  x     4 


3 


+ 


5 


X|o    2a;+l 


l_3a;      l-6x 

8 


2x-l 
2x-l 


2x-l     4a;2-l      2a;  Hi 

x_3      12  -2x     3a; -^ 

8\' 


Ngp     a;  -  3      12  -  2  a;  _  3  a;  - 


-'  >-:^    ^^-^v.-.^-^ 


a;  + 1     x  +  2 


-   -Sx  +  l      2£+l^ 
(x  +  2)2      X  +  2 


IS.   1  +  ^_  =  13__5^. 
2     «  +  2      8      4a;  +  8 


15. 


13 

8 

4 


(a;+l)=^    a;(x+l)2    2a;(a;+l)    ... 
•-^    x-1     2a;-15  1 


-^9. 


x+1       2a;-6 


2(a!+7) 

37 

x  +  2  ■  a;4-  3     x^-^-bx-^Q 


2a;  +  19 


V-. 


=  0. 


ir  k\^  ^-^  '^^  ^"^^  1  ^ 
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\ 


7       ,  8  37 -9a; 


a;2_i     aj2_2a;  +  l     x^  -x^-x+l 


28.   ,,-1^+       3  15 


6* +  30     4 a; -20     2x2-50 

34    «='  -  0  I  ^ L_=o 

■  «»  +  8     5x2-10x  +  20     x  +  2 


26.  '^     ■ ■ ^ 


x«  +  2x+l     «  +  2x«  +  x»     2x  +  2x" 
86.   -i -^ ^±1_  =  _6_. 

X-1       aCx-fcl)       2(3? +  1)       X*-l 

27.   ^^ 'l-=-i l^.     28.   -« 2-  =  -!^ 1- 

x  —  2     a;--4,    x  — 6^    j^^B  »  — 6     x^^B     x  —  1     x  — 1 

29.   -^  +  -A_^=-^+i-.    80.       1        ^      •      2  1 


x-9     Xc-4     x-7     *-ll  x-13    i^^=?t6    x-18    x-19 


81.    ^LJT^^z-!d^T^±±,:^LA-?^±l^^L±l. 


x"?5     X  -  6^x  -  7Ab5^6     X  :=S^x  -  7 

\  -  _ 


at  a;  +  5     x  +  3]G;+l?^2     a;  ^^T^    ; 
^*x-7-x-8     x-9     x-7     x~^t^5 


9 


Problems.  —    - 

6.  Pr.  l]tA  number  of  men  received  $120,  to  be  divided 
equally.  If  their-number  had  been  4  less,  each  one  would  have 
received  three  times  as  much.     How  many  men  were  there  ? 

Let  X  stand  for  the  number  of  men.    Then  each  man  received 

120 

dollars.     If  their  number  had  been  4  less,  each  one  would 

^                      120 
have  received dollars. 

«  — 4 
Therefore,  by  the  condition  of  the  problem,  we  have 

=  3  X ;  whence  a;  =  6. 


a;  —  4  X 

Pr.  2.  The  value  of  a  fraction  when  reduced  to  its  lowest 
terms  is  \.  If  its  numerator  and  denominator  be  each  dimin- 
ished by  1,  the  resulting  fraction  will  be  equal  to  \,  What  is 
the  fraction  ? 

The  numerator  of  the  required  fraction  must  be  a  multiple 
of  If  and  the  denominator  the  same  multiple  of  5. 


Let  X  stand  for  this  multiple.    The  leqmie^  lt^'^\AQrcL  \& 


^« 
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By  the  condition  of  the  problem,  we  have 

x-1  ^1 
5x^1     6 

Whence  x==  5.    The  required  fraction  is  -^y  =  ^. 

EXERCISES  II. 

1.  What  number  added  to  the  numerator  and  denominator  of  f  will 
give  a  fraction  equal  to  f  ? 

2.  The  sum  of  two  numbers  is  18,  and  the  quotient  of  the  less  divided 
by  the  greater  is  equal  to  J.     What  are  the  numbers  ? 

3.  The  denominator  of  a  fraction  exceeds  its  numerator  by  2,  and  if 
1  be  added  to  both  numerator  and  denominator,  the  resulting  fraction 
will  be  equal  to  J.    What  is  the  fraction  ? 

4.  The  sum  of  a  number  and  seven  times  its  reciprocal  is  8.  Wliat  is 
the  number  ? 

5.  The  value  of  a  fraction,  when  reduced  to  its  lowest  terms,  is  f 
If  its  numerator  be  increased  by  7  and  its  denominator  be  decreased  by  7, 
the  resulting  fraction  will  be  equal  to  J.    What  is  theARB^Mr  ?.ii>^£?<A#r^ 

6.  What  number  must  be  added  to  the  numerator  and  subtracted 
from  the  denominator  of  the  fraction  ^,  to  give  its  reciprocal  ? 

7.  If  J  be  divided  by  a  certain  number  increased  by  J,  and  J  be  sub- 
tracted from  the  quotient,  the  remainder  will  be  J.    What  is  the  number  ? 

8.  A  train  runs  200  miles  in  a  certain  time.  If  it  were  to  run  5  miles 
an  hour  faster,  it  would  run  40  miles  further  in  the  same  time.  What  is 
the  rate  of  the  train  ? 

9.  A  number  has  three  digits,  which  increase  by  1  from  left  to  right. 
The  quotient  of  the  number  divided  by  the  sum  of  the  digits  is  26.  What 
is  the  number  ? 

10.  A  jiumber  of  men  have  $72  to  divide.  If  ^144  were  divided 
among  3  more  men,  each  one  would  receive  $  4  more.  How  many  men 
are  there  ? 

11.  It  was  intended  to  divide  i  by  a  certain  number,  but  by  mistake 
J  was  added  to  the  number.  The  result  was,  nevertheless,  the  same. 
What  is  the  number? 

12.  A  steamer  can  run  20  miles  an  hour  in  still  water.  If  it  can  run 
72  miles  with  the  current  in  the  same  time  that  it  can  run  48  miles  against 
the  current,  what  is  the  speed  of  the  current  ? 

13.  A  man  buys  two  kinds  of  wine,  14  bottles  in  all,  paying  $9  for 
one  kind  and  $  12  for  the  other.    If  the  price  of  each  kind  Is  the  same, 

Jww  many  bottles  of  each  does  he  hu^  *? 
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14.  A  can  do  a  piece  of  work  in  10  days,  B  in  6  days ;  and  A,  B,  and 
C  together  in  3  days.    In  how  many  days  can  C  do  the  work  ? 

15.  A  and  B  together  can  do  a  piece  of  work  in  2  days,  B  and  C 
together  in  3  days,  and  A  and  C  together  in  2  J  days.  In  how  many  days 
can  A,  B,  and  C  together  do  the  work  ? 

16.  The  circumference  of  the  hind  wheel  of  a  carriage  exceeds  the  cir- 
cumference of  the  front  wheel  by  4  feet,  and  the  front  wheel  makes  the 
same  number  of  revolutions  in  running  400  yards  that  the  hind  wheel 
makes  in  running  500  yards.    What  is  the  circumference  of  each  wheel  ? 

17.  In  a  number  of  two  digits,  the  digit  in  the  tens'  place  exceeds  the 
digit  in  the  units'  place  by  2.  If  the  digits  be  interchanged  and  the  re- 
sulting number  be  divided  by  the  original  number,  the  quotient  will  be 
equal  to  J|.     What  is  the  number  ? 

18.  In  a  number  of  three  digits,  the  digit  in  the  hundreds'  place  is  2  ; 
if  this  digit  be  transferred  to  the  units'  place,  and  the  resulting  number 
be  divided  by  the  original  number,  the  quotient  will  be  equal  to  fj. 
What  is  the  number? 

19.  In  one  hour  a  train  runs  10  miles  further  than  a  man  rides  on  a 
bicycle  in  the  same  time.  If  it  takes  the  train  6  hours  longer  to  run  255 
miles  than  it  takes  the  man  to  ride  63  miles,  what  is  the  rate  of  the  train  ? 

20.  Two  engines  are  used  in  different  places  in  a  mine  to  pump  out 
water.  The  one  pumps  11  gallons  every  5  minutes  from  a  depth  of  155 
yards ;  the  other  pumps  31  gallons  every  10  minutes  from  a  depth  of  88 
yards.  The  engines  together  represent  the  power  of  54  horses.  Each 
engine  represents  the  power  of  how  many  horses  ? 

21.  A  cistern  has  three  pipes.  To  fill  it,  the  first  pipe  takes  one-half 
of  the  time  required  by  the  second,  and  the  second  takes  two-thirds  of  the 
time  required  by  the  third.  If  the  three  pipes  be  open  together,  the  cis- 
tern will  be  filled  in  6  hours.     In  what  time  will  each  pipe  fill  the  cistern  ? 

22.  A  and  B  ride  100  miles  from  P  to  Q.  They  ride  together  at  a 
uniform  rate  until  they  are  within  30  miles  of  §,  when  A  increases  his 
rate  by  J  of  his  previous  rate.  When  B  is  within  20  miles  of  §,  he  in- 
creases his  rate  by  J  of  his  previous  rate,  and  arrives  at  Q  10  minutes 
earlier  than  A.    At  what  rate  did  A  and  B  first  ride  ? 

23.  A  circular  road  has  three  stations.  A,  B,  and  C,  so  placed  that  A 
is  15  miles  from  B,  B  is  13  miles  from  C  in  the  same  direction,  and  C  is 
14  miles  from  A  in  the  same  direction.  Two  messengers  leaving  A  at 
the  same  time,  and  traveling  in  opposite  directions,  meet  at  B.  The 
faster  messenger  then  reaches  A,  7  hours  before  the  slower  one.  What 
is  the  rate  of  each  messenger  ? 


CHAPTER   XI. 

LITERAL  EQUATIONS  IN  ONE  IJNKNOT77N   NUMBER. 

1.  The  unknown  numbers  of  an  equation  are  frequently 
to  be  determined  in  terms  of  general  numbers,  i.e.,  in  terms 
of  numbers  represented  by  letters.  The  latter  are  commonly 
represented  by  the  leading  letters  of  the  alphabet,  a,  6,  c,  etc. 

Such  numbers  as  a,  b,  c,  etc.,  are  to  be  regarded  as  known. 

E.g.j  in  the  equation  x  -{-  a  =  b,  a  and  b  are  the  known  num- 
bers, and  X  is  the  unknown  number. 

From  this  equation  we  obtain  x  =  b  —  a, 

2.  It  is  important  to  notice  that  the  assumption  that  x,  y,  z,  etc.,  are 
the  unknown  numbei's  of  an  equation,  and  that  a,  b,  c,  etc.,  are  the 
known  numbers,  is  arbitrary. 

In  the  equation  x  -\-  a  =  b,  either  a  or  6  could  be  taken  as  the  unknown 
number.  If  a  be  taken  as  the  unknown  number,  we  have  a  =  b  —  x; 
if  b  be  taken  as  the  unknown  number,  we  have  b  =x  -{-  a. 

3.  A  Numerical  Equation  is  one  in  which  all  the  known  num- 
bers are  numerals ;  as2a;  +  3  =  7;   4a;  —  3^  =  7. 

A  Literal  Equation  is  one  in  which  some  or  all  of  the  known 
numbers  are  literal ;  as  2  aa?  +  3  6  =  5 ;   ax-{-by  =  c, 

4.  Ex.  1.   Solve  the  equation  ^-=1^  -f  5^  =  -  i^Lz^, 

b  a  2db 

Clearing  of  fractions, 

2ax-2a?-ir2bx-'2b^  =  -a^-\-2ab-b\ 
Transferring  and  uniting  terms, 

2{a^-b)x  =  a^^2ab  +  b\ 

Dividing  by  2  (a  +  b\      x  =  ^L±-^. 

Notice  that  the  above  equation,  although  algebraically  frac- 
tional, is  integral  in  the  unknown  number  x.  The  equations 
which  follow  are  fractional  in  t\i©  \xQkiio\TYL  wximber. 
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Ex.  2.   Solve  the  equatioQ      7  ^^  =  — — — h  2. 

ox  OjX 

Clearing  of  fractions,  a  —  a^x  =  6^a?  —  6  +  2  abx. 

Transferring  and  uniting  terms, 

(a^-{-2ah-{-h^x  =  a-\-h. 

Dividing  by  a^  +  2  a6  +  ^^  »  = r* 

a-{-o 

Ex.  3.   Solve  the  equation 

1      ,  c  x 

-r 


a  —  6      (x-'h)(x  —  c)      (x  —  h)(x  —  c) 
Uniting  fractions  with  common  denominator, 

1     +^-L=±^  =  0. 


a  —  b     (x  —  h){x-'C) 

Reducing  to  lowest  terms, =  0. 

a  —  b     X  —  b 

Clearing  of  fractions,  a?  —  6  —  a  +  6  =  0. 

Whence  x  =  a. 

Had  we  cleared  of  fractions  at  once,  we  should  have  intro- 
duced the  root  c  of  the  factor  x  —  c  equated  to  0. 

5.   A  linear  equation  in  one  unknown  number  has  one,  and  only  one, 
distinct  root. 

Any  linear  equation  in  one  unknown  number  can  be  reduced  to  the 

form 

ax  =  b. 

If  both  members  of  this  equation  be  divided  by  a,  when  a  i^  0,  we 

obtain  a;  =  -• 
a 
Since  this  value  of  x  satisfies  the  equation,  we  conclude  that  every 

linear  equation  has  at  least  one  root. 

Let  us  assume  that  the  equation  ax  =  b  has  two  distinct  roots,  and  let 

us  denote  them  by  ri  and  r2.     Then,  since  they  must  both  satisfy  the 

given  equation,  we  have 

ari  =  b  (1),  and  ar2  =  b  (2). 

Subtracting  (2)  from  (1),  we  obtain 
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Since  a^O,yre  have,  by  Ch.  III.,  §  3,  Art.  18, 

ri  —  r2  =  0 ;   whence  ri  =  ri. 

Therefore  the  assumption  that  the  equation  has  two  distinct  roots  is 
untenable.     Hence  the  truth  of  the  principle  enunciated. 

6.    Observe  that,  in  Art.  6,  we  have  no  authority  for  dividing  both 

members  of  the  equation 

ax  =  b 

by  a,  when  a  =  0.     But  if  we  assume  that  -  still  gives  the  solution  of 

a 

the  equation  when  a  =  0,  the  value  of  z  will  be  indeterminate  (j()  or 
infinite  (oo),  according  as  6  =  0  or  6  =^  0.  Evidently,  when  a  =  0  and 
6=0,  any  finite  value  of  x  will  satisfy  the  equation  ;  while,  when  a  =  0 
and  6  =^  0,  no  finite  value  of  x  will  satisfy  the  equation. 

EXERCISES  I. 
Solve  the  following  equations  : 
1.   a  —  X  =  c.  2.   mx  -\-  a  =  b.  ^8.   a  —  hx  =  c. 

4k.   mx  =  nx  +  2.  6.   x  —  ax  -^  1  —  bx.  fi^  ax-\- bx-x^^- 

7.  3  flfic  —  5  rt6  +  6  «x  —  7  ac  =  2  ax  +  2  a6. 

8.  4  rt2  _  2  ahx  +  ft'^  -f  3  a2x  =  5  a^  -  6%  +  2  aH. 

9.  (2  a  -  b')x  =  4  a2  _  3  a(6  +  x). 

10.  n'(x  +  «)- 6(x- 6)=3ax+(a  -  6)2. 

11.  x{x  +  a)+x(x  +  6)-2(x  +  a)(x  +  6)=0. 

12.  (a  +  x)(6  +  x)-(c-x)((?  -x)=0. 

13.  (3a  -x)(rt  -  &)+  2ax  =  4  6(a  +  a). 


X  /        C  X 


17. 


6^,fr3cr-^  .  ^    jg    g  +  x_a  +  1,  jq    x+fl 2_=?^.    / 


ax     a     b     X  b  +  x     b  -\- 1 


26. 


2Q    ().r-|-a    3x  — 6_Q  gi  a  +  x_  a  —  x 

4x  +  6    2x  — a      *  '  b -{- a      b-a  x  — 2     x-3 

23    ^  =  E-I1_^.  24  ^  +  ^^-^^^  +  a^>  +  ?>^  (^25  a^  +  q  _  (SxTjl?. 

'    6     x-a2*  '  x-«&    a2-a6-t-;>2*\      '  x-b      (2x-&)'^ 


x2  4-  a2  X       ^1  2^    fl(a^+l)-6(g-l)_.a^ 

4x2-a2     2x  +  a         4*  '    6(x  +  1)- a(x  - 1)     ¥' 


28.    a«-6^^«ra;-?>'^)  +  ?>(a^-x)  ^3         1       ,       1 l_-.=0. 

a^+b^    a(x  —  b'^)—b{a'-—x)  ah-ax    bc—bx    ac—ax 

SO.    ^11^-^^11^+^11^=14.1+1.  81.   «^i-^  +  ^Jl-?  +  ^^Z«  =  0. 
.^<^t?     2ac     2ab    a    h    c  *— \     x-2     x  — 3 


MTERAL  EQUATIONS.  191 


82    ^~  ^  J.  x—h  .x—c_       3  05 


h-^-c     a-\-c     a-\-b     a-{-b'{'C 
83  g  +  a;        .        a  —  as       _  3a 


84. 
85. 
86. 
87. 
38. 
89. 
40. 


a*  +  ox  +  x2     a^  -  ax  +  x^     x(a*  +  a'^x^  ^  354) 

1-2  gx^  _  1  +  2  ax^  _     4  aftx^ 
1  +  2  6x2     1  -  2  6x2     4  52a;4  _  1* 

a2  +  4  a  a  1 


x2  +  x  —  a-^+a     x  +  a     x  —  a  +  1 
x-12a2(l-x)_2x-l      1-x 
a_l"^     a*-l  1-a*      l  +  a* 

a^  +  x     gg  -  X  _  4  a&x  +  2  gg  -  2  62 
62 -X     62 +  x  6*-x2 

a2  4-  ax  4-  x2       _  a8  -  a^x  4-  ax2  __     1 
a^  +  g-aj  +  gx2  +  «*     g*  +  2  a2x2  +  x*     a  +  x* 
a2  —  X      2  a  -f  X  a* 

X  —  2  a      a-^  —  X      g2x  +  2  gx  —  2  g^  —  x2 

2  (x  —  g) . c  —  X 1 

g2  -  c2  -  2  ax  +  x2     g^  -  ac  +  ex  -  2  ax  +  x2  ~  x  -  (a  +  c)' 

1-—  ^  a+x- 


41.   1— ^-?!^  =  -i.  42.  1±^  =  1         2ax 


g/j_l\         g3  *         g  +  x  (g  +  x)2 

General  Problems. 

7.  A  problem  in  which  the  given  numbers  have  particular 
values  can  be  generalized  by  assuming  literal  numbers  for  the 
given  numbers.  A  problem  so  stated  is  a  general  problem^  and 
its  solution  is  called  a  general  solution. 

A  particular  solution  can  be  obtained  from  the  general  solu- 
tion by  assigning  to  the  literal  numbers  in  the  latter,  particular 
numerical  values. 

We  will  now  obtain  general  solutions  of  some  of  the  prob- 
lems already  solved  in  Ch.  V. 

Ch.  v.,  Pr.  1.  The  greater  of  two  numbers  is  m  times  the 
less,  and  their  sum  is  8.    What  are  the  numbers  ? 

Let  X  stand  for  the  less  required  number.  Then  mx  stands 
for  the  greater.     By  the  condition  of  the  problem,  we  have 

X  +  mx  ^  8 ; 
whence.  »=:— 5— ,  the  less  number,  and  mx=:  ^^   ^>iXi^  %x^"^^t. 
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If  111  =  3  and  «  =  84  (as  in  the  particular  problem),  we  have 

a:  =-M^  =  21,  and  iivx  =  3  x  21  =  63. 
1  +  3 

When  the  numbers  are  equal,  m  =  1,  and  we  obtain 

x  =  —  and  r)ix  =  —} 
2  2 

for  all  values  of  s]  that  is,  either  of  the  two  numbers  is  half 
their  sum. 

Ch.  v.,  Pr.  9.  A  carriage,  starting  from  a  point  A,  travels 
771  miles  daily ;  a  second  carriage,  starting  from  a  point  By  p 
miles  behind  A,  travels  in  the  same  direction  n  miles  daily. 
After  how  many  days  will  the  second  carriage  overtake  the 
lirst,  and  at  what  distance  from  B  will  the  meeting  take  place  ? 

Let  X  stand  for  the  number  of  days  after  which  the  carriages 
meet.  Then  the  number  of  miles  traveled  by  the  first  carriage 
will  be  mx;  the  number  traveled  by  the  second  will  be  nx. 

Therefore,  by  the  condition  of  the  problem, 

mx  =z7ix  —  p:  whence  x  =  — — — > 

71  —  m 

the  number  of  days  after  which  the  carriages  meet. 

The  distance  traveled  by  the  first  carriage  is. — —  miles, 

and  the  distance  traveled  by  the  second  carriage  is  — —  miles. 

They,  therefore,  meet  — ^—  miles  from  B, 

'^^  ^  n  —  m 

Ch.  v.,  Pr.  10.  One  man  asked  another  what  time  it  was, 
and  received  the  answer :  "  It  is  between  n  and  n  +  1  o'clock, 
and  the  minute-hand  is  directly  over  the  hour-hand."  What 
time  was  it? 

At  n  o'clock  the  minute-hand  points  to  12  and  the  hour-band 
to  n.  The  hour-hand  is  therefore  5  n  minute-divisions  in  ad- 
vance of  the  minute-hand. 

Let  X  stand  for  the  number  of  minute-divisions  passed  over 
by  the  minute-hand  from  n  o'clock  until  it  is  directly  over  the 
hour-band  between  n  and  n  +1  o'cVoeV. 
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Then  the  number  of  minute-divisions  passed  over  by  the 
hour-hand  is  equal  to  the  number  of  minute-divisions  passed 
over  by  the  minute-hand,  minus  5  n ;  that  is,  to  a;  —  5  n. 

But  since  the  minute-hand  moves  12  times  as  fast  as  the 
hour-hand,  we  have 

X  =  12(aj  —  5n)'f  whence  x  =  — — . 

Consequently,  the  time  was  -rj-  minutes  past  n. 

If  n  =  1,  it  was    |^,  or    5^^  minutes  past  1. 

If  n  =  2,  it  was  YtS  ^^  ^^\t  ^lin^tes  past  2. 

Etc. 
If  n  =  11,  it  was  ^y,  or  60  minutes  past  11 ;  i.e.,  12  o'clock. 

If  n  =  12,  it  was  ^-^,  or  65^^^  minutes  past  12 ;  i.e.,  5A- 
minutes  past  1. 

Notice  that  the  two  hands  coincide  at  12  o'clock,  but  not 
between  12  and  1. 

EXBBCISES  II. 

Find  the  general  solution  of  each  of  the  following  problems,  and  from 
ibis  solution  obtain  the  particular  solution  for  the  numerical  values 
assigned  to  the  literal  numbers  in  the  problem. 

1.  Find  a  number,  such  that  the  result  of  adding  it  to  n  shall  be 
equal  to  n  times  the  number.     Let  n  =  2 ;  5. 

8.    Divide  a  into  two  parts,  such  that  _  of  the  first,  plus  _  of  the 

m  n   ' 

second,  shall  be  equal  to  b.    Let  a  =  100,  6  =  30,  w  =  3,  n  =  5. 

8.  Find  a  number,  such  that  the  sum  of  the  results  of  subtracting 
it  from  a  and  from  6  shall  be  equal  to  c.     Let  a  =  3,  6  =  6,  c  =  6. 

4.  One  boy  said  to  another:  ** Think  of  some  number,  add  3  to  it, 
multiply  the  sum  by  2,  add  4  to  the  product,  divide  the  result  by  2,  sub- 
tract 1  from  the  quotient,  multiply  the  difference  by  4,  add  4  to  the 
product,  divide  the  result  by  4,  tell  me  the  result,  and  I  will  tell  you  the 
number  you  have  in  mind."  If  the  result  be  d,  what  number  does  the  boy 
think  of  ? 

0.  A  earn  of  d  dollars  is  divided  between  A  and  B.  B  receives  b  dol- 
lars as  often  as  A  receives  a  dollars.  How  much  does  each  receive  ?  L^t. 
ils7000.  a-S,  h  =  2. 
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6.  A  father's  age  exceeds  his  son's  age  by  m  years,  and  the  sum  of 
their  ages  is  n  times  the  son's  age.  What  are  their  ages  ?  Let  m  =  20, 
n  =  i  -y  m  =  25,  n  =  7. 

7.  If  two  trains  start  together  and  run  in  the  same  direction,  one  at  the 
rate  of  wi  miles  an  hour,  and  the  other  at  the  rate  of  m2  miles  an  hour, 
after  how  many  hours  will  they  be  d  miles  apart  ?  Let  d  =  200,  mi  =  35, 
7712  =  30. 

8.  A  farmer  can  plow  a  field  in  a  days,  and  his  son  in  b  days  ;  in  how 
many  days  can  they  plow  the  field,  working  together  ?    Let  a  =  10,  6  =  15. 

9.  A  pupil  was  told  to  add  m  to  a  certain  number,  and  to  divide  the 
sum  by  n.  But  he  misunderstood  the  problem,  and  subtracted  n  from  the 
number  and  multiplied  the  remainder  by  m.  Nevertheless  he  obtained 
the  correct  result.     What  was  the  number  ?    Let  m  =  12,  n  =  13. 

10.  What  time  is  it,  if  the  number  of  hours  which  have  elapsed  since 
noon  is  m  tiuies  the  number  of  hours  to  midnight  ?    Let  m  =  J. 

11.  A  starts  from  P  and  walks  to  Q,  a  distance  of  d  miles.  At  the 
same  time  B  starts  from  Q  and  walks  to  P.  If  A  w^alk  at  the  rate  of  m 
miles  a  day  and  B  at  the  rate  of  n  miles  a  day,  at  what  distance  from  P 
do  they  meet,  and  how  many  days  after  they  start  ?  Let  m  =  20,  n  =  30, 
d  =  000. 

12.  Two  friends,  A  and  B,  each  intending  to  visit  the  other,  start  from 
their  houses  at  the  same  time.  A  could  reach  B's  house  in  m  minutes, 
and  B  could  reach  A's  house  in  n  minutes.  After  how  many  minutes  do 
they  meet  ?     Let  m  =  12J,  n  =  lOJ. 

13.  Two  couriers  start  at  the  same  time  and  move  in  the  same  direc- 
tion, the  first  from  a  place  d  miles  ahead  of  the  second.  The  first  courier 
travels  at  the  rate  of  mi  miles  an  hour,  and  the  second  at  the  rate  of  wij 
miles  an  hour.  After  how  many  hours  will  the  second  courier  overtake 
the  first  ?     Let  d  =  15,  mi  =  17,  m2  =  20. 

From  the  result  of  the  preceding  example  find  the  results  of  Exz.  14-16. 

14.  At  what  rate  must  the  second  courier  travel  in  order  to  overtake 
the  first  after  h  hours  ?    Let  d  =  18,  ??ii  =  15,  A  =  3. 

16.  At  what  rate  must  the  first  courier  travel  in  order  that  the  second 
may  overtake  him  after  h  hours  ?    Let  d  =  12,  m2  =  22,  h  =  3. 

16.  How  many  miles  behind  the  first  courier  must  the  second  start  in 
order  to  overtake  the  first  after  h  hours  ?    Let  wi  =  18,  m2  =  21,  A  =  4. 

17.  In  a  company  are  a  men  and  b  women  ;  and  to  every  m  unmarried 
men  there  are  n  unmarried  women.  How  many  married  couples  are  in 
the  company  ?    Let  a  =  13,  6  =  17,  ?7i  =  3,  n  =  5. 

18.  The  annual  dues  of  a  certain  club  are  at  first  a  dollars.    Subse- 
nnfintlv  the  yearly  expenses  increased  \i^  d  doW^jc^^  ^Mle  the  number  of 
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members  decreased  by  n.  In  consequence  the  annual  dues  were  increased 
by  b  dollars.  How  many  members  were  originally  in  the  club  ?  Let 
a  =  26,  d  =  315,  n  =  7,  and  6  =  2. 

19.  A  father  divided  his  property  equally  among  his  sons.      To  the 

1 
oldest  he  gave  d  dollars  and  -  of  what  remained ;  to  the  second  son  he 

1  ^ 

gave  2  d  dollars  and  -  of  what  was  then  left ;  to  the  third  son  he  gave  3  d 

1  ^ 

dollars  and  -  of  the  remainder ;  and  so  on.    What  was  the  amount  of  his 

n 
property  ?    Let  d  =  1500,  n  =  II ;  d  =  2000,  n  =  e. 

20.  Two  couriers  start  from  the  same  place  and  move  in  the  same 
direction,  one  h  hours  after  the  other.  The  first  one  travels  at  the  rate  of 
mi  miles  an  hour,  and  the  second  at  the  rate  of  7712  miles  an  hour.  After 
how  many  hours  will  the  second  courier  overtake  the  first  ?  Let  h  =  2, 
mi  =  15,  77i2  =  20. 

From  the  result  of  the  preceding  example,  find  the  results  of  Exx. 
21-23. 

21.  At  what  rate  must  the  second  courier  travel  in  order  to  overtake 
the  first  after  H  hours  ?    Let  ^  =  6,  A  =  2,  wi  =  12. 

22.  At  what  rate  must  the  first  courier  travel  in  order  that  the  second 
may  overtake  him  after  ^  hours  ?    Let  //=  4,  A  =  1,  m2  =  20. 

23.  How  many  hours  after  the  first  courier  starts  must  the  second  start 
in  order  to  overtake  the  firet  after  H  hours  ?  Let  H  =  6,  mi  =  14, 
ni2  =  22. 

24.  Two  boys  run  a  race  from  Ato  B,a.  distance  of  d  yards.  The  first 
runs  a  yards  a  second ;  after  reaching  B,  he  turns  and  runs  back  at  the 
same  rate  to  meet  the  other  boy,  who  runs  b  yards  a  second.  How  many 
seconds  after  they  start  does  the  faster  runner  meet  the  other  ?  Let 
d  =  253,  a  =  2.5,  b  -  2.1. 

25.  An  accommodation  train  leaves  A  every  h  houi*s,  and  runs  to  B  at 
the  rate  of  m  miles  an  hour.  At  the  same  time  an  express  train  leaves 
B  and  runs  to  A  at  the  rate  of  n  miles  an  hour.  What  time  elapses  after 
an  express  train  meets  an  accommodation  train  until  it  meets  the  next 
accommodation  train  ?    Let  ft  =3,  w  =  20,  w  =  40. 

26.  At  what  time  between  n  and  n  +  1  o'clock  will  the  hands  of  a  clock 
be  in  a  straight  line  ?    Let  n  =  1  ;  2  ;  3  ;  ...  to  12. 

27.  At  what  time  between  n  and  n  +  1  o'clock  are  the  minute-hand 
and  the  hour-hand  of  a  clock  at  right  angles  to  each  other  ?  Let  n  =  1  ; 
2  ;  3 ;  ...  to  12. 

28.  At  what  time  between  n  and  n  -f-  1  o'clock  does  the  second-hand 
bisect  the  angle  between  the  hour-hand  and  the  minute-hand  ?  Let  n  =  V  \ 
2;  8;  •••  to  12. 


CHAPTER  XII. 

INTERPRETATION  OF  THE  SOLUTIONS  OF  PROBLEMS. 

1.  In  solving  equations  we  do  not  concern  ourselves  with  the  meaning 
of  the  results.  When,  however,  an  equation  has  arisen  in  connection 
with  a  problem,  the  interpretation  of  the  result  becomes  important.  In 
this  chapter  we  shall  interpret  the  solutions  of  some  linear  equations  in 
connection  with  the  problems  from  which  they  arise. 

Positive  Solutions. 

2.  Pr.  A  company  of  20  people,  men  and  women,  proposed  to  arrange 
a  fair  for  the  benefit  of  a  poor  family.  Each  man  contributed  $  3,  and 
each  woman  $  1.  If  {|  65  were  contributed,  how  many  men  and  how  many 
women  were  in  the  company  ? 

Let  X  stand  for  the  number  of  men ;  then  the  number  of  women  was 
20  —  X.  The  amount  contributed  by  the  men  was  3  x  dollars,  that  by  the 
women  20  —  «  dollars.    By  the  condition  of  the  problem,  we  have 

3x  +  (20  —  x)  =  55  ;  whence  x  =  17 J. 

The  result,  17},  satisfies  the  equation,  but  not  the  problem.  For  the 
number  of  men  must  be  an  integer.  This  implied  condition  could  not  be 
introduced  into  the  equation. 

The  conditions  stated  in  the  problem  are  impossible,  since  they  are 
inconsistent  with  the  implied  condition. 

If  the  problem  be  generalized,  its  solution  will  show  how  the  given 
data  can  be  modified  so  that  all  the  conditions,  expressed  and  implied, 
shall  be  consistent.    The  generalized  problem  may  be  stated  thus  : 

A  company  of  m  people,  men  and  women,  proposed  to  arrange  a  fair 
for  the  benefit  of  a  poor  family.  Each  man  contributed  a  dollars,  and 
each  woman  h  dollars.  If  n  dollars  were  contributed,  how  many  men  and 
how  many  women  were  in  the  company  ? 

The  solution  of  the  equation  of  this  problem  is 

n  —  hm 
X  = • 

a  —  b 
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In  order  that  x  may  be  an  integer,  n  —  bm  must  be  exactly  divisible  by 
a  —  b.  Thus,  if,  in  the  given  problem,  the  number  of  people  were  21 
instead  of  20,  the  other  data  being  the  same,  we  should  have 

^^55-1x21^34^^^ 
3-1  2 

If  all  the  conditions  of  a  problem,  expressed  and  implied,  be  consistent, 
a  positive  solution  will  satisfy  these  conditions  and  therefore  give  the 
solution  of  the  problem. 

Negative  Solutions. 

3.  Pr.  A  father  is  40  years  old,  and  his  son  10  years  old.  After  how 
many  years  will  the  father  be  seven  times  as  old  as  his  son  ? 

Let  X  stand  for  the  required  number  of  years.  Then  after  x  years  the 
father  will  be  40  +  a;  years  old,  and  the  son  10  +  x  years  old.  By  the 
condition  of  the  problem,  we  have 

40  +  «  =  7(10  +  x),  whence  x  =  -  5.  (1) 

This  result  satisfies  the  equation,  but  not  the  condition  of  the  problem. 
For  since  the  question  of  the  problem  is  **  after  how  many  years  ?  "  the 
result,  if  added  to  the  number  of  years  in  the  ages  of  father  and  son, 
should  increase  them,  and  therefore  be  positive.  Consequently,  at  no 
time  in  the  future  will  the  father  be  seven  times  as  old  as  his  son.  But 
since  to  add  —  5  is  equivalent  to  subtracting  6,  we  conclude  that  the 
question  of  the  problem  should  have  been,  *'  How  many  years  ago  ?  *' 

The  equation  of  the  problem,  with  this  modified  question,  is : 

40  -  X  =  7(10  -  x) ;  whence  x  =  5.  (2) 

Notice  that  equation  (2)  could  have  been  obtained  from  equation  (1) 
by  changing  x  into  —  x. 

4.  The  interpretation  of  a  negative  result  in  a  given  problem  is  often 
facilitated  by  the  following  principle  : 

If  —  X  be  substituted  for  x  in  an  equation  winch  has  a  negative  root, 
the  resulting  equation  will  have  a  positive  root  of  the  same  absolute  value ; 
and  vice  versa* 

E.g.,  the  equation  x+l=  —  x  —  3  has  the  root  —  2  ; 

while  the  equation  — x  +  l  =x  —  3  has  the  root  2. 

In  general,  the  equation  ax  =  b  has  the  root  -•  (1) 

a 

And  the  equation  —  ax  =  b  (2) 

has  the  root  —  -•    If  the  root  -  be  negative,  then  the  root  —  -  is  positive  ; 
a  a  a 

and  vice  vena. 
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5.  Pr.  Two  pocket-bcToks  contain  together  $  100.  If  one-half  of  the 
contents  of  one  pocket-book,  and  one-third  of  the  contents  of  the  other  be 
removed,  the  amount  of  money  left  in  both  will  be  ^70.  How  many 
dollars  does  each  pocket-book  contain  ? 

Let  X  stand  for  the  number  of  dollars  contained  in  the  first  pocket- 
book  ;  then  the  number  of  dollars  contained  in  the  second  is  100  —  x. 
When  one-half  of  the  contents  of  the  first,  and  one-third  of  the  contents 
of  the  second  are  removed,  the  number  of  dollars  remaining  in  the  first  is 

-,  and  in  the  second  J(100— x).    By  the  conditions  of  the  problem,  we  have 

\x-\-  KlOO  -  x)  =  70,  whence  x  =  -  20. 

Substituting  —  x  for  x  in  the  given  equation,  we  obtain 

-  Jx  +  1(100 -fx)=  70,  or  1(100  + x)-ix  =  70. 

This  equation  corresponds  to  the  following  conditions  : 
If  X  stand  for  the  number  of  dollars  in  one  pocket-book,  then  100  •\-x 
stands  for  the  number  of  dollars  in  the  other ;  that  is,  one  pocket-book 
contains  $  100  more  than  the  other.  The  second  condition  of  the  prob- 
lem, obtained  from  the  equation,  is :  two-thirds  of  the  contents  of  one 
pocket-book  exceeds  one-half  of  the  contents  of  the  other  by  ^70. 
Therefore  the  modified  problem  reads  as  follows : 

Two  pocket-books  contain  a  certain  amount  of  money,  and  one  contains 
$  100  more  than  the  other.  If  one-third  of  the  contents  be  removed  from 
the  first  pocket-book,  and  one-half  of  the  contents  from  the  second,  the 
first  will  then  contain  $  70  more  than  the  second.  How  much  money  is 
contained  in  each  pocket-book  ? 

6.  These  problems  show  that  the  required  modification  of  an  assump- 
tion, question,  or  condition  of  a  problem  which  has  led  to  a  negative 
result,  consists  in  making  the  assumption,  question,  or  condition  the 
opposite  of  what  it  originally  was. 

Thus,  if  a  positive  result  signify  a  distance  toward  the  right  from  a 
certain  point,  a  negative  result  will  signify  a  distance  toward  the  left  from 
the  same  point ;  and  vice  versa  ;  etc. 

Zero  Solutions. 

7.  A  zero  result  gives  in  some  cases  the  answer  to  the  question ;  m 
other  cases  it  proves  its  impossibility. 

Pr.  A  merchant  has  two  kinds  of  wine,  one  worth  $  7.25  a  gallon, 
and  the  other  ^6.60  a  gallon.  How  many  gallons  of  each  kind  must  be 
taken  to  make  a  mixture  of  16  gallons  worth  ^  88  ? 

Let  X  stand  for  the  number  of  gallons  of  the  first  kind  ;  then  16  —a 
wiJ  '»e  number  of  gallons  ol  lYve  s^cow^VAXi^. 
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Therefore,  by  the  condition  of  the  problem,  we  have 

7.25  X  +  5.5  (16  -  a;)  =  88  ;  whence  x  =  0. 

That  is,  no  mixture  which  contains  the  first  kind  of  wine  can  be  made 

to  satisfy  the  condition.     In  fact,  16  gallons  of  the  second  kind  are 

worth  $88. 

Indeterminate  Solutions. 

8.  Pr.  A  merchant  buys  4  pieces  of  goods.  In  the  second  piece  there 
are  3  yards  less  than  in  the  first,  in  the  third  7  yards  less  than  in  the. first, 
and  in  the  fourth  10  yards  less  than  in  the  first.  The  number  of  yards  in 
the  first  and  fourth  is  equal  to  the  number  of  yards  in  the  second  and 
third.     How  many  yards  are  there  in  the  first  piece  ? 

Let  X  stand  for  the  number  of  yards  in  the  first  piece  ;  then  the  num- 
ber of  yards  in  the  second  piece  is  x  —  3 ;  in  the  third  piece,  x  —  7;  in  the 
fourth  piece,  x— 10.  Therefore,  by  the  condition  of  the  problem,  we  have 
x+(x- 10)  =  (x-3)  +  (x-7),   or  2x-10  =  2x-10. 

This  equation  is  an  identity,  and  is  therefore  satisfied  by  any  finite 
value  of  X. 

If  it  be  solved  in  the  usual  way,  we  obtain 

(2  -  2)x  =  10  -  10,   or  x  =  i5jzi?  =  ?. 
^  2-2       0 

That  is,  the  conditions  of  the  problem  will  be  satisfied  by  any  number 

of  yards  in  the  first  piece. 

Infinite  Solutions. 

9.  Pr.  A  cistern  has  three  pipes.  Through  the  first  it  can  be  filled  in 
24  minutes ;  through  the  second  in  36  minutes ;  through  the  third  it  can 
be  emptied  in  14J  minutes.  In  what  time  will  the  cistern  be  filled  if  all 
the  pipes  be  opened  at  the  same  time  ? 

Let  X  stand  for  the  number  of  minutes  after  which  the  cistern  will  be 
filled.     In  one  minute  ^  of  its  capacity  enters  through  the  first  pipe,  and 

hence  in  x  minutes  —  of  its  capacity  enters.     For  a  similar  reason,  —  of 

24  *^       "^  36 

its  capacity  enters  through  the  second  pipe  in  x  minutes ;  and  in  the  same 

6  X 
time  —  of  its  capacity  is  discharged  through  the  third  pipe. 

Therefore,  after  x  minutes  there  is  in  the  eistern 

of  its  capacity.    But  by  the  condition  of  the  problem,  that  the  cistern  is 
then  filled,  we  have 

whence  x  = =-  =  cd. 

A  +  A-^Ai    0 
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This  result  means  that  the  cistern  will  never  be  filled.  This  is  also  eH 
dent  from  the  data  of  the  problem,  since  the  third  pipe  in  a  given  time 
discharges  from  the  cistern  as  much  as  enters  it  through  the  other  pipes. 

The  Problem  of  the  Couriers. 

10.  Pr.  Two  couriers  are  traveling  along  a  road  in  the  direction  from 
Mio  N'j  one  courier  at  the  rate  of  mi  miles  an  hour,  the  other  at  the  rate 
of  m2  miles  an  hour.  The  former  is  seen  at  the  station  A  at  noon,  and  the 
other  is  seen  h  hours  later  at  the  station  B,  which  is  d  miles  from  A  in  the 
direction  in  which  the  couriers  are  traveling.    Where  do  the  couriers  meet? 

A  B  ' 

-o  o o 


M         Cs  C2  Oi         iV 

Fig.  3. 

Assume  that  they  meet  to  the  right  of  B  at  a  point  Ci,  and  let  x  stand 
for  the  number  of  miles  from  B  to  the  place  of  meeting  Ci  (Fig.  3). 

The  first  courier,  moving  at  the  rate  of  mi  miles  an  hour,  travels  d  +  x 

d  A-  X 
miles,  from  A  to  Ci,  in     ^     hours ;  the  second  courier,  moving  at  the 

mi 

rate  of  m2  miles  an  hour,  travels  x  miles,  from  B  to  Ci,  in  —  hours.    By 

m2 
the  condition  of  the  problem  it  is  evident  that,  if  the  place  of  meeting  be 

to  the  right  of  B,  the  number  of  hours  it  takes  the  first  courier  to  travel 

from  A  to  Ci  exceeds  by  h  the  number  of  hours  it  takes  the  second  courier 

to  travel  from  -B  to  Ci-     We  therefore  have 

^-±^-  — =^,  (1) 

mi        m2 

_  ^mim2  —  dm2  _  mo{hmi  —  d) 
wnence  x  —  —        — ^— _^.^-^— . 

m2  —  mi  m2  —  mi 

(i.)  A  Positive  Result.  —  The  result  will  be  positive  either  when 
hmi  >  d  and  m2  >  mi,  or  when  hmi  <  d  and  m2  <  mi.  A  positive  result 
means  that  the  problem  is  possible  with  the  assumption  made  ;  i.e.,  that 
the  couriers  meet  at  a  point  to  the  right  of  B. 

(ii.)  A  Negative  Result. — The  result  will  be  negative  either  when 
hnii  >  d  and  ?»2  <  wii,  or  when  hmi  <  d  and  m2  >  mi.  Such  a  result 
shows  that  the  assumption  that  the  couriers  meet  to  the  right  of  B  is 
untenable,  since,  as  we  have  seen,  in  that  case  the  result  is  positive. 

That  under  the  assumed  conditions  the  couriers  can  meet  only  at  some 
point  to  the  left  of  B  can  also  be  inferred  from  the  following  considera- 
tions, which  are  independent  of  the  negative  result:  If  hmi  ><?»  the  first 
courier  has  passed  B  when  the  aecoud  eowxl^t  U  seen  at  that  station ;  that 
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is,  the  second  courier  is  behind  the  first  at  that  time.  And  since  also 
w»2  <  w»i,  the  first  courier  is  traveling  the  faster,  and  must  therefore  have 
overtaken  the  second,  and  at  some  point  to  the  left  of  B. 

On  the  other  hand,  if  hmi  <  d,  the  first  courier  has  not  yet  reached  B 
when  the  second  is  seen  at  that  station ;  that  is,  the  first  courier  is  behind 
the  second  at  that  time.  And  since  also  W2  >  mi,  the  second  courier  is 
traveling  the  faster,  and  must  therefore  have  overtaken  the  first,  at  some 
point  to  the  left  of  B.    Similar  reasoning  could  have  been  applied  in  (i.). 

(iii.)  A  Zero  Result.  —  A  zero  result  is  obtained  when  hmi  =  d,  and 
m^^rni'y  that  is,  the  meeting  takes  place  at  B,  This  is  also  evident 
from  the  assumed  conditions.  For  the  first  courier  reaches  B  h  hours 
after  he  was  seen  at  A  ;  and  since  the  second  courier  is  seen  at  B,  h  hours 
after  the  first  was  seen  at  A^  the  meeting  must  take  place  at  B, 

(iv.)  Indeterminate  Result.  —  An  indeterminate  result  is  obtained  if 
hmi  =  d,  and  m2  =  mi.  In  this  case  every  point  of  the  road  can  be 
regarded  as  their  place  of  meeting.  For  the  first  courier  evidently  reaches 
B  at  the  time  at  which  the  second  courier  is  seen  at  that  station ;  and 
since  they  are  traveling  at  the  same  rate,  they  must  be  together  all  the 
time.    The  problem  under  these  conditions  becomes  indeterminate. 

(v.)  An  Infinite  Result.  —  An  infinite  result  is  obtained  when  hm\^d^ 
and  m2  =  mi.  In  this  case  a  meeting  of  the  couriers  is  impossible,  since 
both  travel  at  the  same  rate,  and  when  the  second  is  seen  at  B  the  first 
either  has  not  yet  reached  B  or  has  already  passed  tliat  station. 

An  infinite  result  also  means  that  the  more  nearly  equal  mi  and  m2  are, 
the  further  removed  is  the  place  of  meeting. 

EXERCISES. 

Solve  the  following  problems,  and  interpret  the  results.  Modify  those 
problems  which  have  negative  solutions  so  that  they  will  be  satisfied  by 
positive  solutions. 

1.  A  and  B  together  have  $  100.  If  A  spend  one-third  of  his  share, 
and  B  spend  one-fourth  of  his  share,  they  will  then  have  $  80  left.  What 
are  their  respective  shares  ? 

2.  In  a  number  of  two  digits,  the  digit  in  the  tens'  place  exceeds  the 
digit  in  the  units'  place  by  o.  If  the  digits  be  interchanged,  the  resulting 
number  will  be  less  than  the  original  number  by  45.     What  is  the  number  ? 

3.  A  father  is  40  years  old,  and  his  son  is  13  years  old  ;  after  how 
many  years  will  the  father  be  four  times  as  old  as  his  son  ? 

4.  The  sum  of  the  first  and  third  of  three  consecutive  even  numbers  is 
equal  to  twice  the  second.     What  are  the  numbers? 


202  ALGEBRA.  [Ch.  XK 

5.  In  a  number  of  two  digits,  the  tens'  digit  is  two-thirds  of  the 
units'  digit.  If  the  digits  be  interchanged,  the  resulting  number  will  exceed 
the  original  number  by  36.     What  is  th6  number  ? 

6.  A  father  is  26  years  older  than  his  son,  and  the  smn  of  their  ages 
is  26  years  less  than  twice  the  father's  age.     How  old  is  the  son  ? 

7.  A  teacher  proposes  30  problems  to  a  pupil.  The  latter  is  to  receive 
8  marks  in  his  favor  for  each  problem  solved,  and  12  marks  against  him 
for  each  problem  not  solved.  If  the  number  of  marks  against  him  exceed 
those  in  his  favor  by  420,  how  many  problems  will  he  have  solved  ? 

8.  In  a  number  of  two  digits  the  tens'  digit  is  twice  the  units'  digit. 
If  the  digits  be  interchanged,  the  resulting  number  will  exceed  the  original 
number  by  18.     What  is  the  number  ? 

9.  In  a  number  of  two  digits,  the  digit  in  the  units'  place  exceeds  the 
digit  in  the  tens'  place  by  4.  If  the  sum  of  the  digits  be  divided  by  2,  the 
quotient  will  be  less  than  the  first  digit  by  2.     What  is  the  number  ? 

10.  A  has  $  100,  and  B  has  $  30.  A  spends  twice  as  much  money  as 
B,  and  then  has  left  three  times  as  much  as  B.  How  much  does  each  one 
spend  ? 

Discuss  the  solutions  of  the  following  general  problems.  State  under 
what  conditions  each  solution  is  positive,  negative,  zero,  indeterminate,  or 
infinite.  Also,  in  each  problem,  assign  a  set  of  particular  values  to  the 
general  numbers  which  will  give  an  admissible  solution. 

11.  In  a  number  of  two  digits,  the  tens'  digit  is  m  times  the  units'  digit. 
If  the  digits  be  interchanged,  the  resulting  number  will  exceed  the  original 
number  by  n.     What  is  the  number  ? 

12.  A  father  is  a  years  old,  and  his  son  is  b  years  old.  After  how  many 
years  will  the  father  be  n  times  as  old  as  his  son  ? 

13.  What  number,  added  to  the  denominators  of  the  fractions  -  and  -. 
will  make  the  resulting  fractions  equal  ? 

14.  Having  two  kinds  of  wine  worth  a  and  h  dollars  a  gallon,  respec- 
tively, how  many  gallons  of  each  kind  must  be  taken  to  make  a  mixtui'e 
of  n  gallons  worth  c  dollars  a  gallon  ? 

15.  Two  couriers,  A  and  B,  start  at  the  same  time  from  two  stations, 
distant  d  miles  from  each  other,  and  travel  in  the  same  direction.  A 
travels  n  times  as  fast  as  B.     Where  will  A  overtake  B  ? 


CHAPTER  XIII. 

SIMULTANEOUS  LINEAR  EQUATIONS. 

§  1.     SYSTEMS  OF  EQUATIONS. 

1.  If  the  linear  equation  in  two  unknown  numbers 

x-{-y  =  5  (1) 

be  solved  for  y,  we  obtain 

y  =  5  —  X. 

This  value  of  y  is  not  definitely  determined.  We  may  sub- 
stitute in  it  any  particular  numerical  value  for  x,  and  obtain  a 
corresponding  value  for  y.    Thus, 

when  a?  =  1,  y  =  4 ;  when  jr  =  2,  /  =  3 ;  when  a?  =  3,  y  =  2 ;  etc. 

In  like  manner  the  equation  could  have  been  solved  for  x  in 
terms  of  y,  and  corresponding  sets  of  values  obtained. 

Any  set  of  corresponding  values  of  x  and  y  satisfies  the  given 
equation,  and  is  therefore  a  solution. 

An  equation  which,  like  the  above,  has  an  indefinite  number 
of  solutions,  is  called  an  Indeterminate  Equation. 

2.  The  equation  y  —  x  =  l  (2) 

also  has  an  unlimited  number  of  solutions.     Solving  this  equa- 
tion for  y,  we  have  y  =  1  -f  a?.     Then, 

when  x  =  lf  y=.2',  when  jr  =  2,  /  =  3 ;  when  a;  =  3,  y  =  4 ;  etc. 

Now,  observe  that  equations  (1)  and  (2)  have  the  common 
solution,  a?  =  2,  y  =  3.  It  seems  evident,  and  we  shall  later 
prove,  that  these  equations  have  only  this  solution  in  common. 

Equations  (1)  and  (2)  express  different  relations  between 
the  unknown  numbers,  and  are  called  Independent  Equations. 

Also,  since  they  are  satisfied  by  d  common  set  of  values  of 
the  unknown  numbers,  they  are  called  Consistent  £q]aatiQti&. 
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3.  The  equations  x  +  y  =  5  and  3x-^Sy  =  16  are  not  satis- 
fied by  any  common  set  of  values  of  x  and  y. 

For  any  set  of  values  which  reduces  x  +  y  to  5  must  reduce 
Sx-\-Syf  or  3  (x  -\-  y),  to  15,  and  not  to  16.  These  two  equa- 
tions express  inconsistent  relations  between  the  unknown 
numbers,  and  are  called  Inconsistent  Equations. 

4.  The  three  equations 

x  +  y  =  5(l)y     y-iB  =  l(2),     2x-\-y  =  9(3), 

are  not  satisfied  by  any  common  set  of  values, of  x  and  y.  For, 
by  Art.  2,  equations  (1)  and  (2)  are  satisfied  by  the  values 
aj  =  2,  y  =  3.  But  equation  (5)  is  evidently  not  satisfied  by 
this  set  of  values.  The  three  equations  express  three  inde- 
pendent relations  between  x  and  y. 

5.  A  System  of  Simultaneous  Equations  is  a  group  of  equa- 
tions which  are  to  be  satisfied  by  the  same  set,  or  sets,  of 
values  of  the  unknown  numbers. 

A  Solution  of  a  system  of  simultaneous  equations  is  a  set  of 
values  of  the  unknown  numbers  which  converts  all  of  the 
equations  into  identities;  that  is,  which  satisfies  all  of  the 
equations. 

The  examples  of  Arts.  1-4  are  illustrations  of  the  following 
general  principles,  which  will  be  proved  later : 

A  system  of  linear  equations  has  a  definite  number  of  solutions, 

(i.)  When  the  number  of  equatioyis  is  the  same  as  the  number 
of  unknown  numbers. 

(ii.)    When  the  equations  are  independent  and  consistent, 

EXERCISES   I. 

1.    Are  equivalent  equations  consistent  ?     Are  they  independent  ? 

Which  of  the  following  systems  have  inconsistent  equations  ?  Which 
have  equations  not  independent  ?  Which  have  equations  consistent  and 
independent  ? 

3  a;  +  10  y  =  42, 


2. 


'3a;  +  5y  =  11, 
4  X  +  7  ?/  =  15. 


r2x  +  3?/  =  4, 

4.    { 
4  a:  -  G  2/  =  8. 


f  6  a; -9  2/ =  4,  f  18  a;  -  15  y  =  61, 


5.    j  ^,   \  7. 


6  a;  +  20  y  =  84. 
5x  +  4y=   6, 
^7x  +  6y  =  10. 
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§2.     EQUIVALENT   SYSTEMS. 

1.    Two  systems  of  equations  are  equivalent  when  every  solution 
of  either  system  is  a  solution  of  the  other. 

E.g.f  the  systems  (I.)  and  (11.) ; 

3x-{-2y=^S,  ' 
x-y  =  l,  / 


,j.  Sx-\-2y  =  S, 


(IL) 


are  equivalent.     For  they  are  both  satisfied  by  the  solution, 
X  =  2y  y  =  l,  and,  as  we  shall  see  later,  by  no  other  solution. 

2.  The  solution  of  a  system  of  equations  depends  also  upon 
the  following  principles  of  the  equivalence  of  systems : 

(i.)  If  any  equation  of  a  system  he  replaced  by  an  equivalent 
equation,  the  resulting  system  will  be  equivalent  to  the  given  one. 

Thus,  the  systems  (I.)  and  (II.)  above  are  equivalent.  The 
equation  a  —  y  =  1  of  (I.)  is  replaced  by  the  equivalent  equa- 
tion 2  a;  —  2  y  =  2. 

(ii.)  If  any  equation  of  a  system  be  replax^ed  by  an  equation 
obtained  by  adding  or  subtracting  corresponding  members  of  two 
or  more  of  the  equations  of  the  system,  the  resulting  system  will  be 
equivalent  to  the  given  one. 

Thus,  the  system  (II.)  is  equivalent  to  the  system 

Zx^2y=    8, 
(3a;-h22^)  +  (2a;-22/)=10,  ; 


or  '      "^  ' 

5a;  =10. 


(III.) 


(iii.)  If  one  equation  of  a  system  be  solved  for  one  of  the  xin- 
known  numbers,  and  the  resulting  value  be  substituted  for  this 
unknown  number  in  each  of  the  other  equations,  the  derived  system 
will  be  equivalent  to  the  given  one. 

E.g.,  the  systems 


x  —  y=    2, 


(IV.)     and  x-^-hy, 

are  equivalent. 


(V.) 
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The  proofs  of  the  principles  enunciated  are  as  follows  : 

(i.)   Let  A  =  B,    and     C=D,  (I.) 

be  two  equations  in  two  unknown  numbers,  say  x  and  y ;  and  let  C  =  D 
be  equivalent  to  C  =  Z>. 

Then  the  system  A  =  B,    and    C  =  D\  (II.) 

is  equivalent  to  the  system  (I.).  For,  by  definition  of  equivalent  equa- 
tions, the  same  sets  of  values  which  satisfy  C  =  D  also  satisfy  C  =  D', 
and  vice  versa.  Therefore,  any  one  of  these  sets  of  values,  which  also 
satisfies  ^  =  J5,  is  a  solution  of  both  systems.  Consequently,  every  solu- 
tion of  either  system  is  .a  solution  of  the  other. 

In  like  manner,  the  principle  can  be  proved  for  a  system  of  any  num 
ber  of  equations. 

(ii.)   The  proof  is  very  similar  to  that  of  Ch.  IV.,  §  3,  Art.  5  (i.). 

(ill.)    Let  A=B,  (1)     and     C  =  D,  (2)  (L) 

be  two  equations  in  two  unknown  numbers,  say  x  and  y ;  and  let  x  =  P 
be  the  equation  derived  by  solving  (1)  for  x,  and  C  =  D'  be  the  equation 
obtained  by  substituting  P  for  x  in  (2). 

Then  the  system     x  =  P,  (3)    and     C  =  Z>',  (4)  (II.) 

is  equivalent  to  the  system  (I.). 

Since  equation  (3)  is  equivalent  to  equation  (1),  any  solution  of  the 
system  (1)  must  satisfy  equation  (3);  that  is,  must  give  to  x  and  P  one 
and  the  same  value.  But  (4)  differs  from  (2)  only  in  having  P  where  (2) 
has  X.  Therefore,  since  x  and  P  have  the  same  value,  any  value  of  x, 
with  the  corresponding  value  of  y,  which  makes  C  and  D  equal  must 
make  C  and  D'  equal.  Therefore,  every  solution  of  the  system  (I.)  is  a 
solution  of  the  system  (II.). 

Since  equation  (I)  is  equivalent  to  equation  (3),  any  solution  of  the 
system  (II.)  must  satisfy  equation  (1);  that  is,  must  make  A  and  B 
equal.  But  (2)  differs  from  (4)  only  in  having  x  where  (4)  has  P. 
Therefore,  since  any  solution  of  (II.)  makes  x  and  P  equal  and  C  and 
D'  equal,  it  must  also  make  C  and  D  equal.  Therefore,  ev^ry  solution 
of  the  system  (II.)  is  a  solution  of  the  system  (I.). 

Consequently,  the  two  systems  are  equivalent. 

In  like  manner,  the  principle  can  be  proved  for  a  system  of  any  num- 
ber of  equations. 

3.   Elimination  is  the  process  of  deriving  from  two  or  more 
equations  of  a  system  an  equation  with  one  less  unknown  num- 
ber than  the  equations  from  which  it  is  derived.    The  unknown 
7?ujnber  which  does  not  appear  in  the  derived  equation  is  said 
to'have  been  eliminated. 
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E.g,j  if  the  equations     x  -\-  y  =  7, 

x-y  =  l, 

be  added,  we  obtain  2  a;  =  8, 

in  which  the  unknown  number  y  does  not  appear.     We  say 
that  y  has  been  eliminated  from  the  given  equations. 

§3.   SYSTEMS  OF  LINEAR  EQUATIONS. 
Linear  Equations  in  Two  Unknown  Numbers. 

1.  There  are  several  methods  for  solving  two  simultaneous 
equations  in  two  unknown  numbers.  The  object  in  all  of 
them  is  to  obtain  from  the  given  system  an  equivalent  system 
of  which  one  equation  contains  only  one  unknown  number. 


(!•) 


(II.) 


Elimination  by  Addition  and  Subtraction. 

2.  Ex.  1.   Solve  the  system  3  a;  -h  4  y  =  24,  (1) " 

5x^6y  =  2.     (2)' 

To  eliminate  a,  we  multiply  both  members  of  equation  (1) 

by  o,  and  both  members  of  equation  (2)  by  3,  thereby  making 

the  coefficients  of  x  in  the  two  equations   equal.     We  then 

have 

15  X -h  20  y  =  120,  (3)1 

15  a: -18  2/ =  6.  (4)/ 

The  system  (II.)  is  equivalent  to  the  system  (I.),  by  §  2, 
Art.  2  (i.).  The  system  (II.)  is,  by  §  2,  Art.  2  (i.)  and  (ii.), 
equivalent  to  the  system 

3a:  +  4.y  =  24,  (1)| 

(15x-^20y)  -  (15  a;  -  ISy)  =  120  -  6;  (5)  " 

or,  performing  the  indicated  operations,  to 

3a;  +  4y  =  24,      (1)' 
38y  =  114;  (6)/ 

The  system  (V.)  gives  the  required  solution,  since  equation  (J) 
gives  the  value  oi  ^,  and  equation  (1)  the  coxxe^^o\i^vEi^  ^^"^^ 


(III.) 


3x  +  iy  =  Z4,    (1)1 
(IV.)    or 

^     ^  y  =  s.     (7)1 


(V.) 
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of  X,  by  §  2,  Art.  2  (iii.)-     Substituting  3  for  y  in  (1),  we 

obtain 

3  a;  -f  12  =  24 ;  whence  a;  =  4. 

Consequently  the  required  solution  is  a?  =  4,  y  =  3. 

This,  solution  may  be  written  4,  3,  it  being  understood  that 
the  first  number  is  the  value  of  x,  and  the  second  the  value  of  y. 

The  work  has  been  given  in  full  to  emphasize  that  by  each 
step  one  system  has  been  replaced  by  an  equivalent  system. 
In  practice  the  work  may  be  contracted  as  follows : 

Multiplying  (1 )  by  5,       i5x-{-20y=  120.  (3) 

Multiplying  (2)  by  3,       15x-lSy  =  6.  (4) 

Subtracting  (4)  from  (3),  38  y  =  114 ;  (6) 

whence  y  =  S.  (7) 

Substituting  3  for  y  in  (1),  3  x  -f  12  =  24  ;  (8) 

whence  a;  =  4.  (9) 

In  a  similar  way  y  could  have  been  first  eliminated. 

Ex.  2.   Solve  the  system 

^-?^^  =  32/-5,  (1) 

4a:-3_^5y-7^.^3_g^  (2) 


6 
Clearing  (1)  and  (2)  of  fractions, 

28  -f  4aj  -  10a;  +  5  2/  =  602/  -  100,  (3) 

4  a;  -  3  +  15  2/  -  21  =  108  -  30  a?.  (4) 
Transferring  and  uniting  terms, 

6  a;  +  55  2/  =  128,  (5) 

34  a;  +  15  2/  =  132.  (6) 

Multiplying  (5)  by  3,    18  a;  +  165  y  =  384.  (7) 

Multiplying  (6)  by  11,  374  x-\-165y  =  1452.  (8) 

Subtracting  (7)  from  (8),          356  x  =  1068 ;  (9) 

whence                                              x  =  3.  (10) 
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Substituting  3  for  x  in  (5),  18  +  55  y  =  128 ;  (11) 

whence  y  =  2.  (12) 

Consequently,  the  required  solution  is  3,  2. 

Notice  that  (1)  and  (2),  (3)  and  (4),  (5)  and  (6),  (7)  and  (8), 
and  (10)  and  any  preceding  equation  except  (9),  form  equiva- 
lent systems.  In  forming  with  (10)  an  equivalent  system,  we 
take  the  simplest  of  the  preceding  equations,  in  this  case  (5). 

3.  The  examples  of  the  preceding  article  illustrate  the  fol- 
lowing method  of  elimination  by  addition  and  subtraction. 

Simplify  the  given  equations^  if  necessary,  and  transfer  the 
teimis  in  x  and  y  to  the  first  members,  and  the  terms  free  from 
X  and  y  to  the  second  members. 

Determine  the  L,  C,  M.  of  the  coefficients  of  the  unknown  num- 
ber to  be  eliminated,  and  multiply  both  members  of  each  equation, 
by  the  quotient  of  the  L,  C  M,  divided  by  the  coefficient  of  that 
unknown  number  in  the  equation. 

The  coefficients  of  the  unknown  number  to  be  eliminated  being 
now  equal,  or  equal  and  opposite,  in  the  tivo  equations,  subtract, 
or  add,  corresponding  members,  and  equate  the  results,  A  final 
equation  in  one  unknown  number  will  thus  be  derived. 

The  solution  of  the  given  system  is  then  obtained  by  solving  this 
derived  equation,  and  substituting  the  value  of  the  unknown  num- 
ber thus  obtained  in  the  simplest  of  the  preceding  equations, 

EXERCISES  II. 

Solve  the  following  systems  of  equations  by  the  method  of  addition 
and  subtraction : 


1. 


7. 


10. 


[x-y  =  7. 
ja;-12y  =  3, 
la;+   4y  =  19. 
ri0a;-3y  =  25, 
1    605-9  y= -25. 

f  12«  +  15y  =  8, 
tl6a-f  9ym7. 


2. 


5. 


8. 


'  X  +  y  =  a, 

x-y  =  b, 
'3x+    y  =  31, 

5x-2y  =  15. 

nx  —  ay  =  0, 
n^x  —  ay  =  an. 


3. 


6. 


9. 


\. 


11. 


'7x+lly  =  2, 
7x-  lly  =  0. 
f  4x-7y  =  19, 
x  +  9y  =  37. 
6x+    y  =  6, 
4x  +  3y  =  ll. 
6x-3y  =  12, 
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X 


13.    . 


16. 


17. 


'      3x  +  162^  =  5, 
-  6x  +  2Sy  =  19. 
'lSx-20y  =  l, 
^15ic+  10y  =  9. 

^^-y  +  14  =  18, 
2 

^y-^^  4- 16  =  19. 
3 


14. 


\. 


18. 


19. 


X 


+ 


y    _ 


m  —  a     m  —  b 


=  1. 


20. 


X 


+ 


n  —  a     n  —  b 


y-=i. 


21 «+    8y=-66, 
28aj-23y=13. 
12x-  liy  =  -i, 
8x-21y  =  -8.6. 

3x  +  ^  =  22,"^ 
tt 

112^-^  =  20. 
*       5 

qx  —  6y  _.  I 
a2  +  62  "   ' 

6x  +  qy  _  ^ 


Elimination  by  Substitution. 
4.   Ex.    Solve  the  system  5a;  — 2y  =  l,  (1)  ' 

4aj  +  5y  =  47.  (2). 

If  we  wish  to  eliminate  a?,  Ave  proceed  as  follows : 


a-) 


Solving  (1)  for  x, 


a; 


_l+2j/ 


(3) 


Substituting     "^    -^  for  a;  in  (2), 


5 


4rii^V5y  =  47. 


5 


(4) 


(II.) 


The  system  (II.)  is  equivalent  to  the  system  (I.),  by  §  2, 
Art.  2  (iii.). 

Solving  (4)  for  y,  y  =  l,  (5)  1        j^^ 

Substituting  7  for  y  in  (3),  aj  =  3.  (6)  J 

The  system  (III.)  is,  by  §  2,  Art.  2  (iii.),  equivalent  to  the 
system  (II.),  and  hence  to  the  given  system.  Therefore  the 
required  solution  is  3,  7. 

In  a  similar  way  y  could  have  been  first  eliminated. 

5.  The  example  of  the  preceding  article  illustrates  the 
following  method  of  elimination  by  substitution: 

Solve  the  simpler  equation  for  the  unknown  number  to  U 
eliminated  in  terms  of  the  other,  aud  substitute  the  value  ikva 
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obtained  in  the  other  equation.     The  derived  equation  will  contain 
but  one  unknovm  number. 

The  solution  of  the  given  system  is  then  obtained  by  solving  the 
derived  equation,  and  substituting  the  value  of  the  unknown  nuTti- 
ber  thus  obtained  in  the  eocpression  for  the  other  unknown  number, 

EXERCISES  III. 
Solve  the  following  systems  of  equations  by  the  method  of  substitution  : 


1. 


i. 


/T. 


iO. 


13. 


x  =  2y-3, 
y  =  2x~16. 
Jy-3a;  =  2, 
y  =  14x. 

6x  =  82^-  11, 
6y  =  7x-21. 

x-3y  =  0, 
26x  +  48y  =  287., 

|x  =  10-iy, 
4}y  =  6x—  7. 

1  -\-x     2x  —  y_ 


«. 


5. 


^ 


;ii. 


H. 


f  x  =  3y-7, 
y  =  3x-19. 
X  -I-  y  =  a, 
x  =  ny. 
7  X  —  3  =  6  y, 
7  2/-3  =  8x. 

'3x+    4y  =  2, 
9x  +  20y  =  8. 

'ix  +  iy  =  7, 
.2x  +  3y 


3. 


12. 


.a:-4=f(y+6). 
'    7x  =  5y, 
15y  =  28x-70. 

'  ay  =  bXy 
a  +  y  =  6  +  X. 
5x  +  7y  =  49, 
7x+  5y  =  47. 

Jx-iy  =  2, 


16. 


32/ -6, 


5t^  +  l£:^=18-6x. 

-     ^ — e.- 


17. 


a-i)"a4>-' 


X 


+ 


y    _ 


a  +  6     a  —  b 


=  2. 


'  (x  -  a)  (a  +  6)  =  (a  -  6)  (y  -  a), 


18. 


X 


_       y 


I  a8  -  68     a8  +  68 


EUmination  by  Comparison. 

6.   Ex.   Solve  the  system 

7x-^2y  =  20,     (1); 
13x-32/  =  17.     (2)/ 
To  eliminate  y,  we  proceed  as  follows : 

20-7aj 


(I.) 


Solving  (1)  for  y,        y  = 
Solving  (2)  for  y,        y  = 


13  a; -17 


(3) 


(II.) 


\ 
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(III.) 


The  system  (II.)  is  equivalent  to  the  system  (I.),  by,  §  2, 
Art.  2  (i.).     Substituting  in  (4)  for  y,  its  value  given 'in  (3), 

20-1 X  ^1^x^11  ,g. 

2  3        *  ^  ^ 

The  last  equation  and  equation  (3)  form  a  system  which  is 
equivalent  to  the  system  (II.),  and  hence  to  the  given  system. 

Solving  (5)  for  a?,  aj  =  2.  ' 

Substituting  2  for  x  in  (3),     y  =:Z, . 

The  system  (III.)  is  equivalent  \o  the  system  formed  by 
equations  (3)  and  (5),  and  therefore  to  the  given  system.  Con- 
sequently the  required  solution  is  2,  3. 

In  a  similar  way,  y  could  have  been  first  eliminated. 

7.  The  example  of  the  preceding  article  illustrates  the  fol- 
lowing method  of  elimination  by  comparison  : 

Solve  the  given  equations  for  the  unknoivn  number  to  be  elimi- 
nated^ and  equate  the  expressions  thus  obtained.  The  derived 
equation  will  contain  but  one  unknown  number. 

The  solution  of  the  given  system  is  then  obtained  by  solving  this 
derived  equation,  and  substituting  the  value  of  the  unknown  num- 
ber thus  obtained  in  the  simplest  of  the  preceding  equations. 

/ 

EXERCISES  IV. 
Solve  the  following  systems  of  equations  by  the  method  of  comparison : 


1. 


4. 


"7. 


10. 


f  X  =  3  y  -  2, 
x  —  hy  —VI. 

5ic  =  7  2/  —  .1, 
73c  =  9t/+  1.7. 
lJx  =  7y-38, 
lly  =  7x-72. 


2. 


5, 


8. 


n. 


(7 


l-hlx^bl. 


y  =  3  X  —  17, 
2/  =  2  X  -  10. 

6  X  +  9  2/  =  28, 

7  X  +  3  2/  =  20. 

?  +  ?^-7=0, 
2      3 

^  +  ^-8  =  0. 


\ 


3. 


9. 


^ 


'6y  =  2«+  1, 
82^  =  6x-  11. 

r2ix-3iy  =  10, 
7i  X  -  6i  y  =  66. 
21 X  -  23  y  =  2, 
7x-19y  =  12. 

^^-h^  =11, 
2      6  ' 

?  +  J^  =  I 
^     ^     2 
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8  X  +  9  y  =  26,    No     J  63  x  -  46  y  =  29,  V,      (   x  +  ay  +  1  =  0, 
32  X  -  3  y  =  26.  I  42x~69  y  =  96.C--lJw  +  c(x  +  1)  =  0. 

5x  +  4y  =  9a-6,      ^  (  ax  -  by  =  a'^  ■{- b"^,     

7x-6y  =  a-136.  J  '  {  (a  -  6)x +  (a  +  6)y  =  2(a2  -  62). 

The  Oeneral  Solution  of  a  System  of  Two  Linear  Equations  in 

Two  Unknown  Numbers. 

8.  Any  linear  equation  in  two  unknown  numbers  can  evidently  be 

brought  to  the  form 

ax-\-by  =  c. 

9.  Let  aix+6iy  =  Ci,  (1) 

<i2X  +  b^y  =  C2,  (2) 

be  any  two  linear  equations. 

Multiplying  (1)  by  62,  aib^x  +  6162^  =  &2C1.  (3) 

Multiplying  (2)  by  61,  aibix  +  bih2y  =  61C2.  (4) 

Subtracting  (4)  from  (3),     (0162  —  «2&i)  ^  =  &2<5i  —  &1C2  ;  (5) 

whence,  if  aibz  -  0261  =^'0,  x  =  ^'^^^  ~  ^'^^-  (6) 

aii>2  —  Oibi 

In  like  manner,  if  0162  -  a2&i  ^0,  y  =  «l£2jz.«2£i.  ^7) 

But  if  ai62  —  02^1  =  0,  we  have  no  authority  for  dividing  both  members 
of  equation  (5)  by  0162  —  «26i. 

Consequently,  the  general  solution  of  two  linear  equations  in  two 
unknown  numbers  is 

__  ^2^1  —  ^1^2  __  01C2  —  O2P1 

when  0162  —  0261  ^  0. 

10.  Every  system  of  two  independent  and  consistent  equations  of  the 
first  degree  in  two  unknown  numbers  has  one,  and  only  one,  solution. 

For  the  system 

aix  +  biy  =  ci,  (1) 

azx  H-  622^  =  Ci,  (2) 
is,  by  Art.  9,  equivalent  to  the  system 

(aibi  —  a2b\)x  =  62C1  —  61C2,  (3) 

(0162  —  a2b{)y  =  aiC2  —  a2C\.  (4) 

But  equations  (3)  and  (4)  are  each  linear  in  one  unknown  number, 

and  each,  therefore,  has  one,  and  only  one,  solution.  Consequently ^  the 

given  system  has  one,  and  only  one,  solution. 
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11.    Three  independent  linear  equations  in  two  unknoton  numbers  can- 
not be  satisfied  by  any  common  set  of  values  of  the  unknown  numbers. 

If  the  values  of  x  and  y  which  constitute  the  solution  of  equations  (1) 
and  (2) ,  Art.  9,  satisfy  a  third  equation, 

azx  +  bsy  =  Cs,  (3) 

-  62C1  —  61C2     .    ,  aiC2  —  02^1 

we  have  as  x  — r ^  +  fts  x  -4 ir  =  ^s- 

ai02  —  a20i  aiOi  —  a20i 

From  this  relation,  we  obtain 

^   ^  ^8^2  —  a-zbs  ,  ^   ^  ai68  —  as&i 

Cs  =  Ci  X  — r r-  +  C2  X  — r r- 

ai02  —  «20i  fliOa  —  ^201 

=  Ici  +  WIC2,  (i.) 

wherein  l  =  -  , ,  -,  and  7n  = 


aib2  —  a2bi  0162  —  a2&i 

We  also  have 

,        asbi  —  aoba  ,  ,    ^^  aibs  —  as&i      68(ai&2  —  «26i)      , 

Ol   X  — r i-  +  O2  X  r ~  = r ^ =  08. 

«i02  —  a2^i  ai02  —  a2bi        aib2  —  a20i 

That  is,  bz  =  ^61  +  wi62.  (ii.) 

In  like  manner,  it  can  be  shown  that 

as  =  lai  +  ma2.  "        (iii.) 

Observe  that  (ii.)  and  (iii.)  are  identities,  and  hold  for  all  values  of 
the  a"*^  and  6's  which  do  not  reduce  ai?>2  —  «26i  to  0  ;  while  (i.)  is  uot  an 
identity,  but  imposes  a  condition  upon  the  values  of  the  known  numbers 
in  the  three  equations. 

When  this  condition  is  satisfied,  C3  is  obtained  from  Ci  and  C2,  just  as 
as  is  obtained  from  ai  and  a2,  and  63  from  61  and  62.  That  is,  when  the 
solution  of  (1)  and  (2)  is  also  a  solution  of  (3),  the  last  equation  is  not 
independent  of  the  other  two. 

Linear  Equations  in  Three  or  More  Unknown  Numbers. 

12.  The  following  examples  will  illustrate  the  methods  for 
solving  systems  of  three  linear  equations  in  three  unknown 
numbers : 

Ex.  1.   Solve  the  system  2  a?  —  3  2/  +  5  2;  =  11,  (1) 

5a; +  42/ -62  =  -5,  (2) 

-4xJrTii-82  =  -14.  (3) 
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To  eliminate  x,  we  proceed  as  follows : 

Multiplying  (1)  by  5,  10  a;  - 15  y  +  25  2  =  55.  (4) 

Multiplying  (2)  by  2,  10x-{-Sy -12z  =  - 10.  (5) 

Subtracting  (4)  from  (5),  23y-37z  =  -e5.  (6) 

Multiplying  (1)  by  2,  4  a  -  6  2/  4- 10  2  =  22.  (7) 

Adding  (3)  and  (7),  y  +  2  2  =  8.  (8) 

Solving  (6)  and  (8),  y  =  2, 

2  =  3. 

Substituting  2  for  y  and  3  for  z  in  (1),         x  =  1. 

Notice  that  (1),  (2),  (3);  and  (1),  (6),  (8)  form  equivalent 
systems.     Consequently  the  required  solution  is  1,  2,  3. 

Ex.  2.   Solve  the  system 

ay  —  cz  =  0,  (1) 

z-x  =  -b,  (2) 

ax-\-by  =  a^  +  b(a-\-  c).  (3) 

Notice  that  by  eliminating  z  from  (1)  and  (2)  we  obtain  an 
equation  in  x  and  y,  which  with  equation  (3)  gives  a  system  of 
two  equations  in  the  same  two  unknown  numbers. 

Solving  (2)  for  2,  2  =  0;  —  b.  (4) 

Substituting  x  —  b  for  z  in  (1), 

ay  —  cx-\-  cb  =  0.  (5) 

Multiplying  (3)  by  a,  a^x  +  aby  =  a^  -|-  a%  +  abc.       (6) 

Multiplying  (5)  by  b,       —  bcx  +  ciby  =  —  ^^c.  (7) 

Subtracting  (7)  from  (6),    (a^  +  6c)  a;  =  a'  +  a^fe  +  a6c  +  b^c 

=  a\a-{-b)-^bc(a-{-b) 
=  (a2  +  6c)(a  +  6);    (8) 

whence  x  =  a-^b. 

Substituting  a  +  6  for  a;  in  (4),         z  =  a. 
Substituting  a  for  2;  in  (1),  y  =  (^' 

To  solve  three  simultaneous  equations  in  three  unknoivn  num- 
bers, eliminate  one  of  the  unknown  numbers  from  any  two  of  the 
equations;  next  eliminate  the  same  unknovi^n  uximbet  Jtom  l\x.e 
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third  equation  and  either  of  the  other  two.      Two  eqtmtions  in 
the  same  two  unknown  numbers  are  thus  derived. 

Solve  these  equations  for  the  two  unknown  numSers,  and  sub- 
stitute the  values  thus  obtained  in  the  simplest  equation  which 
contains  the  third  unknown  number, 

13.  From  four  equations  in  four  unknown  numbers,  we  can 
by  eliminating  one  of  the  unknown  numbers  obtain  three 
equations  in  three  unknown  numbers.  We  then  solve  -these 
equations  for  the  three  unknown  numbers  and  substitute  the 
values  thus  obtained  in  the  simplest  equation  which  contains 
the  fourth  unknown  number. 

Number  of  Solutions  of  a  System  of  Linear  Equationa. 

14.  The  examples  of  the  preceding  articles  illustrate  the  following 
principles  : 

(i.)  A  system  of  n  independent  and  consistent  linear  equations,  in  n 
unknown  numhers,  has  one,  and  only  one,  determinate  solution. 

From  the  given  system  a  system  of  n  —  1  equations  in  »  —  1  unknown 
numbers  can  be  derived  by  eliminating  one  of  the  unknown  numbers. 
By  eliminating  from  the  latter  system  another  unknown  number,  a 
second  system  of  n  —  2  equations  in  n  —  2  unknown  numbers  is  derived ; 
and  so  on.  Finally,  a  single  equation  in  one  unknown  number  is 
obtained. 

By  the  principles  of  equivalent  equations  the  given  system  is  equiva- 
lent to  a  second  system  which  contains  the  following  equations  :  any  one 
of  the  given  equations  in  n  unknown  numbers,  any  one  of  the  n  —  l 
derived  equations  in  n  —  1  unknown  numbers,  and  so  on,  to  any  one  of 
the  three  derived  equations  in  three  unknown  numbers,  either  of  the  two 
derived  equations  in  two  unknown  numbers,  and  the  last  derived  equation 
in  one  unknown  number. 

The  last  equation  in  one  unknown  number  has  one,  and  only  one, 
definite  solution.  If  the  value  of  this  unknown  number  be  substituted  in 
the  next  to  the  last  equation  of  the  second  system  described  above,  one, 
and  only  one,  definite  value  for  a  second  unknown  number  is  obtained. 
If  the  values  of  these  two  unknown  numbers  be  substituted  in  the  equa- 
tion in  three  unknown  numbers,  one,  and  only  one,  definite  value  of  a 
third  unknown  number  is  obtained  ;  and  so  on. 

Consequently  the  given  system  is  satisfied  by  one,  and  only  one,  defi- 
nlte  set  of  values  of  the  unknown  numbers. 
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(iL)  ^  system  of  n  independent  linear  equations^  in  more  than  n 
unknown  numbers^  has  an  indefinite  number  of  solutions. 

For,  by  each  elimination  of  an  unknown  number,  we  derive  a  set  of 
equations,  one  less  in  number,  and  containing  one  less  unknown  number. 

Finally,  as  in  (i.),  we  obtain  a  single  equation.  But  since  the  original 
system  contained  more  unknown  numbers  than  equations,  the  last  derived 
equation  will  contain  more  than  one  unknown  number.  Since  this  equa- 
tion, therefore,  has  an  indefinite  number  of  solutions,  we  conclude  that 
the  given  system  has  likewise  an  indefinite  number  of  solutions. 

(iii.)  A  system  of  n  independent  linear  equations^  in  less  than  n 
unknown  numbers,  does  not  have  a  determinate  finite  solution. 

For,  if  we  take  from  the  given  system  as  many  equations  as  there  are 
unknown  numbers,  the  system  formed  by  these  equations  will  have  by  (i.) 
one,  and  only  one,  definite  solution. 

But  since  the  other  equations  of  the  given  system  are  independent 
of  the  equations  selected,  that  is,  express  independent  relations  between 
the  unknown  numbers,  they  cannot  be  satisfied  by  this  solution. 
^    Therefore,  the  given  system  cannot  be  satisfied  by  any  one  definite  set 
of  values  of  the  unknown  numbers. 


EXERCISES  V. 


Solve  the  following  systems  of  equations : 


7. 


9. 


11. 


5.    < 


X  +  y  =  28, 
a:  +  «  =  30, 
y  +  «  =  32. 

3x-y  =  7, 
3  y  -  0  =  5, 
Sz-x  =  0. 

f3aj  +  2y-45?  =  16, 

6x-3y+2«  =  28, 

3y  +  4«-x  =  24. 

fx  +  y  —  «  =  c, 
X  +  2?  -  y  =  6, 
y  -^  z  —  x  =  a. 

(2x-   4y+    92?  =  28, 
7«+    3y-    6«  =  3, 
9x  +  lOy-  nz  =  4. 


x  +  y  =  2  c, 

2.   j  X  +  «  =  2  6, 

I  y  -f  2;=  2  a. 

f  3  X  +  5  y  =  36, 

3  y  +  6  2r  =  27; 

.  3  «  +  5  X  =  34. 


8. 


10. 


12. 


'  X  -  y  =  2, 

8.   '  y  —  «  =  3, 

.  X  +  «  =  9. 

a:  +  y  +  «  =  50 
6.      y  =  3x-21, 
.  2r  =  4  X  -  33. 

x  +  y-2;  =  l, 

-  8x  +  3y-62  =  1, 

32;  —  4x  —  y  =  l. 

j'4x-3y  +  22;  =  9, 
2x  +  5y-32;  =  4, 
6xH-6y-22?  =  18. 

(  x-2y  +  3  2r  =  6, 
2x  +  3y--42?  =  20, 
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18. 


15. 


17. 


19. 


21. 


5  +  l^  +  A=:9, 

6      9      10 

3      2      26 

2      18      10 


hx  +  cy  -{•  az  = 
cz  -\-  ay  -{•  bz  = 

(c  +  a)  X  —  (c  - 

(a  +  &)  2/  -  (a  - 
(6  4-c)2:-(6- 

X  +  y  +  2^  =  6, 
x  +  y  +  ti  =  7, 
X  -{-  z  +  u  =  S^ 
y-^z-{-u  =  9. 

7  x-2z  -\-Su 

iy  -2z-\-t 

by  —  Sx  —  2u 

iy  -Bu  -\-  2t 

Sz-{-Su 


a  +  6  +  c, 

a2  +  62  +  c2. 

-  a)  y  =  2  6c, 

-  6) «  =  2  ac, 
c)  X  =  2  aft. 


=  17, 
=  15, 
=  8, 
=  17, 
=  33. 


14. 


16. 


18. 


20. 


22. 


c  —  a 

X 


+ 
+ 


a  +  6     6  +  c 

y         « 


y-  =  6_a, 


c  +  a 


+ 


=  6  —  c. 


6  —  c  ■  a  —  6 

X  +  y  +  «  =  id,     . 
ax  +  6y  +  c«  =  0, 
a^x  +  62y  +  c2«  =  0. 

x+y+«=(a+6+c)2, 
ay  4- 6« + ex = 3  (a62 + &c2 + cd2), 
ax4- &y  +  C0=a*+6'+c*+6a6c. 

x  +  y4-2f-M  =  ll, 
x  +  y-«  +  w  =  17, 
x-y  +  «  +  «  =  9, 

—  x  +  y  +  «  +  w  =  12. 

'3x-4y+3«+3«-6M=-  1, 
3x~6yH-22;-4M  =  -  7, 
10y-3«+3M-2»=35, 
6«+4tiH-2t7-2x=  15, 
6M-3t?+4x--2y=21. 


§4.  SYSTEMS  OF  FRACTIONAL  EQUATIONS. 

1.  If  some  or  all  of  the  equations  of  a  system  be  fractional, 
and  lead,  when  cleared  of  fractions,  to  linear  equations,  the  solu- 
tion of  the  system  can  be  obtained  by  the  preceding  methods. 

Any  solution  of  the  linear  system  which  is  derived  by  clear- 
ing of  fractions,  is  a  solution  of  the  given  system,  unless  it  is 
a  solution  of  the  L.  C.  D.  (equated  to  0)  of  one  or  more  of  the 
fractional  equations.     (See  Ch.  X.,  Art.  4.) 


Ex.  1.   Solve  the  system 


Clearing  (2)  of  fractions, 


6x  —  5y 

4I/  +  5 

6(3  X  -V  11 


0, 
13 

11 

52y  +  66. 


(1) 
(2) 

(3) 
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Transferring  and  uniting  terms  in  (3),  and  dividing  by  2, 

33  a; -262/ =  27.  (4) 

The  solution  of  (1)  and  (4)  is  15,  18. 
In  clearing  (2)  of  fractions,  we  multiplied  by  11  (4  y  +  5). 
Since  a?  =  15,  y  =  18  is  not  a  solution  of  4  y  +  5  =  0,  it  is  a 
solution  of  the  given  system. 

Ex.  2.  Solve  the  system  x-\-y  =  xyy    (1)  " 

2x-\-2z  =  xz,     (2)  .  (I.) 

32/4-3^  =  2/2;.     (3). 

Observe  that  the  given  equations  are  neither  linear  nor  frac- 
tional. Yet  they  can  be  transformed  so  that  they  will  contain 
only  the  reciprocals  of  a?,  y,  and  z. 

Dividing  (1)  by  xy,  (2)  by  xz^  (3)  by  yz,  we  have : 

y     X  z     X  ^     y 

.    1    1 


We  will  solve  this  system  for 


->   ->    -' 
X    y     z 


Multiplying  (4)  by  2,  ?  +  ?  =  2.  (7) 

y    ^ 

Subtracting  (5)  from  (7),  ---  =  1.  (8) 

2/      ^ 

Solving  (6)  and  (8)  for  1  and  J,    ^  =  ^   ^  =  -  ^- 

Substituting  — -  for  -  in  (4),  -  =  ti' 

12         2/  X     i2 

Consequently,  a  solution  of  the  given  system  is  ^,  ^,  — 12. 

It  is  important  to  notice  that  we  cannot  assume  that  the 
system  (II.)  is  equivalent  to  the  system  (I.),  since  the  equa- 
tions of  (II.)  are  derived  from  the  equations  of  (I.)  by  dividing 
by  expressions  which  contain  the  unknown  numbers. 

But  if  any  solution  of  (I.)  be  lost  by  this  transformation,  it 
must  be  a  solution  of  the  expressions  (equated  to  0)  by  which 
the  equations  of  (I.)  were  divided ;  that  is,  of 

ay=:0,  aj«  =  0,  j/2  =  0.  ^'^^ 
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The  system  (III.)  has  the  solution  0,  0,  0,  and  this  solution 
evidently  satisfies  the  system  (I.). 

We  therefore  conclude  that  the  given  system  has  the  two 
solutions  \^,  ^,  -  12,  and  0,  0,  0. 

Ex.  3.   Solve  the  system 


x-\-y-^z     2x  —  y     y  —  Sz 

^  +77-^ V  =  3,  (2) 


aJ  +  y  +  2;     2x  —  y     y  —  3z 
15  2  3 


=  5.  (3) 


^-hy-h^     2aj  — 2/     y  —  3z 

This  system  can  be  readily  solved  by  making  the  following 
substitutions : 

Let  =  w, =  V,  r-  =  w,  (I.) 

x-hy-hz  2x  —  y  y  —  3z 

Then  the  given  system  becomes 

u-{-3v-^w  =  l,  (4) 

2u-h2v-w  =  3,  (5) 

5u  —  V  —  3w  =  5.  (6) 

Solving  equations  (4),  (5),  and  (6),  we  obtain 

f^  =  h  '^  =  h  w;  =  -l. 
Substituting  these  values  in  the  system  (L),  we  have 

x-\-y -^z=6,  2x  —  y  =  4,  y  —  3z  =  —  l. 
Whence,  x  =  3,  y  =  2,  z=l. 

2.   As  in  a  system  of  integral  equations,  so  in  a  system  of  fractional 
equations,  the  equations  must  be  consistent  and  independent. 

Ex.   Solve  the  system  3  x  +  4  y  =  11,  (1) 

^     +-^  =  0.  (2) 


X-  1      2/-2 
Clearing  (2)  of  fractions  and  uniting  terms, 

X  +  y  =  3.  (S) 

Solving  (1)  and  (3),  x  =  \,  -y  =^. 
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These  values  constitute  a  solution  of  equations  (1)  and  (3),  but  not 
of  (1)  and  (2).  For  they  form  a  solution  of  the  L.  C.  D.  (equated  to  0) 
of  the  fractions  in  (2) ;  that  is,  of 

(x-l)(y-2)=0.  '  (4) 

We  conclude,  therefore,  that  equations  (1)  and  (2)  do  not  have  any 
solution. 

It  can,  in  fact,  be  shown  that  they  are  inconsistent.  For  (1)  is  equiv- 
alent to 

3x-3  +  4y-8  =  0, 

or  to  3(x-l)+4(y-2)  =  0. 

Dividing  both  members  of  the  last  equation  by  (x  — l)(y  — 2),  we 
obtain 

Q  A 

(6) 


^     +^-  =  0. 


y-2     aj-1 

Equation  (5)  is  evidently  inconsistent  with  (2). 

It  should  be  noticed  that  in  clearing  (2)  of  fractions  no  unnecessary 
factor  was  used.  The  explanation  of  the  apparent  contradiction  of  the 
principle  proved  in  Ch.  X.,  Art.  3,  is  that  this  principle  holds  only  when 
the  fractional  equation  contains  but  one  unknown  number. 


EXERCISES  VI. 
Solve  the  following  systems  of  equations : 


1. 


4. 


7. 


10. 


[1+1=1. 

X     y     2 

1 

X 

1      1 

'y    6' 

r4 
X 

-3y  =  8, 

5 

.  x" 

-6y  =  l. 

f  ^• 

c  +  7      1 

10 

y  +  3"'' 

12 

^.+  ^-2. 

2. 


8. 


X     y 

?_1?-1 
X      y  ~    * 

r  14  .  26      ^ 

49_60__g 
X       y  ~ 


6y—6z=xy, 
10  y+Sx=6xy. 


8. 


6. 


11. 


7y  +  l 


3 


7x--=16, 

y 

3  X  -  -  =  4. 

y 

x+r«» 

1-1  =  6. 
X     y 


9. 


+ 


+ 


X— 4    y—l 

9 2_ 

.x-4    y—l 

'     =8, 


=3, 
=2. 


2x-3y     y -2 
2x~Sv     M-'L 


222 


12. 


14. 


16. 
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rX-\-y-l  _ 

ab. 

18. 

r       7       _      11 

x-y-hX 

y-x+  1^ 

Ix-y  +  1 

2x4-3y 

X 

2x-3y 

9 
10 

1 10  y  -  7  ~ 

r  x  +  o  —  &_ 

x-6 
a 

15. 

[     ^n  .          1 

y  -  a-b 

b 
X  —  a 

X  +  wy     n  —  ny  ~    ' 

IJ"  +   «  =1. 

I X  +  ny     n  —  ny 

y-^-b 

\\*\'^- 

• 

[1+?+? 

X     y     « 

h\"' 

17. 

«       X 

18. 

1  +  2  +  ? 

5-5  =  '- 

l  +  Uc. 
X    y 

«     X     y 

16, 

16, 
14. 


EXEBCISBS  Vn. 

Solve  the  following  systems  of  equations  by  the  methods  given  in  this 
chapter : 


1. 


3. 


5. 


7. 


9. 


22  X  -  46  y  =  126, 
25x4-69y  =  391. 
x-7     y-5_y 


x-1 ■ y-5 
2  3 


8. 


.2x+l_3y  +  2^ 
6  7  ^ 

4  6  ^ 


X 


+ 


y    >    1 


u+l      n  —  1      n  —  1 


X 


+ 


y    _     1 


n-l      n  +  1      n2-l 

2  a 

flx  H-  by  ■  &  +  1 

2  ^  &    ' 


2. 


6. 


8. 


10. 


f  aH  -  b^y  =  0, 


12. 


f  a(x  +  y)-6(x-y)=2a2, 
(aa  -  62)  (X  -  y)  =  4  a%. 


(2x+  7y     x+  7 
4  6 


4, 


2x  +  7y     x  +  7_n 
6  3      '""• 

2  6  ^' 

^^^-y^  =  x-y. 
7  2  ^ 

x-l_3 
y-1  4 
X  +  3  _  10 

I  y  +  3     13' 

(a+6)x+(a-6)y=a«4-6', 
(^a-V^x -V  C51-V  6)y = a«  -  6«. 


§4] 
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13. 


18. 


19. 


21. 


X  +  y  =  «  +  10, 
y  =  2  X  -  13, 
«  =  2y-  11. 


15. 


16. 


14.     \xz  =  S{x-\-z), 

[  xy  =  4  (X  +  y), 

.     ^8x±6j^^,7^,^^4x_f7, 
17  o 

22 -6y     5x--7_x4-l      8yH-5 
3  11  6  18     ' 

f  3xH-7yH-l      2x-3y-}-8_o 
6  3  "^' 

5x-7y-i-10     3x  +  2y  +  6_o 


17. 


3 
10 


9 


VJ J V 

2x  +  3y-29     7x-8y+24 

2xH-3y-29_7x-8y 

3 


=  8, 


4-8. 


'  i  («  +  ft  -  c)«  +  i  («  -  ^  +  c)y  =  «^  +  (ft  -  c)^ 
.  i  («  -  ^  +  c)x  +  i  («  +  &  +  c)y  =  a2  -  (6  -  c)^. 

/-  T.  •/  _  -  .    *i  —   ft 


n2-i    a2-l 


+ 


laHl    n'^+l 
xy 

X2r 


i^=aHn2-2. 


20. 


X  +  « 


=  6, 


22. 


(  y-^ _      10     _. y-i-6^ 
X  -  4     16  -  x'^     X  +  4* 

6        ,         3       _.  _  10, 
x2  —  3  X     Sy  —  xy        xy 

-  H =  a, 

X     y     z 

111^ 
X     y     z 


-^^-c 

y  +  «-''- 


1 

X 


1 
y 


i__ 

z  ~" 


(x-l)(4y  +  3)  =  (4x-8)(y  +  2), 
-^.        (x-2)(3«  +  l)  =  (3x-8)(5?+ 1), 
(y  +  l)(2  2;  +  3)  =  (2y+l)(«  +  2). 

xyz  =  a(y«  —  «x  —  xy)  =  6(«x  —  xy  —  y^)  =  c(xy  —  yz  —  zx). 

a:  +  ay  +  a'«  +  a*  =  0,  i  ax  -\-  by  +  cz  =  A, 


X  +  6y  +  62«  +  68  =  0, 
x  +  cy  +  c2«4-c8  =  0. 


ax  -\-  by  +  cz  =  A, 

'  a^x  +  b^y  +  c2«  =  ^2, 

a^x  +  6*y  +  c'«  =  -4*. 


2?  =  a  +  6  +  c, 

+  or  =  ex  +  ay  +  b«  =  0. 
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28. 


80. 


87. 


89. 


'  bx-^  ay  __ 
c 

cy  +  bz  _ 
a 

az  -\-  ex  _ 
b 


0-6 

(« 

-c)(6- 
b-c 

•c)' 

(6- 

-o)(c- 
e  —  a 

■«)• 

29. 


+ 


+ 


a-\-b    b—c    c-\-a 

_« y    ,    g 

a— 6    6— c    c— a 


a— 6    6— c 


(a-6)(c-6) 

{i-x)(2U-y)=z, 
(7-x)(124-2/)=2f,  81. 

(13  -  X)  (64  -y)=z. 

'  x  +  y-\-z  =  0, 
82.    j  (6  +  c)x  +  (c  +  a)y  +  (a  +  6)«  =  0, 
bcx  +  cay  +  aftsr  =  1. 


=2c, 
=2  a, 
=2  a-2c. 


c-^a 

(z  +  x)a  -  («  -  a;)6  =  2  y«, 
(«  +  2/)6  -  (x  —  y)c  =  2  aw, 
(y  +  si)c  —  (y  —  «)a  =  2  xy. 


88. 


5x  +  7?/-}-2     3x  +  4y  +  7_ 


X, 


84. 


7xH-3y  +  4     6x4-6y  +  7^ 
4  6  ^' 

4x-3y  +  19     x-2y  +  9_^ 
4  6  ' 

5x-4y  4-  21     3x--  2y-2  _  ,^ 


85.    <{ 


6 

8 


2x-3y+  17 
6 


9 
+  6x-8y  +  39  =  0, 

+  16  y  -  10  X  =  88i. 


86. 


2x-3?/  +  17 

'  (a  -  b)x  +  (6  -  c)y+(c  -  a)z  =  2(a2+  62+  c^-  aft  -  ac  -  6c), 
(a-  6)y +  (6  -  c)^?  +  (c  -  a)x  =  a6  +  ac  +  6c-a2-62-c^, 
X  +  y  +  «  =  0. 


y2f  +  X2r  +  xy  =  xyz, 
yu  +  xu  +  xy  =  xyw, 
«i<  4-  XM  +  X2r  =  XW2;, 
5rw  +  yw  +  y^j  =  wysr. 

x  +  y+2;H-w  =  16, 
x  +  yH-2f  +  t?  =  18, 
x  +  y  +  w  +  v  =  20, 
x+2?-f-w4-t?  =  22, 


88. 


40. 


f  a*  +  a«x  +  a^  +  a«  +  «  =  0, 
6*  +  68x  +  62y  +  6«  +  M  =  0, 
c*  +  c^x  +  c^y  +  c«  +  M  =  0, 

I  d*  +  d^x  +  d^y  +  dz-\-u  =  0. 

^2w-3«  =  2a-76  +  2c, 
t?  +  2  «  =  7  6, 
30+    y  =  3a  +  6  6, 
4y  —  2x  =  8a, 
^x  —  6u  =  a  —  66  — 6c. 


CHAPTER  XIV. 

PROBLEMS. 

1.  As  was  stated  in  Ch.  V.,  Art.  2  (ii.),  every  problem  which 
can  be  solved  must  contain  as  many  conditions,  expressed  or 
implied,  as  there  are  required  numbers.  In  solving  a  problem 
by  means  of  one  equation  in  one  unknown  number,  one  of  the 
required  numbers  was  usually  .taken  as  the  unknown  number 
of  the  equation.  All  but  one  of  the  conditions  of  the  problem 
were  used  to  express  the  other  required  numbers  in  terms  of 
the  one  selected  as  the  unknown  number.  The  remaining  con- 
dition furnished  the  equation  of  the  problem. 

But  a  problem  which  contains  more  than  one  condition  can 
be  solved  by  means  of  a  system  of  equations  in  which  the  un- 
known numbers  are  usually  the  required  numbers  of  the  prob- 
lem. Each  condition  then  furnishes  an  equation.  The  solution 
of  the  system  of  equations  thus  obtained  gives  the  solution  of 
the  problem,  if  the  conditions  of  the  latter  be  consistent. 

2.  We  will  first  solve  by  means  of  a  system  of  two  equations 
one  of  the  problems  which  was  solved  in  Ch.  V,  by  means  of 
one  equation  in  one  unknown  number. 

Pr.  1.  (Pr.  4,  Ch.  V.)  At  an  election  at  which  943  votes 
were  cast,  A  and  B  were  candidates.  A  received  a  majority 
of  65  votes.     How  many  votes  were  cast  for  each  candidate  ? 

Let  X  stand  for  the  number  of  votes  cast  for  A, 
and      y  for  the  number  of  votes  cast  for  B. 

Then,  by  the  first  condition, 

a;H-2/  =  943;  (1) 

and  by  the  second  condition, 

x-y  =  65.  ^ 
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Whence  x  =  504,  the  number  of  votes  cast-  for  A, 
y  =  439,  the  number  of  votes  cast  for  B. 

Had  we  substituted  the  value  of  y  obtained  from  (1),  namely 
943  —  Xj  for  y  in  (2),  we  should  have  obtained  the  equation  of 
the  solution  in  Ch.  V., 

X  -  (943  -x)  =  65. 

Pr.  2.  A  tank  can  be  filled  by  two  pipes.  If  the  first  be  left 
open  6  minutes,  and  the  second  7  minutes,  the  tank  will  be 
filled;  or  if  the  first  be  left  open  3  minutes,  and  the  second 
12  minutes,  the  tank  will  be  filled.  In  what  time  can  each 
pipe  fill  the  tank  ? 

Let  x  stand  for  the  number  of  minutes  it  takes  the  first  pipe 
to  fill  the  tank,  and  y  for  the  number  of  minutes  it  takes  the 
second  pipe.    Let  the  capacity  of  the  tank  be  represented  by  1. 

Then  in  1  minute  the  first  pipe  fills  -  of  the  tank,  and  in 

r  '^7 

6  minutes  -  of  the  tank ;  the  second  pipe  fills  -  of  the  tank 

X  y 

in  7  minutes.     Therefore,  by  the  conditions  of  the  problem, 

X     y  X      y 

Whence  x  =  10\,  y  =  17. 

EXERCISES  I. 

1.  Find  two  numbers  whose  sum  is  19  and  whose  difEerence  is  7. 

2.  If  one  number  be  multiplied  by  3  and  another  by  7,  the  sum  of  the 
products  will  be  58  ;  if  the  first  be  multiplied  by  7  and  the  second  by  3, 
the  sum  will  be  42.     What  are  the  numbers  ? 

3.  In  a  meeting  of  48  persons,  a  motion  was  carried  by  a  majority  of 
18.     How  many  persons  voted  for  the  motion  and  how  many  against  it? 

4.  If  one  of  two  numbers  be  divided  by  6  and  the  other  by  6,  the  sum 
of  the  quotients  will  be  52  ;  if  the  first  be  divided  by  8  and  the  second  by 
12,  the  sum  of  the  quotients  will  be  81.     What  are  the  numbers  ? 

5.  Find  two  numbers,  such  that  if  1  be  subtracted  from  the  first  and 
added  to  the  second  the  results  will  be  equal ;  while  if  6  be  subtracted 
from  tlie  first  and  the  second  be  subtracted  from  6,  these  results  will  also 

be  equal 
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6.  If  45  be  subtracted  from  a  number,  the  remainder  will  be  a  certain 
multiple  of  5 ;  but  if  the  number  be  subtracted  from  135,  the  remainder 
will  be  the  same  multiple  of  10.  What  is  the  number,  and  what  multiple 
of  5  is  the  first  remainder  ? 

7.  If  1  be  added  to  the  numerator  of  a  fraction,  the  resulting  fraction 
will  be  equal  to  J ;  but  if  1  be  added  to  the  denominator,  the  resulting 
fraction  will  be  equal  to  J.     What  is  the  fraction  ? 

8.  If  1  be  subtracted  from  the  numerator  and  denominator  of  a  cer- 
tain fraction,  the  resulting  fraction  will  be  equal  to  J  ;  but  if  1  be  added 
to  the  numerator  and  denominator  of  the  same  fraction,  the  resulting 
fraction  will  be  equal  to  J.     What  is  the  fraction  ? 

9.  A  said  to  B  :  "  Give  me  three-fourths  of  your  marbles  and  I  shall 
have  100  marbles."  B  said  to  A:  "Give  me  one-half  of  your  marbles 
and  I  shall  have  100  marbles."     How  many  marbles  had  A  and  B  ? 

10.  A  bag  contains  white  and  black  balls.    One-half  of  the  number  of 
.white  balls  is  equal  to  one-third  of  the  number  of  black  balls,  and  twice 

the  number  of  white  balls  is  6  less  than  the  total  number  of  balls.     How 
many  balls  of  each  color  are  there  ? 

11.  The  sum  of  two  numbers  is  47.  If  the  greater  be  divided  by  the  less, 
the  quotient  and  the  remainder  will  each  be  5.     What  are  the  numbers  ? 

12.  A  father  said  to  his  son :  "  After  3  years  I  shall  be  three  times  as 
old  as  you  will  be,  and  7  yeai*s  ago  I  was  seven  times  as  old  as  you  then 
were."     What  were  the  ages  of  father  and  son  ? 

13.  A  merchant  received  from  one  customer  $26  for  10  yards  of  silk 
and  4  yards  of  cloth ;  and  from  another  customer  $  23  for  7  yards  of 
silk  and  6  yards  of  cloth  at  the  same  prices.  What  was  the  price  of  the 
silk  and  of  the  cloth  ? 

14.  A  merchant  has  two  kinds  of  wine.  If  he  mix  9  gallons  of  the 
poorer  with  7  gallons  of  the  better,  the  mixture  will  be  worth  $  1.37  J  a 
gallon  ;  but  if  he  mix  3  gallons  of  the  poorer  with  5  gallons  of  the  better, 
the  mixture  will  be  worth  $  1.45  a  gallon.  What  is  the  price  of  each  kind 
of  wine  ? 

15.  A  man  has  a  gold  watch,  a  silver  watch,  and  a  chain.  The  gold 
watch  and  the  chain  cost  seven  times  as  much  as  the  silver  watch  ;  the 
cost  of  the  chain  and  half  the  cost  of  the  silver  watch  is  equal  to  three- 
tenths  of  the  cost  of  the  gold  watch.  If  the  chain  cost  $40,  what  was  the 
cost  of  each  watch  ? 

16.  A  and  B  make  a  purchase  for  §  48.  A  gives  all  of  his  money,  and 
B  three-fourths  of  his.  If  A  had  given  three-fourths  of  his  money  and  B 
all  of  his,  they  would  have  paid  $1.50  less.  How  much  money  had  A. 
and  B? 
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17.  A  mechanic  and  an  apprentice  together  receive  $40.  The  me- 
chanic works  7  days  and  the  apprentice  12  days ;  and  the  mechanic  earns 
in  3  days  $7  more  than  the  apprentice  earns  in  6  days.  What  wages 
does  each  receive? 

18.  I  have  7  silver  balls  equal  in  weight  and  12  gold  balls  equal  In 
weight.    If  I  place  3  silver  balls  in  one  pan  of  a  balance  and  5  gold  balls 
in  the  other,  I  must  add  to  the  gold  balls  7  ounces  to  maintain  equilibrium. 
If  I  place  in  one  pan  4  silver  balls  and  in  the  other  7  gold  balls,  the  balance, 
is  in  equilibrium.    What  is  the  weight  of  each  gold  and  of  each  sQver  ball  ? 

19.  A  tank  has  two  pumps.  If  the  first  be  worked  2  hours  and  the 
second  3  hours,  1020  cubic  feet  of  water  will  be  discharged.  But  if  the 
first  be  worked  1  hour  and  the  second  2J  hours,  690  cubic  feet  of  water 
will  be  discharged.  How  many  cubic  feet  of  water  can  each  pump  dis- 
charge in  one  hour  ? 

20.  It  was  intended  to  distribute  $  25  among  a  certain  number  of  the 
poor,  each  adult  to  receive  ^2.60  and  each  child  75  cents.  But  it  was 
found  that  there  were  3  more  adults  and  6  more  children  than  was  at  first 
supposed.  Each  adult  was  therefore  given  $  1.75  and  each  child  50  cents. 
How  many  adults  and  how  many  children  were  there  ? 

21.  A  man  ordered  a  wine-merchant  to  fill  two  casks  of  different  sizes 
with  wine,  one  at  §  1.20  and  the  other  at  $  1.50  a  quart,  paying  .$  88.50  for 
both  casks  of  wine.  By  mistake  the  casks  were  interchanged,  so  that  the 
purchaser  received  more  of  the  cheaper  wine  and  less  of  the  dearer.  The 
merchant  therefore  returned  to  him  ^1.50.  How  many  quarts  did  each 
cask  hold  ? 

22.  A  and  B  jointly  contribute  $  10,000  to  a  business.  A  leaves  his 
money  in  the  business  1  year  and  3  months,  and  B  his  money  2  years  and 
•11  months.     If  their  profits  be  equal,  how  much  does  each  contribute  ? 

23.  A  merchant  sold  12  gallons  from  each  of  two  full  casks  of  wine,  and 
then  found  that  the  larger  contained  twice  as  much  as  the  smaller.  After 
he  had  sold  more  wine  from  both  casks,  he  found  that  each  one  contained 
one- third  of  its  original  capacity.  If  he  had  then  added  4  gallons  of  wine 
to  each  cask,  the  contents  of  the  smaller  would  have  been  three-fourths  of 
the  contents  of  the  larger.     What  was  the  capacity  of  each  cask  ? 

24.  One  boy  said  to  another:  "Give  me  5  of  your  nuts,  and  I  shall 
have  three  times  as  many  as  you  will  have  left."  "No,**  said  the  other, 
"  give  me  2  of  your  nuts,  and  I  shall  have  five  times  as  many  as  you  will 
have  left."     How  many  nuts  had  each  boy  ? 

25.  A  father  has  two  sons,  one  4  years  older  than  the  other.  After  2 
years  the  father's  age  will  be  twice  the  joint  ages  of  his  sons ;  and  6  years 
as'o  his  age  was  six  times  the  joint  ages  of  his  sons.    How  old  is  the  father 

and  each  of  his  sons  ? 
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26.  If  a  number  of  two  digits  be  divided  by  the  sum  of  the  digits,  the 
quotient  will  be  7.  If  the  digits  be  interchanged,  the  resulting  number 
will  be  less  than  the  original  number  by  27.     What  is  the  number  ? 

27.  A  man  walks  26  miles,  first  at  the  rate  of  3  miles  an  hour,  and  later 
at  the  rate  of  4  miles  an  hour.  If  he  had  walked  4  miles  an  hour  when  he 
walked  3,  and  3  miles  an  hour  when  he  walked  4,  he  would  have  gone  4 
miles  further.  How  far  would  he  have  gone,  if  he  had  walked  4  miles  an 
hour  the  whole  time  ? 

28.  Two  trains  leave  different  cities,  which  are  650  miles  apart,  and  run 
toward  each  other.  If  they  start  at  the  same  time,  they  will  meet  after  10 
hours ;  but  if  the  first  start  4J  hours  earlier  than  the  second,  they  will 
meet  8  hours  after  the  second  train  starts.  What  is  the  speed  of  each 
train  ? 

29.  If  the  base  of  a  rectangle  be  increased  by  2  feet,  and  the  altitude  be 
diminished  by  3  feet,  the  area  will  be  diminished  by  48  square  feet.  But 
if  the  base  be  increased  by  3  feet,  'and  the  altitude  be  diminished  by  2  feet, 
the  area  will  be  increased  by  6  square  feet.  Find  the  base  and  the  alti- 
tude of  the  rectangle. 

80.  A  number  of  three  digits  is  in  value  between  400  and  500,  and  the 
sum  of  its  digits  is  9.  If  the  digits  be  reversed,  the  resulting  number  will 
be  {^  of  the  original  number.     What  is  the  number  ? 

81.  The  report  of  a  cannon  travels  with  the  wind  344.42  yards  a  second, 
and  against  the  wind  335.94  yards  a  second.  What  is  the  velocity  of  the 
report  in  still  air,  and  what  is  the  velocity  of  the  wind  ? 

82.  Two  messengers,  A  and  B,  travel  toward  each  other,  starting  from 
two  cities  which  are  805  miles  distant  from  each  other.  If  A  start  5} 
hours  earlier  than  B,  they  will  meet  6 J  hours  after  B  starts.  But  if  B 
start  5}  hours  earlier  than  A,  they  will  meet  5|  hours  after  A  starts.  At 
what  rates  do  A  and  B  travel  ? 

88.  Each  of  two  servants  waa  to  receive  $  160,  a  dress,  and  a  pair  of 
shoes  for  one  year's  services.  One  servant  left  after  8  months,  and  re- 
ceived the  dress  and  .$  106 ;  the  other  servant  left  after  9J  months,  and 
received  a  pair  of  shoes  and  $  142.  What  was  the  value  of  the  dress,  and 
of  the  pair  of  shoes  ? 

84.  On  the  eve  of  a  battle,  one  army  had  5  men  to  every  6  men  in  the 
other.  The  first  army  lost  14,000  men,  and  the  second  lost  6000  men. 
The  first  army  then  had  2  men  to  every  3  men  in  the  other.  How  many 
men  were  there  originally  in  each  army  ? 

86.   If  the  sum  of  two  numbers,  each  of  three  digits,  be  increased  by  1, 
the  result  will  be  1000.     If  the  greater  be  placed  on  the  left  of  llv^  \^^%»> 
and  a  decimal  point  be  placed  between  them,  ihe  te&\3Xx\vi%tLWX!^^x^N 
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six  times  the  number  obtained  by  placing  the  smaller  number  on  the  left 
of  the  greater,  with  a  decimal  point  between  them.  What  are  the  num< 
bers? 

36.  A  vessel  sails  110  miles  with  the  current  and  70  miles  against  the 
current  in  10  hours.  On  a  second  trip,  it  sails  88  miles  with  the  current 
and  84  miles  against  the  current  in  the  same  time.  How  many  miles  can 
the  vessel  sail  in  still  water  in  one  hour,  .and  what  is  the  speed  of  the 
current  ? 

37.  A  and  B  run  a  race  of  400  yards.  In  the  first  heat  A  gives  B  a 
start  of  20  seconds,  and  wins  by  60  yards.  In  the  second  heat  A  gives  B 
a  start  of  125  yards,  and  wins  by  5  seconds.  What  is  the  speed  of  each 
runner  ? 

38.  A  merchant  had  two  casks  containing  different  quantities  of  wine. 
He  j)oured  from  the  first  cask  into  the  second  as  much  wine  as  was  in  the 
second  ;  next  he  poured  from  the  second  cask  into  the  first  as  much  wine 
as  was  left  in  the  first ;  finally  he  poured  from  the  first  cask  into  the  sec- 
ond as  much  wine  as  was  left  in  the  second.  Each  cask  then  contained  80 
quarts.     How  many  gallons  did  each  cask  originally  contain  ? 

39.  A  and  B  formed  a  partnership.  A  invested  .$20,000  of  his  own 
money  and  $5000  which  he  borrowed;  B  invested  $22,000  of  his  own 
money  and  $  8000  which  he  borrowed  at  the  same  rate  of  interest  as  was 
paid  by  A.  At  the  end  of  a  year,  A's  share  in  the  profits  amounted  to 
$  1750  more  than  the  interest  on  his  $5000,  and  B's  share  to  $2000  more 
than  the  interest  on  his  $  8000.  What  rate  per  cent  interest  did  they  pay, 
and  what  rate  per  cent  did  they  realize  on  their  investments  ? 

40.  Two  bodies  move  along  the  circumference  of  a  circle  in  the  same 
direction  from  two  different  points,  the  shorter  distance  between  which, 
measured  along  the  circumference,  is  160  feet.  One  body  will  overtake 
the  other  in  32  seconds,  if  they  move  in  one  direction  ;  or  in  40  seconds,  if 
they  move  in  the  opposite  direction.  While  the  one  goes  once  around  the 
circumference,  the  distance  passed  over  by  the  other  exceeds  the  circum- 
ference by  45  feet.  What  is  the  circumference  of  the  circle,  and  at  what 
rates  do  the  bodies  move  ? 

41.  A  number  of  workmen,  who  receive  the  same  wages,  earn  together 
a  certain  sum.  Had  there  been  7  more  workmen,  and  had  each  one  re- 
ceived 25  cents  more,  their  joint  earnings  would  have  increased  by  ^  18.65. 
Had  there  been  4  fewer  workmen,  and  had  each  one  received  15  cents 
less,  their  joint  earnings  would  have  decreased  by  $9.20.  How  many 
workmen  are  there,  and  how  much  does  each  one  receive  ? 

42.  A  courier  rode  from  A  toward  S,  which  is  64  miles  distant  from  A. 
IV ve  hours  after  his  departure,  a  aecowOi  co\xt\^^  «ta.rted  from  B  and  rode 
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toward  A,  The  couriers  met  7  hours  after  the  second  courier  started.  If 
the  second  courier  had  started  from  B  2  hours  before  the  first  started 
from  A,  they  would  have  met  8  hours  after  the  second  courier  started. 
At  what  rate  did  each  courier  ride  ? 

48.  A  farmer  has  enough  feed  for  his  oxen  to  last  a  certain  number  of 
days.  If  he  were  to  sell  76  oxen,  his  feed  would  last  20  days  longer.  If, 
however,  he  were  to  buy  100  oxen,  his  feed  would  last  15  days  less.  How 
many  oxen  has  he,  and  for  how  many  days  has  he  enough  feed  ? 

44.  An  alloy  of  tin  and  lead,  weighing  40  pounds,  loses  4  pounds  in 
weight  when  immersed  in  water.  Find  the  amount  of  tin  and  lead  in  the 
alloy,  if  10  pounds  of  tin  lose  If  pounds  when  immersed  in  water,  and  6 
pounds  of  lead  lose  .375  of  a  pound. 

46.  Two  men  were  to  receive  $  96  for  a  certain  piece  of  work,  which 
they  could  do  together  in  30  days.  After  half  of  the  work  was  done,  one 
of  them  stopped  for  8  days,  and  tlitn  the  other  stopped  for  4  days.  They 
finally  completed  the  work  in  35J  days.  How  many  dollars  should  each 
one  receive,  and  in  what  time  could  each  one  have  done  the  work  alone  ? 

46.  Two  boys,  A  and  B,  run  a  race  from  P  to  §  and  return.  A,  the 
faster  runner,  on  his  return  meets  B  90  feet  from  Q,  and  reaches  P  3 
minutes  ahead  of  B.  If  he  had  run  again  to  Q,  he  would  have  met  B  at  a 
distance  from  P  equal  to  one-sixth  of  the  distance  from  P  to  Q.  How 
far  is  Q  from  P,  and  how  long  did  it  take  B  to  run  from  P  to  Q  and 
return  ? 

47.  It  took  a  certain  number  of  workmen  6  hours  to  carry  a  pile  of 
stones  from  one  place  to  another.  Had  there  been  2  more  workmen,  and 
had  each  one  carried  4  pounds  more  at  each  trip,  it  would  have  taken 
them  1  hour  less  to  complete  the  work.  Had  there  been  3  fewer  workmen, 
and  had  each  one  carried  5  pounds  less  at  each  trip,  it  would  have  taken 
them  2  hours  longer  to  complete  the  work.  How  many  workmen  were 
there,  and  how  many  pounds  did  each  one  carry  at  every  trip  ? 

48.  Three  carriages  travel  from  A  to  B.  The  second  carriage  travels 
every  4  hours  1  mile  less  than  the  first,  and  is  4  hours  longer  in  mfiking 
the  journey.  The  third  carriage  travels  every  3  hours  If  miles  more  than 
the  second,  and  is  7  hours  less  in  making  the  journey.  How  far  is  B  from 
A,  and  how  many  hours  does  it  take  each  carriage  to  make  the  journey  ? 

49.  Water  enters  a  basin  through  one  pipe  and  is  discharged  through 
another.  Through  the  first  pipe  four  more  gallons  enter  the  basin  every 
minute  than  is  discharged  through  the  second.  When  the  basin  is  empty, 
both  pipes  are  opened,  the  first  one  hour  earlier  than  the  second,  and 
after  a  ceitain  time  the  basin  contains  1700  gallons.  The  pipe  through 
which  water  enters  is  then  closed,  and  after  one  \\OMt  \a  ^«a\\  ^\)^w^^.   W 
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both  pipes  be  then  left  open  for  as  long  a  time  as  they  were  open  together 
in  the  former  case,  the  basin  will  contain  880  gallons.  In  what  time  can 
the  one  pipe  fill  the  basin  and  the  other  empty  it  ? 

60.  A  body  moves  with  a  uniform  velocity  from  a  point  ^  to  a  point  B, 
which  is  328  feet  distant  from  A^  and  without  stopping  returns  at  the  same 
rate  from  B  to  A.  A  second  body  leaves  B  13  seconds  after  the  first 
leaves  A^  and  moves  toward  A  with  a  uniform  but  less  velocity  than  the 
velocity  of  the  first.  The  first  body  meets  the  second  10  seconds  after  the 
latter  starts,  and  on  returning  to  A  overtakes  the  second  body  45  seconds 
after  the  latter  starts.    What  is  the  velocity  of  each  body  ? 

61.  A  fox  pursued  by  a  dog  is  60  of  her  own  leaps  ahead  of  the  dog. 
The  fox  makes  9  leaps  while  the  dog  makes  6,  but  the  dog  goes  as  far  in 
3  leaps  as  the  fox  goes  in  7.  How  many  leaps  does  each  make  before  the 
dog  catches  the  fox  ? 

62.  The  sum  of  the  three  digits  of  a  number  is  14  ;  the  sum  of  the  first 
and  the  third  digit  is  equal  to  the  second  ;  and  if  the  digits  in  the  units' 
and  in  the  tens'  place  be  interchanged,  the  resulting  number  will  be  less 
than  the  original  number  by  18.     What  is  the  number  ? 

63.  The  sum  of  the  ages  of  A,  B,  and  C  is  69  years.  Two  years  ago 
B's  age  was  equal  to  one-half  of  the  sum  of  the  ages  of  A  and  C,  and  10 
years  hence  the  sum  of  the  ages  of  B  and  C  will  exceed  A's  age  by  31 
years.     What  are  the  present  ages  of  A,  B,  and  C  ? 

54.  The  total  capacity  of  three  casks  is  1440  quarts.  Two  of  them  are 
full  and  ()ne  is  empty.  To  fill  the  empty  cask  it  takes  all  the  contents  of 
the  first  and  one-fifth  of  the  contents  of  the  second,  or  the  contents  of  the 
second  and  one-third  of  the  contents  of  the  first.  What  is  the  capacity  of 
each  cask  ? 

55.  Three  brothers  wished  to  buy  a  house  worth  $  70,000,  but  none  of 
them  had  enough  money.  If  the  oldest  brother  had  given  the  second 
brother  one-third  of  his  money,  or  the  youngest  brother  one-fourth  of  his 
money,  each  of  the  latter  would  then  have  had  enough  money  to  buy  the 
house.  But  the  oldest  brother  borrowed  one-half  of  the  money  of  the 
youngest  and  bought  the  house.     How  much  money  had  each  brother  ? 

66.  The  sum  of  the  three  digits  of  a  number  is  9.  The  digit  in  the 
hundreds'  place  is  equal  to  ono-tnghth  of  the  number  composed  of  the 
two  other  digits,  and  the  digit  in  the  units'  place  is  equal  to  one-eighth  of 
the  number  composed  of  the  two  other  digits.     What  is  the  number  ? 

67.  Find  the  contents  of  three  vessels  from  the  following  data :  If  the 
first  be  filled  with  water  and  the  second  be  filled  from  it,  the  first  will 
then  contain  two-thirds  of  its  original  contents ;  if  from  the  first,  when 

ftUI,  the  third  be  filled,  the  first  w\VV  tVi^xi  coxiUlu  five-ninths  of  its  origi- 
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nal  contents ;  finally,  if  from  the  first,  when  full,  the  second  and  third  be 
filled,  the  first  will  then  contain  8  gallons. 

68.  Three  boys  were  playing  marbles.  A  said  to  B :  **  Give  me 
6  marbles,  and  I  shall  have  twice  as  many  as  you  will  have  left."  B  said 
to  C :  *^  Give  me  13  marbles,  and  I  shall  have  three  times  as  many  as 
you  will  have  left."  C  said  to  A  :  *'  Give  me  3  marbles,  and  I  shall  have 
six  times  as  many  as  you  will  have  left."  How  many  marbles  did  each 
boy  have  ? 

69.  Three  cities,  -4,  B,  and  O,  are  situated  at  the  vertices  of  a  triangle. 
The  distance  from  ^  to  C  by  way  of  ^  is  82  miles,  from  B  to  Ahy  way 
of  C  is  97  miles,  and  from  O  to  5  by  way  of  A  is  89  miles.  How  far 
are  A,  B^  and  C  from  one  another  ? 

60.  A  father's  age  is  twenty-one  times  the  difference  between  the  ages 
of  his  two  sons.  Six  years  ago  his  age  was  six  times  the  sum  of  his  sons' 
ages,  and  two  years  hence  it  will  be  twice  the  sum  of  their  ages.  Find 
the  ages  of  the  father  and  his  two  sons. 

61.  A  regiment  of  600  soldiers  is  quartered  in  a  four-story  building. 
On  the  first  fioor  are  twice  as  many  men  as  are  on  the  fourth ;  on  the 
second  and  third  are  as  many  men  as  are  on  the  first  and  fourth  ;  and  to 
every  7  men  on  the  second  there  are  5  on  the  third.  How  many  men  are 
quartered  on  each  fioor  ? 

62.  The  sura  of  the  three  digits  of  a  number  is  9.  If  198  be  added  to 
the  number,  the  digits  of  the  resulting  number  are  those  of  the  given 
number  written  in  reverse  order.  Two-thirds  of  the  digit  in  the  tens' 
place  is  equal  to  the  difference  between  the  digits  in  the  units'  and  in  the 
hundreds'  place.     What  is  the  number  ? 

63.  Four  men  are  to  do  a  piece  of  work.  A  and  B  can  do  the  work  in 
10  days,  A  and  C  in  12  days,  A  and  D  in  20  days,  and  B,  C,  and  D  in 
71  days.  In  how  many  days  can  each  man  do  the  work,  and  in  how 
many  days  can  they  all  together  do  the  work  ? 

64.  The  year  in  which  printing  was  invented  is  expressed  by  a  number 
of  four  digits,  whose  sum  is  14.  The  tens*  digit  is  one-half  of  the  units' 
digit,  and  the  hundreds'  digit  is  equal  to  the  sum  of  the  thousands'  and 
the  tens'  digit.  If  the  digits  be  reversed,  the  resulting  number  will  be 
equal  to  the  original  number  increased  by  4905.  In  what  year  was  print- 
ing invented  ? 

Diacuasion  of  Solutions. 

3.  Pr.  1.  A  merchant  has  two  kinds  of  tea  ;  the  first  is  worth  a  cents 
a  pound,  and  the  second  b  cents  a  pound.  How  much  of  each  kind  muat 
be  taken  to  make  a  mixture  of  one  pound  worth  c  eeTv\&'{ 
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Let  z  stand  for  the  part  of  a  pound  of  the  first  kind,  and  y  for  the  part 
of  a  pound  of  the  second  kind. 

Then,  by  the  first  condition,      x  +  y  =  1;  (1) 

and  by  the  second  condition,      ax  -\-  by  =  c,  (2) 

Whence  x  =  ^-^^,      y  =  ^  ""  ^ 


a  —  6  a  —  h 

(i.)  If  a  >  c  >  6,  the  values  of  x  and  y  are  both  positive,  and  the  solu- 
tion satisfies  the  conditions  of  the  problem.  Thus,  if  a  =  100,  h  =  75,  and 
c  =  85,  we  have  x  =  |,  y  =  f . 

If  a  <  c  <  6,  then  x  and  y  are  both  positive,  and  satisfy  the  conditions 
of  the  problem.  That  is,  if  the  value  of  the  pound  of  mixture  be  inter- 
mediate between  the  values  of  a  pound  of  each  of  the  two  kinds,  a  definite 
solution  is  always  possible. 

(ii.)  If  c> a  >  6,  then  x  will  be  positive  and  y  negative.  The  solution 
does  not  satisfy  the  conditions  of  the  problem.  Thus,  if  a  =  100,  b  =  75, 
c  =  110,  we  obtain  x  =  J,  y  =  —  J. 

It  is  evident  that  a  one-pound  mixture  of  two  kinds  of  tea  which  is 
worth  more  than  either  kind  cannot  be  made. 

(iii.)  If  a  =  6  =  c,  then  x  =  J,  y  =  %.  This  solution  shows  that  the 
conditions  of  the  problem  may  be  satisfied  in  an  indefinite  number  of 
ways.  It  is  evident  that  a  one-pound  mixture  of  two  kinds  of  tea,  that 
are  the  same  in  price,  can  be  made  in  any  number  of  ways,  if  the  mixture 
be  the  same  in  price. 

(iv.)   If  a  =  6,  and  a  ^  c^  then  x  =  oo  and  y  =  oo. 

This  solution  does  not  satisfy  the  conditions  of  the  problem,  since 
X  and  y  must  be  finite  proper  fractions.  It  is  also  evident  that  a  one- 
pound  mixture  of  two  kinds  of  tea  which  are  the  same  in  price  cannot 
be  made,  if  the  mixture  is  to  be  of  a  different  price. 

EXEBCISEb  II. 

Solve  the  following  problems,  and  discuss  the  results : 

1.  If  an  alloy  of  two  kinds  of  silver  be  made,  and  a  ounces  of  the  first 
be  taken  with  b  ounces  of  the  second,  the  mixture  will  be  worth  m  doUare 
an  ounce.  If  b  ounces  of  the  first  be  taken  with  a  ounces  of  the  second, 
the  mixture  will  be  worth  n  dollars  an  ounce.  How  much  is  an  ounce  of 
each  kind  of  silver  worth  ? 

2.  Two  bodies  are  separated  by  a  distance  of  d  yards.  If  they  move 
toward  each  other  with  different  velocities,  they  will  meet  after  m  seconds ; 
but  if  they  both  move  in  the  same  direction,  the  one  will  overtake  the 

other  after  n  seconds.     With  wViat  ve\oc\\.\^^  do  tke  bodies  move  ? 


CHAPTER  XV. 
htdeterminate  linear  equations. 

1.  An  Indeterminate  Equation  was  defined  in  Ch.  XIII.,  §  1,  Art.  1, 
as  an  equation  which  has  an  indefinite  number  of  solutions  ;  as  x  +  y  =  5. 

An  Indeterminate  System  is  a  system  of  equations  which  has  2iSi  in- 
definite number  of  solutions. 

Thus,  if  the  system  x  -\-  y  —  z  =  9, 

2x-y-\-7z  =  SS, 

be  solved  for  x  and  y,  we  obtain 

X  =  H  —  2 z^  y=zSz  —  6, 

In  these  values  of  x  and  y  we  may  assign  any  value  to  z,  and  obtain 
corresponding  values  of  x  and  y. 

Evidently  the  number  of  solutions  will  be  more  limited  if  only  positive 
integral  values  of  the  unknown  numbers  are  admitted. 

In  this  chapter  we  shall  consider  a  simple  method  of  solving  in  positive 
integers  linear  indeterminate  equations  and  systems. 

2.  Ex.   Solve  4  a;  +  7  y  =  94,  in  positive  integers. 
Solving  for  a,  which  has  the  smaller  coeflBcient,  we  obtain 

4  *  4 

or  a;  -  23  +  2/  =  ^  ~  '"^  •^. 

4 

Since  x  and  y  are  to  be  integers, '—^  must  be  an  integer ;  that  is, 

4 

y  must  have  such  a  value  that  2  —  32/  shall  be  divisible  by  4. 

X   *  2  —  3  V 

Let  ^  =  m,  an  mteger. 

Then  y  =  —^ — —^  an  inconvenient  form  from  which  to  determine  in- 

3  2  —  3  w 

tegral  values  of  y.    But  since  the  expression «^  is  to  be  an  integer, 

4 

any  multiple  of  it  will  be  an  integer.    We  therefore  m\i\U^Vs  \\i&  xix^xcvKt^ 
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tor  by  the  least  number  which  will  make  the  coefficient  of  y  one  more 
than  a  multiple  of  the  denominator,  i.e.,  by  3.     We  then  have 

— — -^  =  1  —  2y-\ —s^,  an  mteger^ 

4  4 

Therefore,  as  above,       ""  ^  =  m,  an  integer. 

4 

Whence  y  =  2  —  4  m.  (2) 

Then,  from  (1)  and  (2),     x  =  20  +  7  w.  (3) 

Any  integral  value  of  m  will  give  to  x  and  y  integral  values. 
But  since  y  is  to  be  positive^         m  <  1 ; 
and,      since  x  is  to  be  positive^         m  >  —  3. 

Therefore  the  only  admissible  values  of  m  are  0,  —  1 ,  —  2. 
When  ?7i  =  0,  a;  =  20,     i/  =    2  ; 

m=— 1,  X  =  13,     y  =    6  ; 

7>i  =  —  2,  ic  =    6,     y  =  10. 

In  solving  a  system  of  ixoo  linear  equations  in  three  unknown  numbers, 
we  first  eliminate  one  of  the  unknown  numbers,  and  apply  to  the  result- 
ing equation  the  preceding  method. 

3.  Pr.  A  party  of  20  people,  consisting  of  men,  women,  and  children, 
pay  a  hotel  bill  of  $  67.  Each  man  pays  -f  5,  each  woman  $  4,  and  each 
child  $1.50.  How  many  of  the  company  are  men,  how  many  women, 
and  how  many  children  ? 

Let  X  stand  for  the  number  of  men, 
y  for  the  number  of  women, 

z  for  the  number  of  children. 

Then,  by  the  conditions  of  the  problem, 

x  +  ?/  +  2r  ^  20,  (1) 

5a:  +  4r/  +  f2:  =  67.  (2) 

Eliminating  2,  we  obtain        7  jc  +  5  ?/  =  74. 

Whence  y  =  ZIzlIJE  =  14  -  a;  +  luliE.  (3) 

4  —  2  a* 
Since  x  and  y  are  to  be  integers,  must  be  an  integer,  and  there- 
fore 

5  5  5 


must  be  an  integer.     Finally,  let 

2  -  X 


=  m,  an  integer. 
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Whence  x  =  2  —  5  m.  (4) 

Then,  from  (3)  and  (4),       y  =  12  +  7  w ;  (5) 

and  from  (1),  (4),  and  (5),      «  =  6  -  2  w.  (6) 

Since  x,  y,  and  z  are  to  be  positive,  we  have  : 

from  (4),  w <  1 ;  from  (5),  w >—  2. 

Therefore  the  only  admissible  values  of  m  are  —  1,  and  0. 

When  »n  =  0,  x  =  2,  y  =  12,  z  =  6; 

»n  =  —  1,        X  =  7,  y  =   5,  2?  =  8. 

Consequently  the  company  may  have  consisted  of  2  men,  12  wom6n, 
6  children  ;  or  of  7  men,  5  women,  and  8  children. 

4.  Not  every  linear  indeterminate  equation  can  be  solved  in  positive 
integers. 

The  general  form  of  such  an  equation  is  evidently  ax-\-by  =  c,  wherein 
a,  6,  and  c  are  integers. 

If  a  and  b  havd  a  common  factor,  /  say,  then  a  —fa',  h  =fh',  wherein 
a'  and  b'  are  integers.    The  equation  may  then  be  written 

fa'x  +  fb'y  =  c,  or  a'x  +  b'y  =  ^. 

Since  a'  and  6'  are  integers,  -  must  be  an  integer,  if  x  and  y  are  to 
have  integral  values ;  that  is,  /  must  be  also  a  factor  of  c.     Therefore, 

$ 

(i.)  The  linear  indeterminate  equation  ax-\-by  =  c  cannot  be  solved 
in  positive  integers  if  a  and  b  have  a  common  factor^  which  is  not  a 
factor  of  c. 

E.g.,  2x  —  4y  =  6  cannot  be  solved  in  positive  integers. 

We  can  infer  at  once  that 

(ii.)  If  a  and  b  are  positive  and  c  negative,  the  equation  ax  -\-  by  ==  c 
cannot  be  solved  in  positive  integers. 

For  ax  -hby  would  then  be  positive  and  could  not  be  equal  to  c,  a 
negative  number. 

^.flr.,2x  +  5y  =  —  6  cannot  be  solved  in  positive  integers. 

The  case  in  which  a  and  6  are  negative  and  c  positive  is  evidently 
included  in  (ii.). 

We  therefore  conclude  that 

(ill.)  The  linear  indeterminate  equation  ax  •\-  by  =  c  can  be  solved  in 
positive  integers  only  when  a,  6,  and  c  are  all  positive,  or  when  a  and  b 
have  opposite  signs;  and  when,  in  both  cases,  a  and  b  do  not  have  a  com- 
mon f<Ktor  which  is  not  also  a  factor  of  c. 
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But  even  when  the  conditions  given  in  (iii.)  are  satisfied,  a  solution  in 
positive  integers  is  not  always  possible. 

Tlius,  the  equation  7  x  -\-  9y  =  15  cannot  be  thus  solved.  For  the 
least  possible  positive  integral  values  of  x  and  y  are  1  and  1.  But  these 
give  7  x  +  9  y  =  16  :^  15. 

EXERCISES. 
Solve  in  positive  integers  ; 

I.   x-\-y  =  10.  2.    2x-f- 3y  =  25.  8.   5x+7y  =  52. 

4.    5  X  +  8  y  =  29.  6.    3  aj  +  5  y  =  10.  6.    12  x  +  13  y  =  175. 

7.    25x+15y  =  215.         8.   5x+13y  =  229.  9.    34 x  +  89  y  =  407. 

(Sx-{-Sy^2z=zS, 


10. 


x-\-Sy-\-bz  =  ii, 

11. 
3x+5y+72  =  68. 


T  x-2y  ^     z=z8. 


Solve  in  least  positive  integers : 

12.  91x-221y  =  0.         18.    3x-6y  =  l.  14.    17x-lly  =  86. 
16.    89x-144y  =  l.         16.    14x  +  49y=133.       17.   67  x  -  43  y  =  5. 

18.  Divide  1000  into  two  parts  so  that  one  part  shall  be  a  multiple  of 

13,  and  the  other  a  multiple  of  53. 

19.  What  positive  integers  when  divided  by  4  give  a  remainder  3,  and 
when  divided  by  5  give  a  remainder  4  ? 

20.  Divide  y^/y  into  two  fractions  with  denominators  13  and  9  respec- 
tively. 

21.  A  farmer  received  $  16  for  a  number  of  turkeys  and  chickens.  If 
he  was  paid  $  2  for  each  turkey  and  $ .  75  for  each  chicken,  how  many  of 
each  did  he  sell  ? 

22.  A  gardener  has  fewer  than  1000  trees.  If  he  plants  then!i  in  rows 
of  37  each,  he  will  have  8  left ;  but  if  he  plants  them  in  a  different  num- 
ber of  rows  of  43  each,  he  will  have  11  left.     How  many  trees  has  he? 

23.  A  wheel  with  17  teeth  meshes  in  a  wheel  with  13  teeth.  After 
how  many  revolutions  of  each  wheel  will  each  tooth  occupy  its  original 
position  ? 

24.  A  said  to  B  :  "  If  I  had  eight  times  as  much  money  as  I  now  have^ 
and  you  had  seven  times  as  much  money  as  you  now  have,  and  I  werett 
give  you  $1,  we  should  have  equal  amounts."  How  many  dollars  lurfj 
each  ? 


CHAPTER   XVL 

EVOLUTION. 

§1.     DEFINITIONS  AND  PRINCIPLES. 

1.  A  qth  Root  of  a  number  or  an  expression  is  a  number  or 
an  expression  whose  gth  power  is  equal  to  the  given  one. 

E.g.,  since  (-|-5)^  =  2o  and  (--5)^  =  25,  therefore  -\- 5  and 
—  5  are  second  roots  of  25.  The  statement,  +  5  and  —  5,  is 
usually  written   ±  5. 

Since  (a  +  6)^  =  a^  -|-  3  a^b  +  Sab^-\-  b%  therefore  a  -f-  &  is  a 
third  root  of  a^  +  3  a^b  -\-3ab^  +  b\ 

A  second  root  of  a  number  is  usually  called  a  square  root; 
and  a  f/ii?'d  root  a  cube  root. 

2.  It  follows  from  the  definition  of  a  root  that  a  qth  root  of 
a  number  is  one  of  q  equal  factors  of  the  number. 

Thus,  either  +3  or  —  3  is  one  of  two  equal  factors  of  9. 

3.  The  Radical  Sign,  -y/,  is  used  to  denote  a  root,  and  is  placed 
before  the  number  or  expression  whose  root  is  to  be  found. 

The  Radlcand  is  the  number  or  expression  whose  root  is 
required. 

The  Index  of  a  root  is  the  number  which  indicates  what  root 
of  the  radicand  is  to  be  found,  and  is  written  over  the  radical 
sign.     The  index  2  is  usually  omitted. 

E.g.,  -1/9,  or  ^9,  denotes  a  second,  or  square  root  of  9 ;  the 
radicand  is  9,  and  the  index  is  2. 

4.  A  vinculum  is  often  used  in  connection  with  the  radical 
sign  to  indicate  what  part  of  an  expression  following  the  sign 
is  affected  by  it. 

E.g.,  ^9  + 16  means  the  sum  of  ^9  and  16,  while  V9  4- 16 
means  a  square  root  of  the  sum  9  + 16.    Likft^\&^  -^of  >*  >^ 
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means  the  product  of  -^(^  and  h\  while  Va'  x  h^  means  a  cube 
root  of  a^h^. 

Parentheses  may  be  used  instead  of  the  vinculum  in  connec- 
tion with  the  radical  sign ;  as  ^(9  -h  16)  for  V9  -h  16. 

5.  Like  and  Unlike  Roots.  — Two  roots  are  said  to  be  like  or 
unlike  according  as  their  indices  are  equal  or  unequal^  whether 
or  not  their  radicands  are  equal. 

E.g.,  ^a,  -y/h,  are  like  roots ;  ^a,  -y/a,  are  unlike  roots. 

6.  In  this  chapter  we  shall  consider  only  roots  of  numbers 
which  are  powers  with  exponents  equal  to  or  multiples  of  the 
indices  of  the  required  roots ;  as  ^1^,  =  V'^^  ■\^^^  ^a*«. 

An  Even  Root  is  one  whose  index  is  even;  as  ^a^,  ^a*,  ^/cS^. 
An  Odd  Root  is  one  whose  index  is  odd;  as  ^8,  -y/a}^,  ^g+y^sj+i. 

Number  of  Roots. 

7.  (i.)  A  positive  number  has  at  least  two  even  roots,  equal 
and  opposite;  i.e.,  one  positive  and  one  negative. 

E.g.,  since  (±4)2=10,  ^16=  ±i',  since  (±a)*=a*,  ■^a*=±a. 
In  general,  since  (  ±  a)^*  =  a%  ^a^  =  ±  a. 

(ii.)  A  2)ositive  or  a  negative  number  has  at  least  one  odd  root 
of  the  same  sign  as  the  number  itself. 

E.g.,  since  (-3)^= -27,  ^-27= -3;  ^ince  2^=32,  ^32=2. 

In  general,  since  (  +  af'^^^  =  +  a^+\  ^"^^  a^'^^  =  +  a. 

Since  (-  ay^+^  =  -  a^+\  2,+y_  ^2,+i  =  _  ^. 

The  principle  enunciated  in  (ii.),  when  the  radicand  is  nega- 
tive, may  also  be  stated  as  follows : 

(iii.)  An  odd  root  of  a  negative  number  is  equal  and  opposite 
to  a  like  root  of  a  positive  number  which  has  the  same  absolute 
value. 

E.g.,  since  -^-  8  =  -  2  and  -  ^8  =  -  2, 
therefore  ^  -  8  =  -  ^8 ; 

since  ^g+y- a^'+i  =  - a  and  -  2,+ya*«+^  =  -  a, 

therefore  ^g+i^  _  q2,+i  ^  _  ^■^^(j.^+K 
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Consequently,  to  find  an  odd  root  of  a  negative  number,  find 
a  like  root  of  the  positive  number  which  has  the  same  absolute 
value,  and  prefix  the  negative  sign  to  this  root. 

(iv.)   /Since  0*»  =  0,  therefore  ^0  =  0. 

(v.)  Since  (+  4)^  =  + 16  and  (—  4)^  =  -|-  16,  there  is  no  num- 
ber, with  which  we  are  as  yet  familiar,  whose  square  is  —16. 
Consequently  ^—1^  cannot  be  expressed  in  terms  of  the 
numbers  as  yet  used  in  this  book. 

In  general,  since  (±  a)*"  = -|- a^",  we  cannot  express  ?(/—  a^" 
in  terms  of  numbers  hitherto  used. 

8.  It  was  shown  in  Art.  7  that  a  positive  number,  which  is 
the  gth  power  of  a  number,  has  at  least  one  qth  root,  and  when 
q  is  even  at  least  two;  also  that  any  negative  number,  which  is 
an  odd  power  of  a  negative  number,  has  ai  least  one  odd  root. 

It  will  be  proved  in  Chapters  XXI.  and  XXII.  that  any  num- 
ber has  two  square  roots,  three  cube  roots,  four  fourth  roots  j 
and  in  Part  II.,  Text-Book  of  Algebra,  that,  in  general,  any 
number  has  q  qth.  roots. 

Principal  Roots. 

9.  The  Principal  Root  of  a  positive  number  is  its  one  positive 
root. 

E.g.,  3  is  the  principal  square  root  of  9. 

The  Principal  Odd  Root  of  a  negative  number  is  its  one  negor 
tive  root. 

E.g.,  —  2  is  the  principal  cube  root  of  —  8. 

10.  ■y/4:^  =  V16  =  ±  4,  if  other  than  the  principal  root  be 
admitted,  and  (^4y=(±  2)^  =  4;  therefore,  ^4:^  =  {-^Ay,  only 
for  the  principal  square  root. 

In  general  ya^  =  {-^ay  is  true  only  for  the  principal  qth 
root. 

In  subsequent  work  the  radical  sign  will  be  understood  to 
denote  only  the  principal  root,  unless  the  contrary  is  stated. 

E.g.,         V9  =  3/  -V^6  =  -4,  ^-27= -a. 
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EXERCISES  I. 
Write 

1.   Two  square  roots  of  49.  2.   Two  fourth  roots  of  81. 

8.  Two  sixth  roots  of  64.  4.   Two  square  roots  of  5>. 

Write  one  cube  root  of 
6.  64.  6.    -125.  7.    1000.  8.   -  a*». 

Find  the  value  of  the  indicated  principal  root  of  each  of  the  following 
numbers : 

9.  V256.  10.    ^216.  11.    ^-612.  12.   y/e2b. 
18.    ^-729.              14.    ^1296.              16.    ^43.  16.    ^64. 

From  the  definition  of  a  root,  express  a  as  a  root  of  the  second  member 
of  each  of  the  following  equations  : 

17.    a^  =  b,  18.   a*  =  b\  19.   a^  =  b\  20.   a"  =  6". 

21-24.   In  Exx.  17-20,  express  6  as  a  root  of  the  first  member  of  each  of 
the  equations. 

Evolution. 

11.  Evolution  is  the  process  of  finding  any  required  root  of 
a  given  number  or  expression. 

Since  even  roots  of  negative  numbers  are  not  considered  in 
this  chapter,  and  since,  by  Art.  7  (iii.),  an  odd  root  of  a  nega- 
tive number  can  be  found  from  the  like  root  of  a  positive 
number,  w^e  shall  give  now  only  methods  for  finding  principal 
roots  of  positive  numbers  and  expressions. 

In  the  following  principles  the  radicands  are  limited  to  positive 
values  J  and  the  roots  to  principal  roots. 

Principles  of  Roots. 

12.  Tlie  like  principal  roots  of  equal  numbers  or  expressions 
are  equal. 

If  a  =  b,  then  ^a  =  -^b. 

This  principle  follows  directly  from  axioms  (i.)  and  (iii.). 

13.  The  process  of  evolution  depends  upon  the  foUdwing 
principles:     .  , 
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(i.)  The  principal  root  of  a  power  of  a  number  is  equal  to  the 
iame  power  of  the  like  principal  root  of  the  number,  and  con- 
tersely ;  or,  stated  symbolically, 

In  particular,  ^a"^  =  {^ay^. 

E.g.,  ^'S'  =  (  ^Sy  =  2^  =  32 ;  -^32^  =  (-^32)*  =  32.  _ 

(ii.)  The  principal  root  of  a  power  is  obtained  by  dividing  the 
xponent  of  the  power  by  the  index  of  the  root;  or,  stated  syin- 
lolically, 

Arqr 

E.g.,  -^a«  =  a*  =  a\ 

(iii.)  Tlie  principal  root  of  a  product  of  two  or  more  factors  is 
qual  to  the  product  of  the  like  principal  roots  of  the  factors,  and 
onversely;  or,  stated  symbolically, 

■^(ab)  =  -^ax^b,  and  -^a  x^b=^(ab). 

E.g.,         V(16  X  25)  =  V16  x  ■y/25  =  4  x  5  =  20 ; 

^(Sa^b^  =  ^S  x^a^x~^b^  =  2xaxb^  =  2  ab\ 

(iv.)  Tlie  principal  root  of  a  quotient  of  tioo  numbers  is  equal 
0  the  quotient  of  the  like  principal  roots  of  the  numbers,  and 
onversely ;  or,  stated  symbolically, 

,/«     |:«,   and  ->='/?. 
■\b     ^b  ^b     \6 

E.g.,     ^/25  =  :^^  =  5     J27a»_V(27a^^3a 
"'     \16      V16     4'     \    6«  ^6«  6'' 

(v.)  The  principal  root  of  the  principal  root  of  a  number  is 
■qual  to  that  principal  root  of  the  number  whose  index  is  equal  to 
he  product  of  the  indices  of  the  given  roots,  and  conversely  ;  or, 
tated  symbolically, 

^^a  =  Va,   and  Vya  =  ^-!ya=-!y^a. 
E.g.,     ■i/y/6i  =  4/64  =  2}   ^256=Vn/25&=>A-'^'='^ 
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The  proofs  follow : 

(i.)  Let  the  gth  root  of  a  be  denoted  by  B,  or  {/a  =  B. 

Then  {^ay  =  B^,  by  Ch.  IL,  § 6,  Art.  7, 

or  a  =  i?»,  since  (  ^ay  =  a,  by  definition  of  a  root ; 

and  aP  =  iB9)p,  by  Ch.  II.,  §  6,  Art.  7, 

or  aP  =  iBpy,  since  (B^y  =  (JB'')«. 

Whence  ^a**  =  -J/(i?'')*,  by  Art.  12, 

=  Bp,  by  Art.  10. 

Substituting  ^a  for  B  in  the  last  equation,  we  have 

^aP  =  (  i^ay. 

(ii.)  Let  the  q  root  of  a**  be  denoted  by  iJ,  or  22  =  -{/a*». 
Then  B^  =  (^a*«)«,  by  Ch.  IL,  §  6,  Art.  7, 

Whence  ^JK«  =  ^(a*)^  or  B  =  a\  by  Art.  10. 

Substituting  ^a**  for  i?  in  the  last  equation,  we  have 

*i 
^a*«  =  a*  =  a«. 

(iii.)  Let  ^a  = -B,  and  ^6  =  i2i. 

Then  (  ^ay  =  B\  and  ( yhy  =  Bi\  by  Ch.  IL,  §  6,  Art.  7, 

or  a  =  i?»,  and  6  =  B\i. 

Therefore  ah  =  EiBi<i  =  (BBiy. 

Whence  -?/(«&)  =  ^-Bi,  by  Arts.  10  and  12. 

Substituting  ^a  for  B,  and  -{/6  for  ^^  in  the  last  equation,  we  have 

In  like  manner,  the  principle  can  be  proved  for  the  gth  root  of  a 
product  of  any  number  of  factors. 

In  like  manfier,  (iv.)  and  (v.)  can  be  proved. 

§  2.     ROOTS   OF   MONOMIALS. 

1.  The  principal  (positive)  root  of  a  positive  number  or  ex- 
pression can  be  found  by  applying  the  principles  of  §  1, 
Art.  13. 

The  negative  even  root  of  a  positive  number  or  expression  is 
fovp^  ^^  '^"efixing  the  negative  ^\^y\.  to  \t5»  ^\\xiw$gl  root. 
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The  negative  odd  root  of  a  negative  number  or  expression  is 
found  by  prefixing  the  negative  sign  to  the  principal  root  of  the 
radicand  taken  positively. 

Ex.  1.  V(16  «'^*)  =  V16  X  Va'  X  V^* 

=  4  ab%  the  principal  square  root. 

Therefore        ±  V(16  a'b*)  =  ±  4  ab\ 

In  the  following  examples  we  shall  give  only  the  positive 
even  roots. 

Ex.  2.    ^(-  27  off  ^  =  ■</-  27  X  </aj«  X  -^Z  X  ^»« 

=  —  3  a:y  V. 

Ex  3       4/I6  a^6"  ^  ^(16  a«6")  ^  ^16  x  ^a^  X  -^6"  ^  2  a'b' 
'    '     \625c^«       ^(625  c«)  ^625  x^(^'  5  c*' 

Ex.  4.  ^(27  ay  =  (-^27  a^)^  =  (3  ay  =  9  al 

The  work  of  the  last  example  is  much  simplified  by  taking 
the  power  of  the  root  instead  of  the  root  of  the  power. 

It  is  frequently  necessary  to  modify  the  form  of  the  radicand 
before  finding  the  indicated  root. 

Ex.  5.    V(35  X  7  X  20)  =  V(7  X  5  X  7  X  4  X  5) 

=  V(7'  X  5«  X  4)  =  7  X  5  X  2  =  70. 
Ex.  6.  ^■^^(-  a*»+2i,4u.-i)  ^  _  2«+i/a*«+«  x  ^-t^b*^'^  =  -  a^ft^n-i 

EXERCISES  II. 
Simplify  each  of  the  following  expressions  : 
1.    ^(IQa^b^).  2.    VCS^a^ftiV).  8.    ^(8a«6«). 

7.    V(3  ax^  X  27  a»a^).  8.    ^(0  a^x^V  x  3  a'^aciV). 

11.    V[81  a*(a2  +  «2)*].  12.    VC^ia®^*^^®)- 

18.   *"+^(-rt2'»+>6«"+3).  14.    ^[3fa:'»»-o(a;-l)»]. 


64a;»y« 
)Q4a" 
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5/    a^ajM  e  1^12524^6 


21. 


23.    Vv/(49«x643).        24.    ^V(5««^V)-  25.    ^y/(\(i2^a^^W^), 

28.  VV(16  «*""*)•  27.    ^;i/(27"a3«6«»)2.        28.     */^(-3i5a306i6«) 

29.  V(100  a2»6*)8.  30.    ^(H)^-  81-    (/(8  a"6V2)6. 

§  3.     SQUARE  ROOTS  OF  MULTINOMIALS. 

1.  The  square  root  of  a  trinomial  which  is  the  square  of 
a  binomial  and  the  square  roots  of  certain  multinomials  can 
be  found  by  inspection  (Ch.  VIII.,  §  1,  Art.  9). 

2.  Since  {a -it  hf  =  a^ '\- 2  ah -\- h% 
we  have       V(^^  +  2  a6  +  6^)  =  a  +  6. 

From  this  identity  we  infer : 

(i.)  The  first  term  of  the  root  is  the  square  root  of  the  first 
term  of  the  trinomial ;  i.e.,   a  =  ^a^, 

(ii.)  If  the  square  of  the  first  term  of  the  root  be  subtracted 
from  the  trinomial,  the  remainder  will  be 

2a6  +  6^  =  (2  a +  6)6. 
Twice  the  first  term  of  the  root,  2  a,  is  called  the  Trial  Divisor. 

(iii.)    TJie  second  term  of  the  root  is  obtained  by  dividing  the 

first  term  of  the  remainder  by  the  trial  divisor;  i.e.,  b  = 

2a 

(iv.)   If  twice  the  first  term  of  the  root  plus  the  second  term, 

2a-\-b  (the  complete  divisor),  be  multiplied  by  the  second  tenn, 

b,  and  the  product  be  subtracted  from  the  first  remainder,  the 

second  remainder  will  be  0. 

The  work  may  be  arranged  as  follows : 


a'-\-2ab  +  b^ 


a^ 


2ab 
2ab  +  b^ 


a-\-b 


2  a  trial  divisor 

2ab  -T-2  a  =  b,  second  term  of  root 

2  a  -f-  6  complete  divisor 
=  (2  a  -\-  b^b 
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Ex.   Find  the  square  root  ot  4tx^  —  12  x^y  -\-  9  y^. 

The  work,  arranged  as  above,  writing  only  the  trial  and  the 
complete  divisor,  is :  . 


4:a^-12a^y-\-9y^ 

2o^-3y 

4a;* 

4:0^ 

-12ar^?/ 
-12a;V  +  9.v2 

4  ar*  -  3  .V 

3.  When  the  multinomial  is  the  square  of  a  trinomial,  the 
process  of  finding  the  root  is  an  extension  of  the  method  of 
Art.  Z 

The  multinomial  whose  root  is  required  should  be  arranged 
to  powers  of  a  letter  of  arrangement. 

Since  (a  +  6  +  c)^  =  (a  +  6)^  +  2(a  +  6) c  +  c^ 

=  (a^-\-2ab  +  b^  +  2ac-{-2bc  +  c^, 

we  have  V[(«^  +  2ab -{-b^ +(2a-h2b -^  c)c]  =  a  +  6  +  c. 

The  first  two  t^rms  of  the  root  are  found  by  inspection,  or 
by  the  method  of  Art.  2.  The  work  may  be  arranged  as 
follows : 


a--{-2ab±b^-\-2ac+2bc-\-(^ 
a" 


2db 
2db-\-V 


2ac 
2ac-{-2bc-\-c^ 


a-\'b  +  c 


2a 


required  root 
trial  divisor 


2 ab -7-2  a=bj    second  term  of  root 

2  a  +  6  complete  divisor  of  first 

stage 

2  ac-f-2  a=c,    third  term  of  root 

2 a-\-2b-\-c,      complete  divisor  of  sec- 
ond stage 


Observe  that  2  ac  is  the  first  term  of  the  remainder  after 
subtracting  (a  -{- by  =  a^  -\- 2  ab  -\-  b^.  For,  in  finding  the  first 
two  terms  of  the  root  we  first  subtracted  a^  and  then  2ab-\-  61 
Notice  also  that  the  complete  divisor  at  any  stage  is  twice  the 
part  of  the  root  already  found,  plus  the  teim  \a.^X.  icsvjsi^. 
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Ex.  1.  Find  the  square  root  of 

4  a?*  - 12  ic*  4-  29  aj2  -  30  a?  -f  26. 
The  work  follows : 


4  a?*  -  12  ic* -f  29  aj2  -  30  0?  +  25 

2aj2~3aj  +  6 

4a^ 

-12ar^ 
-12«3  4.   9aj2 

4ar^ 
4aj2-3a? 

20ar» 
20a^-30a?  +  25 

4aj2-6a?4-5 

Only  the  trial  divisor  and  the  complete  divisor  of  each 
stage  are  written,  the  other  steps  being  performed  mentally. 

4.  The  preceding  method  can  be  extended  to  find  square 
roots  which  are  multinomials  of  any  number  of  terms. 
The  work  consists  of  repetitions  of  the  following  steps : 

After  one  or  more  terms  of  the  root  have  been  found,  obtain 
each  succeeding  term,  by  dividing  the  first  term  of  the  remainder 
at  that  stage  by  twice  the  first  term  of  the  root. 

Find  the  next  remainder  by  subtracting  from  the  last  remainder 
the  expression  {2  a  '\-b)  b,  wherein  a  stands  for  the  part  of  the 
root  already  found]  and  b  for  the  term  last  found, 

EXERCISES  III. 
Find  the  square  root  of  each  of  the  following  expressions  : 
1.   X*- 4x8  + 8 a; +  4.  2.   4m* -4m8  +  6  w^  -  2m  +  1. 

3.    x*-2x8  4-3x2-2x  +  l.         4.    4x4  +  12  x^  +  5x2  -  6x  +  1. 
6.    9x*+12x8-26x2-20x4-25.       6.    4x4  -  28x8  +  51  x^- 7x  + f 

7.  x^y^  -  4  x^y^  4-  6  xV  -  4  xy  +  1. 

8.  4x*  +  f x32/  +  2x22/2-12xy8  +  9y4. 

9.  x*  -  6  ax3  +  13  a2x2  -  12  aH  +  4  a*. 

10.  4  a2  ^.  9  2,2  +  16  c2  -  12  a6  +  16  ac  -  24  6c. 

11.  49  x8  4-  42  x6  -  19  X*  -  12  x2  +  4. 

12.  26  X*  -  30  ax8  +  49  a2x2  -  24  aH  +  16  a*. 

13.  a2  +  4a8-V4a^-V^aJf44--i. 

0? 
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X*  _  4ofi    ,     M  ^2,,2  _L  ft  /».  _  1 Q  «8  _L  Ol'^. 


14.   lL_Zji.+  4xV  +  ^«-12y84-92^ 
y^       y  x^ 


2 


15.   a4  +  — +  — +  2ax  +  2  +  ^-    16.   1  ■+■  2x -a:^  +  3^^  »2xS  + JK*. 
a       a*  x2 

17.  sfi-6cufi  +  15  a^x*  -  20  a^x^  +  15  a*x2  -  6  a^x  +  a«. 

18.  1  -  4  a  +  64  ao  -  64  a^  -  32  a^  +  48  a*  +  12  a^. 

19.  4  a«  +  17  a2  -  22  a8  +  13  flf*  -  24  a  -  4  a6  +  16. 

20.  9  x8  +  6  x^y  +  43  x*y2  +  2  xV  4.  45  x^y^  -  28  xj/*  +  4  j/«. 

21.  x*  +  4x8  +  6x2  +  5x  +  5  +  -  +  7^+~  +  :i- 

X      4x2      x8      X* 

22.     a2"%2n  4.  10  o2m-2aj2n+l  _  g  ^m+l^^+l  +  25  a2m-4x2n+2  _  30  ^m-ljcu+a 

+  9  a2x2. 

§4.    CUBE   ROOTS   OF   MULTINOMIALS. 

1.  The  process  of  finding  the  cube  root  of  a  multinomial  is 
the  inverse  of  the  process  of  cubing  the  multinomial. 

Since  (a  +  6/  =  a^  -\-3a^b  +  Saft^  +  b^ 

=  a^  +(3a2  +  3a6  +  b^b,  (1) 

we  have  -^(a^  +  3  a^6  +  3  aft^  +  6')  =  a  +  6.  (2) 

From  the  identity  (2),  we  infer : 

(i.)  The  first  term  of  the  root  is  the  cube  root  of  the  first  tei^m 
of  the  multinomial;  i.e.,  a  =  -y/a?, 

(ii.)  If  the  cube  of  the  first  term  of  the  root  be  subtracted  from 
the  multinomial,  the  remainder  will  be 

3a^b  +  Sab^-\-b%  =(Sa^ -\-Sab +  b^b. 

Three  times  the  square  of  the  first  term  of  the  root,  3  a*,  is 
called  the  Trial  Divisor. 

(iii.)    The  second  term  of  the  root  is  obtained  by  dividing  the 

first  term  of  the  remainder  by  the  trial  divisor;  i.e.,  b  =  — ^. 

o  a 

(iv.)  If  the  sum  3  a^-f  3  a6  -f  b^,  the  complete  divisor,  be  multi- 
plied by  the  second  term  of  the  root,  and  this  product  be  sub- 
tracted from  the  first  remainder,  the  second  rcmaludet  mU'b^^* 
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The  work  may  be  arranged  as  follows : 


a^+Sa'b-\~Sab^+b^ 


a 


3 


Sa'b 


Sa^b-\-Sah^-{-b^ 


a-\-b 


3  a?  trial  divisor  (1) 

3a^6H-3a^=6,  second  term  of  root  (2) 

3  a^ + 3  a6  -f  6'^,  complete  divisor  (3) 

=  (3a2+3a6+62)x6  (4) 


Ex.  1.  Find  the  cube  root  of  27  iB^  +  54  ar^  +  36  a^^  _|.  3  ^^ 
The  work,  arranged  as  above,  is : 

3a;+2y 

trial  divisor        (1) 


27  aj3+54  a^^/+36  a;y2+8  2/« 
27iB3 


54  or^y 


54a^y-f36a^'+8y 


3(3a;)2=27ar^, 

54 x^y -^27 0:^=2 y,  second  term  of 

root  (2) 

S(Sxy+S(Sx)(2y)-^.(2yy=27^ 

+ 18  a:y + 4  2^,   complete  divisor  (3) 
=  (27  0^2^18^^^42/0(2  2/)  (4) 


2.  The  preceding  method  can  be  extended  to  find  cube  roots 
which  are  multinomials  of  any  number  of  terms,  as  the  method 
of  finding  square  roots  was  extended.  The  work  consists  of 
repetitions  of  the  following  steps : 

After  one  or  more  terms  of  the  root  have  been  found,  obtain 
each  succeeding  term  by  dividing  the  first  term  of  the  remainder 
at  that  stage  by  three  times  the  square  of  the  first  term  of  the  root 

Find  the  next  remainder  by  subtracting  from  the  last  remainder 
i;he  expression  (3  a^  +  3  a&  +  b^  b,  wherein  a  stands  for  the  part 
of  the  root  already  found,  and  b  for  the  term  last  found. 

The  given  multinomial  should  be  arranged  to  powers  of  a 
letter  of  arrangement. 


Ex. 

27-27a:+90ic2_55x3  4-90x4-27ic54-27x6 
27 

-27  X 

-27r.+  0r2-     r^ 


81x'^-b4x^ 


3(3)2=27 


3(3_a;)2+3(3-x)(3x2)  +  (.3a;2)2-=: 


8J3;2~54x8-^-90y*-^'Ix^-V'^'iy^\y^-\^x^'^^x^-^xS^-93g* 
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EXERCISES  IV. 
Find  the  cube  root  of  each  of  the  following  expressions: 

1.  3fi  -6x^+lbz*-20x-+ldx^  -dz  +  l, 

2.  8«6  _36a;5  +  66x*- 63x8  + 33x2  -  9x  +  1. 

3.  156a4-144a5-99a3  +  64a6  +  39a2-9a  +  l. 

4.  H.3x  +  6x'2  +  7x8  +  6x*  +  3x5  +  x«. 
6.    1 -6x4-9x2 +  4x8- 9x*- 6x5- x6. 

6.    8x8-12x2+12x-7+5-  — +    ^ 


X     4x2     8x8 

7.  27  a^3fi  +  54a5x5  +  9a*x*  -  28  0^x8  -  3a2aj2  +  6ax  -  1. 

8.  8  flS  +  48  a^b  +  60  a^b^  -  80  a868  _  go  a->M  +  108  ab^  -  27  68. 

9.  x8  +  3x7  -  9x11  _  27xis  -  6x5  -  54^518  ^  28x9. 

10.  108  a^  -  48  a*  +  8  a8  +  54  a'  -  12  a^  +  a^  -  112  a\ 

11.  8  06  _  48  a^x  +  60  a*x2  -  27  x^  -  108  ax^  -  90  a^x*  +  80  a8x8. 

12.  1 +  3x-8x8-6x*  +  6x5  +  8xJ-3x8-x9. 

,,  125  j/«      1502/5      165  2/4  ,  172  2/8     992/2      54  2/     ^^ 

X^  X5  X*  X8  X2  X 

14.   64  xs**- 144 xS^-H  12  x3«-2+ 117  x3'»-3-6  x3"-'*-36  x3»-5+8 x3«-« 

§.5.    HIGHER  ROOTS. 

1.  Since  -^N=^^^N,  wherein  N  stands  for  any  multi- 
rioraial,  the  fourth  root  is  most  easily  found  as  the  square  root 
of  *the  square  root  of  the  given  multinomial. 

In  like  manner,  since  -^N=-^^N,  the  sixth  root  can  be 
found  as  the  cube  root  of  the  square  root  of  the  given  multi- 
aomial.     And  so  on  for  any  root  whose  index  can  be  factored. 

2.  The  process  of  finding  the  nX\\  root  of  a  multinomial  is  the  inverse 
of  raising  a  multinomial  to  the  nth  power. 

The  method  can  be  derived  from  the  expression  for  (a  +  6)",  which 
will  be  given  in  Ch.  XXVllI. 

EXERCISES  V. 
Find  the  fourth  ro(5t  of  each  of  the  following  expressions : 
1.   a:«  +  4aJ8  +  6x*  +  4x2  + 1. 
8.   a»  +  4  a^b  +  10 a«62  +  16  a^b^  +  19 a^d*  +  16  a«b^  -V  \^  a?b^  -V  ^oK^  -V>>* 
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8.    I6x^  -  160 a;7  +  iOSsfi  +  440x5  _  2111  x*  -  1320x8  +  3672x2  +  4320x 
+  1296. 

4.    626  x8  4-  5500  x^  +  17150  x«  +  20020  x^  +  721  x*  -  8008  x^  +  2744  x^ 
-352X+  16. 

Find  the  sixth  roots  of  each  of  the  following  expressions  : 
6.   64x12  -  192x10  +  240x8  -  160x6  +  60x4  -  12  x2  +  1. 

6.    ai2  +  6 a^ift  +21  a^^b'^  +  50  a^b^  +  90  a^b*  +  126  a^b^  +  141  a^b^ 
+  126  a667  ^  90  ^4^8  4.  50  a^i)9  4.  21  a^b^^  +  6  aft"  +  6^2. 

§6.    ROOTS  OF  ARITHMETICAL  NUMBERS. 

Square  Roots. 

1.  Since  the  squares  of  the  numbers  1,  2,  3,  •••,  9,  10,  are 
1,  4,  9,  •••,  81, 100,  respectively,  the  squareroot  of  an  integer  of 
one  or  two  digits  is  a  number  of  one  digit. 

Since  the  squares  of  the  numbers  10,  11,  •••,100,  are  100, 
121,  •••,  10000,  the  square  root  of  an  integer  of  three  or  four 
digits  is  a  number  of  two  digits. 

In  general,  the  square  root  of  any  integer  of  2/1  —  1  or  2n 
digits  is  a  number  of  n  digits. 

Therefore,  to  find  the  number  of  digits  in  the  square  root  of  a 
given  integer,  ive  first  mark  off  the  digits  from  right  to  left  in 
groups  of  two.  The  number  of  digits  in  the  square  root  will  be 
equal  to  the  number  of  groups,  counting  any  one  digit  remaining 
on  the  left  as  a  group. 

2.  The  method  of  finding  square  roots  of  numbers  is  then 
derived  from  the  identity 

(a+&)2  =  a2-f  (2a+-6)&,  (1) 

wherein  a  denotes  tens,  and  b  denotes  units,  if  the  square  root 
be  a  number  of  two  digits. 

Ex.  1.   Find  the  square  root  of  1296. 

We  see  that  the  root  is  a  number  of  two  digits,  since  the 
given  numbej  divides  into  two  groups.     The  digit  in  the  ten^ 
place  is  3,  the  square  root  of  9,  the  square  next  less  than  12. 
Therefore,  in  the  identity  (T),  a  dfewoX,^^  Z  teus^  or  30. 
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The  work  then  proceeds  as  follows : 

a  +  6 
12 '96    30  +  6  =  36 
9  00  I  2a  =  60.         trial  divisor 


3  96 
3  96 


2  a  =  60,         trial  divisor  (1) 

(2a6  +  62)  H-  2a  =  396  -^  60  =  6  4-  (2) 

=  (2  a  +  6)  X  6  =  (60  +  6)  X  6  (3) 

The  first  remainder,  396,  is  equal  to  2ab  +  b%  and  cannot 
be  separated  into  the  sum  of  two  terms,  one  of  which  is  2ab, 
We  cannot,  therefore,  determine  b  by  dividing  2ab  by  2  a, 
as  in  finding  square  roots  of  algebraic  expressions. 

Consequently  step  (2)  suggests  the  value  of  b  but  does  not 
definitely  determine  it.  As  a  rule  we  take  the  integral  part 
of  the  quotient,  6  in  the  above  example,  and  test  that  value 
by  step  (3). 

This  method  may  be  extended  to  find  roots  which  contain  any 
number  of  digits.  At  any  stage  of  the  work  a  stands  for  the 
part  of  the  root  already  found,  and  b  for  the  digit  to  be  found. 

Ex.  2.  Find  the  square  root  of  51529. 

The  root  is  a  number  of  three  digits,  since  the  given  number 
divides  into  three  groups.  The  digit  in  the  hundreds^  place  is  2, 
the  square  root  of  4,  the  square  next  less  than  5.  Therefore  in 
the  identity  (1),  a  denotes  2  hundreds,  or  200,  in  the  first  stage 
of  the  work. 

The  work  then  proceeds  as  follows : 


5' 15' 29 
4  00  00 


15  29 
84  00 


31  29 
31  29 


200  +  20  +  7  =  227 


2  a  =  400,         trial  divisor 

(2a6  +  6^)  ^  2a  =  11529  -5-  400  =  20  + 

=  (2a  +  6)  6  =  (400  +  20)  x  20 


(2a6  +62)  H-2a  =  3129  -^  440  =  7  + 

=  (2a+6)6  =  (440  +  7)x7 


(1) 
(2) 
(3) 
(4) 

In  the  second  stage  of  the  work,  a  stands  for  the  part  of  the 
root  already  found,  220,  and  b  for  the  next  figure  of  the  root. 
In  practice  the  work  may  be  arranged  more  compactly,  omitting 
unnecessary  ciphers,  and  in  each  remainder  wvvtvw^  oyJl"^  XJ^^ 
next  group  of  Bgures.    Thus : 
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6' 15' 29 

4 

1  15 

84 

227 

11  -5-  4  =  2  + 
42 

31  29 
31  29 

312  H-  44  =  7  + 
447 

[Ch.  XVI 


(2) 
(4) 


Observe  that  the  trial  divisor  at  any  stage  is  twice  the  part  of 
the  root  already  found,  as  in  (2)  and  (4). 

The  abbreviated  work  in  the  last  example  illustrates  the 
following  method : 

After  one  or  more  figures  of  the  root  have  been  found,  obtain 
the  next  figure  of  the  root  by  dividing  the  remainder  at  that  stage 
{omitting  the  last  figure),  by  the  trial  divisor  at  tJiat  stooge. 

See  lines  (2)  and  (4). 

Annex  this  quotient  to  the  part  of  the  root  already  found,  and 
also  to  the  trial  divisor  to  form  the  complete  divisor. 

Find  the  next  remainder  by  subtracting  from  the  last  remainder 
the  product  of  the  complete  divisor  and  the  figure  of  the  root  last 
found. 

3.  Since  the  number  of  decimal  places  in  the  square  of  a 
decimal  fraction  is  twice  the  number  of  decimal  places  in  the 
fraction,  the  number  of  decimal  places  in  the  square  root  of  a 
decimal  fraction  is  one-half  the  number  of  decimal  places  in 
the  fraction. 

Consequently,  in  finding  the  square  root  of  a  decimal  frac- 
tion, the  decimal  places  are  divided  into  groups  of  two  from 
the  decimal  point  to  the  right,  and  the  integral  places  from 
the  decimal  point  to  the  left  as  before. 


Ex. 


14' 46.28' 09 

9 

5  46 
5  44 


2.28  09 


38.03 


68 


§ef]   .         ROOTS  OF  ARITHMETICAL  NUMBERS.  255 

In  finding  the  second  figure  of  the  root,  we  have  -^'^  =  9  j  but 
69  X  9  =  621,  which  is  greater  than  .546,  from  which  it  is  to 
be  subtracted.     Hence  we  take  the  next  less  figure  8. 

Cube  Roots. 

4.  Since  the  cubes  of  the  numbers  1,  2,  3,  •••,  9,  10  are  1,  8, 
27,  •••,  729,  1000,  respectively,  the  cube  root  of  any  integer  of 
one,  two,  or  three  digits  is  a  number  of  one  digit.  The  cube 
roots  of  such  numbers  can  be  found  only  by  inspection. 

Since  the  cubes  of  10, 11, ...,  100  are  1000, 1331, ...,  1000000, 
respectively,  the  cube  root  of  any  integer  of  four,  Jive,  or  six 
digits  is  a  number  of  two  digits. 

In  general,  the  cube  root  of  any  integer  of  3  n  —  2,  3  n  —  1, 
or  3  7i  digits  is  a  number  of  n  digits. 

Therefore,  to  find  the  number  of  digits  in  the  cube  root  of 
a  given  integer,  we  firsf  mark  off  the  digits  from  right  to  left 
in  groups  of  three.  The  number  of  digits  in  the  cube  root  will 
be  equal  to  the  number  of  groups,  counting  one  or  two  digits 
remaining  on  the  left  as  a  group. 

5.  The  method  of  finding  cube  roots  of  numbers  is  derived 
from  the  identity 

(a  +  by  =a^-\-(3d'-\-3ab-\-b'-)b, 

wherein  a  denotes  tens,  and  b  denotes  units,  if  the  cube  root 
is  a  number  of  two  digits. 

Ex.   Find  the  cube  root  of  59319. 

The  digits  in  the  tens'  place  of  the  root  is  3,  the  cube  root 
of  27,  the  cube  next  less  than  59.  Therefore  in  identity  (1), 
a  denotes  3  tens  or  30.     The  work  may  be  arranged  as  follows : 


59'  319 

27  000 


32  319 


32  319 


a-\-b 
30 -f  9 


3  a2  =  3  (30)2  =  2700  (1) 

(3  a'b  +  Sab''  +  b^)  -■  3  a^  =  32319  -5-  2700  =  9  +    (2) 

3a2  =3(30)2    =2700 

3a6  =  3(30)9  =   810 
6«=  9«  =  _81 

=  (3a'-h3ab  +  b^xb=^Zh9\  x  9 
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As  in  finding  square  roots  of  numbers,  step  (2)  suggests  the 
value  of  b,  but  does  not  definitely  determine  it.  If  the  value 
of  b  makes  (3  a^  +  3  a6  -f  6*)  x  ft  greater  than  the  number  from 
which  it  is  to  be  subtracted,  we  must  try  the  next  less  number. 

In  practice  the  work  may  be  arranged  more  compactly,  omit- 
ting unnecessary  ciphers,  and  in  each  remainder  writing  only 
the  next  group  of  figures ;  thus 


59'  319 

39 

27 

32  319 

2700 

810 

81 

32  319 

3591 

(1) 

(2) 
(3) 


6.  The  preceding  method  may  be  ext;ended  to  find  roots  that 
contain  any  number  of  digits. 

At  any  stage  of  the  work  a  stands  for  the  part  of  the  root 
already  found,  and  b  for  the  digit  to  be  found. 

The  method  consists  of  a  repetition  of  the  following  steps : 

The  trial  dwisor  at  any  stage  is  three  times  the  square  of  the 
part  of  the  root  al reach/  found  ;  as  27  in  the  preceding  example. 

After  one  or  more  figures  of  the  root  have  been  found  obtain 
the  next  figure  of  the  root  by  dividing  the  remainder  at  that  stage 
(omitting  the  last  two  figures)  by  the  trial  divisor.  In  the  last 
example,  9  +  =  323  -^  27. 

Annex  this  quotient  to  the  part  of  the  root  already  found. 

Add  to  the  trial  divisor  (with  tivo  ciphers  annexed)  three  times 
the  product  of  the  part  of  the  root  already  found  (with  one  cipher 
annexed)  and  the  figure  of  the  root  just  found,  and  also  the 
square  of  the  figure  of  the  root  just  found.  Tlie  sum  is  called 
the  complete  divisor. 

Find  the  next  remainder  by  subtracting  from  the  last  remainder 
the  product  of  the  complete  divisor  and  the  figure  of  the  root  last 
found. 

7,  Evidently,  in  finding  the  cube  root  of  a  decimal  fraction 
tie  decimal  places  are  divided  m\,o  ^ovr^^  QiiV.T^^5BMt^afroni 
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the  decimal  point  to  the  right,  and  tlie  integral  places  from  the 
decimal  point  to  the  left  as  before. 

Ex. 


11'089.567 

22.3 

8 
3  089 

1200 

120 

4 

2  648 

1324 

441.567 

1452.00 

19.80 

.09 

441.567 

1471.89 

EXERCISES  VI. 

Find  the  square  root  of  each  of  the  following  numbers : 

1.    196.             2.    841.              8.    1296.             4.    66.61.  6.    7396. 

6.    3481.                 7.    667489.                8.    170569.                9.  1664.64. 

10.  ,582169.           11.    1.737124.           12.   556.0164.            18.  .00099225. 

Find  the  cube  root  of  each  of  the  following  numbers  : 

14.   2744.  15.   39304.  16.    110.592.  17.  328509. 

18.    1.191016.        19.    74088000.         20.   340068392.        21.  426.967777. 

22.    584067.412279.  28.    375601280.458951.  24.  .041063625. 

Find  the  value  of  each  of  the  following  indicated  roots : 


25.  ^79841. 


26.  {/3010936384. 


27.  ^164204746.7776. 


CHAPTER   XVII. 

INEQUALITIES. 

1.  One  number  is  greater  or  less  than  a  second  number  according  as 
the  remainder  of  subtracting  the  second  number  from  the  first  is  po8iti?e 
or  negative.    Thus, 

a  >  6,  when  a  —  6  is  positive,  i.e.,  when  a  —  6  > 0. 

a  <  6,  when  a  —  6  is  negative,  i.e.,  when  a  —  6  <  0. 

2.  An  Inequality  is  a  statement  that  two  numbers  or  expressions  are 
unequal ;  as  a^  -f  b'^  >  aK 

The  members  or  sides  of  an  inequality  are  the  numbers  or  expressions 
which  are  connected  by  one  of  the  signs  of  inequality,  >  or  <. 

3.  Two  inequalities  are  of  the  Same  or  Opposite  Species,  or  are  said 
to  subsist  in  the  same  or  opposite  sense,  according  as  they  have  the  same 
or  opposite  sign  of  inequality. 

£.g.,  8 > 3  and  —  5  >  —  7  are  inequalities  of  the  same  species;  0>-l 
and  0  <  1  are  inequalities  of  opposite  species. 

4.  Observe  that  a  relation  of  inequality  between  two  numbers  can  be 
stated  in  two  ways  ;  as  7  >  3,  or  3  <  7. 

That  is,  if  the  members  of  an  inequality  be  interchanged,  the  sign  of 
inequality  must  be  reversed. 

Principles  of  Inequalities. 

5.  If  one  number  be  greater  than  a  second,  and  this  second  number  k 
greater  than  a  third,  then  the  first  number  is  greater  than  the  third;  that  is, 

If  a  >  6  and  6  >  c,  then  a>c. 

In  like  manner,  if  a  < 6  and  b  <^c,  then  a<C.c. 

E.g.,  3>2,  2>1,  and  3>1  ;    -  3  <  -  2,   -2<0,  and  -3<0. 

6.  Addition  and  Subtraction.  —  The  following  principles  of  inequali- 
ties involve  the  operations  of  addition  and  subtraction  : 

(i.)  If  the  same  number^  or  equal  numbers,  be  added  to  or  subtracted 
from  both  members  of  an  inequality,  the  resulting  inequality  will  be  of 
the  same  species ;  that  is, 

If  a  >  6,  then  a  db  /n  >  6  ±  m. 

^.ff.f  3  >  2,  and  3  +  1  >  2  4- 1,  and  3  - 1  >  2  -  1. 
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(ii.)  If  the  corresponding  members  of  two  or  more  inequalities  of  the 
same  species  be  added^  the  resulting  inequality  will  be  of  the  same  species  ; 
that  is, 

If  ai>6i,  a2>^2t  fl8>^8»  •••»  then  ai+a2  +  flf8  +  •">6i  +  62  +  63  +  •••. 
E.g.,  -6>-7,  3>2,  0>-4,  and  _5+3+0>-7+2-4 ;  i.e.,  -2>-9. 

(iii.)  If  the  members  of  one  ineqtiality  be  subtracted  from  the  corre- 
sponding members  of  another  inequality  of  the  same  species,  the  resulting 
inequality  will  not  necessarily  be  of  the  same  species  ;  that  is, 

If  ai  >  61  and  a^  >  62,  then  ai  —  02  may  or  may  not  >  61  —  62. 

E.g.,  11>6,  4>3,  andll-4>6-3;  5>4,  3>1,  but  5 -3<4-l. 

(iv.)  If  the  members  of  an  inequality  be  subtracted  from  the  corre- 
sponding members  of  an  equality,  the  resulting  inequality  will  be  of  the 
opposite  species;  that  is,  if 

a  =  6,  and  c > (/,  then  a  —  c<,b  —  d. 

E.g.,       4  =  4,  3>-2,  and  4 -3<4 -(- 2),  or  1<6. 

The  proof  of  the  principle  enunciated  in  (i.)  follows ;  the  other  princi- 
ples are  easily  proved  in  a  similar  manner. 

(i.)  If  a  >  6,  then  a  —  6  is  positive ;  and  a  —  b  ±m^  m  is  positive. 
Therefore  (a  ±  m)  —  {b±m)  is  positive ;  and  hence  a  ±m>b  ±m, 

7.  Multiplication  and  Division. — The  following  principles  of  ine- 
qualities involve  the  operations  of  multiplication  and  division  : 

(i.)  If  both  members  of  an  inequality  be  multiplied  or  divided  by  the 
same  positive  number,  or  by  equal  positive  numbers,  the  resulting  ine- 
quality will  be  of  the  same  species  ;  that  is,  if 

a       h 

a>b,  then  an>bn,  and  ->-, 

n     n 

wherein  n  is  a  positive  number. 

E.g.,  -3>-6,  and  -16>-25,  and  -1>-J. 

(ii.)  If  both  members  of  an  inequality  be  multiplied  or  divided  by  the 
same  negative  number,  or  by  equal  negative  numbers,  the  resulting  ine- 
quality will  be  of  the  opposite  species  ;  that  is,  if 

a  h 

a>b,  then  a(—n)<b(—n),  and  _=-<-^, 

—  /I      —  n 

wherein  —  n  is  a  negative  number. 

E.g.,       2>-l,  and  2(-3)<(-  l)(-3),  or  -6<3; 

and  _^<nl,  or  -  1  <1. 
-2^-2  ^ 
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(iii.)  If  all  the  members  of  two  or  more  inequalities  of  the  same  species 
be  positive,  and  if  the  corresponding  members  be  multiplied  together,  the 
resulting  inequality  will  be  of  the  same  species ;  that  is,  if 

fli  >  ^i»  02  >  ^2i  Os  >  63,  then  0102^8  >  bib2bsf 

wherein  ai,  &i,  a2,  &2i  «8»  &8  are  all  positive. 

E.g.,  12>4,  3>2,  and  12  x  3>4  x  2,  or  36>8. 

The  proof  of  the  principle  enunciated  in  (ii.)  follows ;  the  other  princi- 
ples can  be  easily  proved  in  a  similar  way. 

(ii.)  If  a  >  6,  then  a  —  6  is  positive.     Let  —  w  be  any  negative  num- 
ber.   Then 

-m(a-6),    =-ma-(-mb),  and  C^"^),    =-!? ^ 

—  m  —  m      —  m 

are  negative.    Therefore 

—  ma<—mb,  and  -^< 


—  m      —  w 

8.  Powers  and  Roots.  — The  following  principles  follow  directly  from 
those  of  the  preceding  article  : 

(i.)  If  both  members  of  an  inequality  be  positive,  and  be  raised  to  the 

same  positive  integral  power,  the  resulting  inequality  will  be  of  the  same 

species  ;  that  is,  if 

a>b,  then  a»»>6", 

wherein  a  and  b  are  positive,  and  n  is  a  positive  integer. 

E.g.,  9>4,  and  81  >  16. 

(ii.)  If  the  same  principal  root  of  both  members  of  an  inequaliti/ he 
taken,  the  resulting  inequality  icill  be  of  the  same  species;  that  is,  if 

a>b,  iya>^b. 

E.g.,  9>4,  and  3>2;   -27<-8,  and  -3<-2. 

9.  Transformation  of  Inequalities.  —  The  preceding  principles  enable 
us  to  make  the  following  transformations  of  inequalities : 

(i.)  Any  term  may  be  transferred  from  one  member  of  an  inequality  to 
the  other,  if  its  sign  be  reversed. 

E.g.,  if  a  —  b>c,  then  a  >  6  +  c. 

(ii.)  If  the  signs  of  both  members  of  an  inequality  be  reversed  from 
-\-  to  —,  or  from  —  to  -\-,  the  sign  of  inequality  must  be  reversed. 
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(iii.)  An  inequality  may  be  cleared  of  fractions  by  multiplying  both 
members  by  the  L,  C.  2>.,  taken  positively. 

E.g.,  it  J^_-^<^  then  -10a-66<6c. 

—  3     6     6 

X  y 


If  -^ «— > 


6_c     6  +  c     62_c2' 
then      x(b  +  c)  —  y(b  -  c)>z,  if  b^  —  c'^  be  positive,  i.e.,  if  6  >  c, 
while    «(&  +  c)  —  y(6  —  c)< ar,  if  6^  _  q2  y^q  negative,  i.e.,  if  b  <c. 

(iv.)  Common  positive  factors  can  be  canceled  from  both  members  of 
an  ifiequality. 

E.g.,  8>- 12,  and  2>-3. 

If  x(a^  -  62)  <  (a  4  by, 

then  a;(a  —  6)< (a  +  &),  when  a  +  6  is  positive  ; 

but  x(a  —  6)  >  (a  +  6),  when  a  +  &  is  negative. 

(v.)  If  the  reciprocals  of  the  members  of  an  inequality,  which  are 
either  both  positive  or  both  negative,  be  taken,  the  resulting  inequality 
will  be  of  the  opposite  species. 

E.g.,  3>2,  and  i<i:  -5<-2,  and  -1>-1. 

y  >  ^    *     •      3     2  6         2 

10.  An  Absolute  Inequality  is  one  which  holds  for  all  values  of  the 
literal  numbers  involved  ;  as  a^  +  &2  >.  q2^ 

Such  inequalities  are  analogous  to  identical  equations. 

A  Conditional  Inequality  is  one  which  holds  only  for  values  of  the 
literal  numbers  lying  between  certain  limits. 

E.g.,  a;2  +  1  >  2,  only  for  values  of  x  greater  than  1  and  less  than  —  1 ; 
that  is,  for  values  of  x  between  1  and  +  oo,  and  between  —  1  and  —  oo. 

Absolute  Inequalities. 

U.    Ex.  1.   Prove  that  if  a  ^  6,  then  a'^  +  b^>2  ab. 

We  have  (a~6)2>0,  (1) 

since  the  square  of  any  positive  or  negative  number  is  positive,  and  there- 
fore greater  than  0. 

From  (1),  a^-2ab-\-b^>0; 

whence  a^  +  ft^  >  2  ab,  by  Art.  9  (i.). 

Ex.  2.   Which  is  greater,  ±±Ak  or  ±±1A^  la  wMc\i  a  wA  \>  v 
poMiHvef  ^  +  ^^        «-^^^ 
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We  can  determine  which  fraction  is  greater  by  finding  their  difference 

a  +  4&  _  a  +  2b 26^ 

a  +  56     a  +  36      (a  +  5  6)(a  +  3  6)' 

Since  this  remainder  is  positive,  we  have 

■ 

a+46^a+2ft 
a  +  56     a  +  3&* 

Conditional  Inequalities. 

12.    Ex.  1.   Between  what  limits  must  x  lie  to  satisfy  the  inequality 

«  >  5  X  -  10  ? 
Transferring  terms,  —  4  a;  >  —  10  ;  whence  «  <  f ,  by  Art.  7  (ii.). 
That  is,  the  inequality  is  satisfied  by  all  values  of  x  between  |  and  -«. 

Ex.  2.    What  values  of  x  satisfy  the  inequality 

x2  +  5a;>~6? 

Transferring  -6,  x^-\-5x  +  6>0;  or  (x  +  2)(x  +  3)>0. 

In  order  that  the  product  (x  +  2)  (x  +  3)  may  be  greater  than  0,  i.6., 
positivcy  the  two  factors  must  be  either  both  positive  or  both  negative. 

The  factors  x  H-  2  and  x  +  3  will  be  both  positive,  when  x  >—  2. 

Thus,  if  x  =  -l,  then  (x+ 2)(x  +  3)  =  (- 1  +  2)(- 1  +  3)  =  2. 

The  factors  will  be  both  negative,  when  x  <  —  3. 

Thus,  if  x  =  -4,  then  (x  +  2)(x  +  3)  =  (~  4  +  2)(- 4  +  3)  =  2. 

Therefore,  the  given  inequality  will  be  satisfied  by  all  values  of  x 
between  —2  and  +  oo,  and  between  —3  and  —  oo. 

Ex.  8.    What  values  of  x  and  y  satisfy  the  inequality 

6x  +  3y>ll,  (1) 

and  the  equality  3x  +  52/  =  13?  (2) 

Multiplying  (1)  by  3,      15  x  -f  9 1/  >  33.  (3) 

Multiplying  (2)  by  6,     15  x  +  25  y  =  65.  (4) 
Subtracting  (4)  from  (3),       -  16  2/ >-  32,  or  2/ < 2. 

Multiplying  (1)  by  5,     26  x  +  15  y  >  55.  (5) 

Multiplying  (2)  by  3,      9  x  +  16  ?/  =  39.  (6) 
Subtracting  (6)  from  (6),         16x>16,  or  x>l. 

Notice  that  not  aiiy  value  of  x  greater  than  1  taken  with  any  value  of 

y  less  than  2,  will  satisfy  both  (1)  and  (2).    But  such  values  of  x  and  y 

V  (1)  and  (2)  simultaneously,  must  be  greater  than  1  for  x,  and 

?  for  y.    If  we  assign  to  x  aiv^  ^«X\3Lft  ^^^\Kt  >:Joasw\^^e  can 
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determine  from  (2)  the  corresponding  value  of  y,  which  will  always  be 
less  than  2  ;  these  corresponding  values  of  x  and  y  will  then  satisfy  (1). 

E.g.^  let  X  =  I ;  then  from  (2),  y  =  f,  <2 ;  these  values  of  x  and  y 
satisfy  (1). 

BXEBCISES  I. 

Prove  the  following  inequalities,  in  which  the  literal  numbers  are  all 
positive  and  unequal : 

1.   a2  +  62_|.  c2>a6H-ac  +  6c.        2.   a^b^+b^c'^-\-a^c^>abc(a+b+c). 

8.  ab(^a-i-b)-\- bc(b  +  c)+ ac(^a'\-c)>6abc. 

4.  If  ^2  +  m2  +  ?i2  _  1^  and  h^  +  mi^  +  ni2  =  1,  then  Ih  +  mwii  +  nn,  <  1. 

6.  a^  H-  63  >  fljsj  ^  a&2.  6.   a*  +  &*  >  a^ft  +  fl6^. 

7.  (a  +  6)(ftH-c)(c  +  a)>8a&c.    8.   3(a2  +  ^2  ^  c2) >(a  +  6  +  c)2. 

9.  a8  __  58 > 3 (^25  _  3 a62^  if  a>6;  <Sa'^b-Sab^  if  a<6. 

10.   (a&+xy)(ax+&y)>4  abxy,        11.   a^  _|.  53  ^  c^  > 3  a&c. 

12.   a*-^b*-\-c^>abc(^a  +  b+c).         18.    (a+&  +  c)8>3(a  +  &)(a+c)(6-|-c). 

If  X  be  positive,  which  fraction  is  the  greater : 

14.   ^Jti  or  ^i2p  15    x±i   ^^  x_t3    jf  ^^gy 

x  +  8         x+l  x-6         x-4 

Determine  the  limits  between  which  the  values  of  x  must  lie  to  satisfy 
each  of  the  following  inequalities  : 

16.   x-8>4.  17.    -3(x+ 10)>-20. 

10    3x  — 8     ^^37-2x,o         ,a    Ha  — x^a  — X 

18.  — x< — i-y.       i».  -J — -^  >7 

4  3  ia  -\-  b      b  —  a 

20.  X «_<i_?.ILi.  21.   _^— 4--^-<2a. 

1  —  a  a— 1  a  +  b     a  - b 

22.    x2  -  3  X  +  2  >  0.  23.   x2  -  x  -  6  >0. 

24.    ^±i>0.  25.    6^^-7x  +  2     Q 

x-2  2x2 -Gx- 3 


26 


r0a;  +  l>O,  g^ 

25  -  4  X  >  0. 


Determine  the  limits  between  which  the  values  of  x  must  lie  to  satisfy 
simultaneously  each  of  the  following  systems  of  inequalities : 

Jx  -  Jx  +  ix>x  +  6, 
Kx'+2)>-Ka:-2). 
f  x2-3x-4>0, 
x2  -  X  -  6  >  0. 

What  value  of  x  satisfies  each  of  the  following  systems : 

r2x2-6x  +  2  =  0,  rx2  +  x-6=0, 

80.     \  31.     I 

|x2-l>0?  Yx^-V^x-  \>^^ 


28.    ^»='-12x  +  .32>0.  ^ 

x2-  13x  +  22>0. 


82. 


264  ALGEBEA.  [Ch. 

Determine  the  limits  between  which  the  valaes  of  z  and  y  must 
satisfy  the  following  systems : 

'2x  +  3y  =  -4,  r7x  +  y  =  15, 

x-y>2.  [3x-2y>14. 

Detsrmine  the  limits  between  which  the  values  of  a  must  lie  to 
each  of  the  following  values  of  x  positive : 

84.  X  =  — ^ 86.  z  =  l^^i« .  86.   x  =  i^ 

ll-2a  15-4a  9- 

Problems. 

13.   Pr.  1.   Divide  80  into  two  parts,  such  that  the  greater  par 
exceed  twice  the  sum  of  4  and  the  less  part. 

Let  X  stand  for  the  greater  part ;  then  80  —  x  will  stand  for  the  1 
By  the  given  condition, 

x>2(80-xH-4),  or  3x>168;  whence  x>56. 

Therefore  any  number  greater  than  66  (and  less  than  80)  will  ; 
the  condition  of  the  problem. 

E.g.,  if  X  =  00,  tlie  greater  part,  then  80  —  x  =  20,  the  less  part 
GO  >  2  X  24. 

Pr.  2.  A  man  receives  from  an  investment  an  integral  number  < 
lars  a  day.     He  calculates  that  if  he  were  to  receive  $6  more  a  c 
investment  would  yield  over  3  270  a  week  ;  but  that,  if  he  were  to  i 
$  14  less  a  day,  his  investment  would  not  yield  as  much  as  $  270 
weeks.     How  much  docs  he  receive  a  day  from  his  investment  ? 

Let  X  stand  for  the  number  of  dollars  which  he  receives  a  day. 

Then,  by  the  first  condition, 

7  (a:  +  6)  >  270  ;  whence  x  >  32f . 
And,  by  the  second  condition, 

14 (x  -  14)<270  ;  whence  x<33f 
Therefore  he  receives  .^33  a  day  from  his  investment. 

EXERCISES  II. 

1.  What  integers  have  each  the  property  that  one-half  of  the  ii 
increased  by  5,  is  greater  than  four-thirds  of  it,  diminished  by  3  ? 

2.  What  integers  have  each  the  property  that,  if  9  be  subtracte* 
three  times  the  integer,  the  remainder  will  be  less  than  twice  the  i; 
increased  by  12  ? 

8.   A  has  three  times  as  much  money  as  B.     If  B  gives  A  $  1( 
A  will  have  more  than  seven  times  as  much  as  B  will  have  left. 
are  the  poaaible  amounts  oi  money  vj\i\c\i  k^w^^Xiw^? 
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4.  Find  a  multiple  of  25,  such  that  three-fourths  of  it  is  greater  than 
one-half  of  it,  increased  by  15,  while  five  tim^s  the  number  is  less  than 
three  times  the  number,  increased  by  200. 

6.  What  positive  numbers  have  each  the  property  that,  if  the  number 
be  subtracted  from  a  and  be  added  to  &,  the  product  of  tlie  resulting 
numbei's  will  be  greater  than  the  product  of  the  given  numbers  ? 

6.  In  a  class-room  can  be  placed  0  benches,  but  it  contains  fewer.  If 
6  pupils  be  seated  on  each  bench,  then  4  pupils  will  be  without  seats. 
But  if  0  pupils  be  seated  on  each  bench,  some  seats  will  be  unoccupied. 
How  many  benches  are  in  the  room  ? 

A  Property  of  Fractions. 

14.  If  the  denominators  of  the  fractions  ^,  — ,  ^  —  ftc  all  positive^ 

di    do    ds 

then  the  fraction  ^'^  ^^  ^^       "  ««  greater  than  the  least,  and  less 

«i  4-  02  +  "8  +  ••* 

than  the  greatest,  of  the  given  fractions. 

Let  —  be  the  greatest  of  the  given  fractions,  and  let 
di 

^  =  a;,  or  ni  =  dix.  (1) 

oi 

Then  ^<x,  or  n2<d2X;    —<z,  or  nz<dsx;  etc.  (2) 

dz  dz 

From  the  equation  (1),  and  the  inequalities  (2),  we  have 
Wi  +  W2  +  nz  +  •••  <(di  +  dz  +  (?8  +  •••)^- 

Therefore  WiJlJil±J?^Juil <  x,   i.e.,  <"i. 

di  +  di  -\-  (/s  +  ••.  di 

In  like  manner  it  can  be  proved  that  ^i  "^  ^^-  "^  ^*=»  •*"  "•  is  greater  than 
the  least  of  the  given  fractions.  c/i  +  cZa  +  c/s  +  - 

A  Property  of  Powers. 

15.  If  d  be  a  positive  number  and  n  a  positive  integer,  then 

(1  +  (/)«>  1  -f-  nd. 
We  have  a"  -  6"  =  (a  -  />)(rt'-i  +  a^-^ft  +  ...  +  a6«-2  -}-  6«-i), 

or  a"  =  6"  +  (ft  -  ?>)((/'»-i  +  a"--7)  + 1-  ab''--  +  h'^-^). 

JjCt  a>b. 

Then  a— i>/>'«-i,  a"-'h>b"-\  ••-,  ab''-'>h»-\  ?>"-i  =  ^"-i. 

Therefore  a"-^  +  a»-*6  + h  ab'^--  4-  b»-^  >  b"-^  -f  //'-^  4-  •••  «  tenu.s 

Consequently,  .since  a  —  b  \s  positive,  a**  >/>*  -}-  n{a  —  b)b'*-^. 
Now  let  a  =  l-hd,andf)=L     Then  (1  ■\-  dy  >  \  A-  nd. 


CHAPTER  XVIII. 

IRRATIONAL  NUMBERS. 

1.  If  a  be  the  gth  power  of  a  number,  say  6,  then  -{/a,  =  ^b 
as  we  have  seen  in  Ch.  XVI.,  a  definite  value ;  as  ^16  =  2. 

We  shall  now  consider  roots  of  positive  numbers  which  are  not  i 
with  exponents  equal  to  or  multiples  of  the  indices  of  the  required 

2.  JTie  qth  root  of  a  positive  fraction^  whose  terms  {either  or  hot 
not  qth  poxcors  of  positive  integers^  cannot  he  expressed  either  as  an  \ 
or  as  a  fraction. 

The  proof  of  the  general  case  will  be  first  illustrated  by  the  y/2. 
The  y/l  must  be  a  number  whose  square  is  2.     But  since  1^  = 
22  =  4,  the  y/2  cannot  be  an  integer. 

Let  us  assume  that  y/2  can  be  expressed  as  a  fraction,  — ,  redu 

d 
its  lowest  terms.    Then  from 

V2  =  ^,     (1)  we  have  2  =  ^.     (2) 

a  d^ 

Since  —  is  in  its  lowest  terms,  —  is  in  its  lowest  terms  [Ch 

d  d^  ^ 

Art.  29  (iii.)]-    Consequently,  by  Ch.  IX.,  Art.  29  (v.), 

w2  =  2,  and  d^  =  1. 

But  since  2  is  not  the  square  of  an  integer,  the  first  of  equations  (3 
therefore  also  (1),  is  untenable. 

Consequently,  y/'2  cannot  be  expressed  as  a  fraction. 

In  general,  -^/— ,  wherein  N  and  D   (either  or  both)   are  m 

powers  of  positive  integers,  cannot  be  expressed  as  a  fraction  -• 

d 
The  proof  is  identical  with  that  for  the  -^2. 

Observe  that,  if  d  be  assumed  equal  to  1,  the  preceding  proof 

that  -^/—  cannot  be  expressed  as  a  positive  integer ;  also,  if  D  be  asi 

equal  to  1,  that  the  ^iV  cannot  be  expressed  as  a  positive  integer,  c 
positive  fraction. 


IRRATIONAL  NUMBERS.  267 

3.  It  is  therefore  necessary  to  exclude  such  roots  from  our  considerar 
lion  or  to  enlarge  our  idea  of  number.  The  latter  alternative  is  in 
accordance  with  the  generalizing  spirit  of  Algebra. 

We  therefore  assume  that  y/2,  and  in  general,  -^y,  is  a  number,  and 
include  it  in  our  number  system. 

The  properties  of  these  new  numbers  must  be  consistent  with  the  defi- 
nition of  a  root ;  that  is,  with  the  relations, 


(V2)'  =  2.a„d(^f)'  =  f. 


4.  Before  operating  with  or  upon  the  numbers  thus  introduced  into 
the  number  system,  we  must  prove  that  they  obey  the  fundamental  laws 
of  Algebra,  which  were  proved  in  Chs.  II.  and  III.  only  for  integers  and 
fractions.    The  following  property  will  lead  to  another  definition  of  the 

-^2,  and  in  general  of  the  -^— ,  which  is  consistent  with  that  given  in 

Art.  .3,  and  from  which  the  fundamental  laws  can  be  easily  deduced. 

V 
Jf  --  be  a  fraction  whose  terms  (either  or  both)  are  not  qth  powers 

of  positive  integers,  numbers  can  always  be  found,  both  greater  and  less 

9 ;  Y  «  y 

than  -y  — ,  which  differ  from  '^—  by  as  little  as  we  please ;  that  is,  by 

less  than  any  assigned  number,  however  small. 

The  proof  of  the  general  case  will  first  be  illustrated  by  the  y/2. 
Since  2  lies  between  1^  and  2^,  the  ^2  lies  between  1  and  2,  i.e.. 

The  interval  between  1  and  2  we  now  divide  into  ten  equal  parts,  and 
form  the  series  of  powers 

12,  1.12,  1.22,  1,32^  1.42^  1.53^  ...^  1.92^  22. 

Then  2,  which  lies  between  1*  and  22,  must  lie  between  two  consecutive 
powers  of  this  series,  or  between  two  consecutive  numbers  of  the  equiv- 
alent series 

1,  1.21,  1.41,   1.61),  1.90,  2.25,  ..-,  3.01,  4. 

Since  2  lies  between  1.90  and  2.25  (that  Is,  between  I.42  and  1.62), 
the  v2  niust  lie  between  1.4  and  1.5,  i.e.,  1.4  <y^  <1.5. 

The  interval  between  1.4  and  1.5,  =  .1,  we  next  divide  into  ten  equal 
parts,  and  form  the  series  of  powers 

1.4-\  1.41^  1.422,  ...,  1.492,  1.52. 

Then  2,  which  lies  between  1.4-  and  1.5^,  must  lit*  between  two  con- 
secutive powers  of  this  series,  or  between  two  consecutive  numbers  of 
the  equivalent  series 

1.9000,  1,9881,  2.0104,  .-,  2.220\,  ^.^W». 
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Since  2  lies  between  1.0881  and  2.0164  (that  is,  between  1.4 
1.42-),  the  y/2  lies  between  1.41  and  1.42,  i.e,,  1.41<  v^<  1.42. 

This  meiliod  of  procedure  can  be  continued  indefinitely.  These 
may  be  summarized  as  follows : 

(«)  (&) 

1<V^<2  and  2-1         =1 

1.4<v'2<1.5        and        1.6-1.4      =.1 

1.41<v"2<l.42      and      1.42-1.41    =.01 

1.414  <  v^  <  1-415    and     1.415  -  1.414  =  .001,  etc. 

It  follows  from  tables  (a)  and  (6)  that  there  can  be  found  tW( 
bers,  one  greatiT  and  the  other  less  than  ^^2,  which  differ  from  eac 
by  as  little  a.s  we  please,  and  which  therefore  differ  from  y^,  whi 
between  tlieiu,  by  as  little  as  we  please. 

Observe  that  the  numbers  of  the  one  series,  which  are  always  lej 
y/'l,  continually  increase  toward  ^2,  while  the  numbers  of  th( 
series,  which  are  always  jxreater  than  -^2,  continually  decrease  towa 

Kither  of  these  two  values  is  an  approximation  to  -y/l. 

In  the  i)ro()f  of  the  general  case,  which  now  follows,  it  is  neces; 
represent  the  two  values  between  which  the  required  root  lies  at  an; 
of  the  work  in  terms  of  common  fractions  instead  of  decimal  fractii 

Thus,  1.414  <V2<  1.415 

could  have  been  written 

10      102  ^108^^         10      10-2      10« 

N 
Let  -    be  a  fraction,  in  which  N  and  D  (either  or  both)  are  e 

powers  of  positive  integers.     Evidently  the  powers 

AT 

increase  without  limit.     Therefore,  whatever  positive  value  —  maj 

there  will  always  be  two  consecutive  powers  of  the  above  series  b( 

which  —  lies.    Let  [  —  ]   and  (  '-     —  )  be  the  two  powers  between 
D  VlO/  V     10     /  ^ 

-  -  is  found  to  lie,  wherein  ^'i  is  0  or  any  positive  integer. 

Then  since  -  lies  between  f^V  and  / ^l±iV,  the  ^/^  lies  be 
D  VlO/  V     10     y  \2> 

il:iand^l±i;   i.e., 
10  10      '         ' 
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The  interval  between     ^  ^     and  ^,    =  — ,  we  now  divide  into  ten 

10  10         10 

qual  parts,  and  form  the  series  of  powers 

(kiY   (ki    ±_Y   fki     2^Y        /A;i,  oy   (ki  +  iy 

Then  — ,  which  lies  betweenf  — )  and  f  ^  "^     ]  i  must  lie  between 

D  \io/      v  10  y 

wo  consecutive  powers  of  this  series. 
Let  f  ^  +  ^y  and  f  ^  +  ^2_HLi\'  wherein  kz  is  one  of  the  numbers, 

Vio    lov        \io      102  y '  ^ 

),  1,2,  .-,  8,  9,  be  the  two  powers  between  which  —  is  found  to  lie. 

Then  i/^lies  between  ^  +  A  and  ^  +  ^il :  i.e., 
\2>  10     lO-^         10        W 

ki,k2^^IN'kik2±^_  .jTx 

10  +  l^^Afii^lO  +  "lO^*  ^"--^ 

The  method  can  evidently  be  carried  on  indefinitely  ;  that  is,  we  can 
ind  two  powers 

VIO      10^^       ^10i»y  \10      102^  lOP    / 

V  • 

t)etween  which  —  lies.     We  therefore  have 

D 


97hcrein  p  is  any  positive  integer  from  1  to  +  oo. 

The  two  numbers  between  which  ^—  is  found  to  lie  at  any  stage  of 

the  work  evidently  differ  by  — .     As  n  increases  without  limit,  — 

•^  "^   IOp  ^  IOp 

decreases  without  limit  (Ch.  III.,  §4,  Art.  10).     Since,  therefore,  these 
two  numbers  can  be  made  to  differ  from  each  other  by  less  than  any 

issi;;ned  number,  however  small,  the^/— ,  which  lies  between  them,  will 

differ  from  either  of  them  by  less  than  any  assigned  number,  however 
itmall. 

Either  of  these  numbers  is  an  approximate  value  of  -%/-^' 

5.    It  is  important  to  keep  clearly  in  mind  that,  although  approximate 

values  have  been  obtained  for  ^2,  and  in  general  for^/'  ,  these  numbers 
have  as  exact,  values  as  have  integers  and  fractions. 

Thus,  y/2  X  ■v/-  =  -i  I'.v  di'finition  of  a  root.  Now  no  approximate  value 
of  y/'2  multiplied  by  itself  gives  exactly  2.  Therefore  the  number  which 
muUii)lied  by  itself  gives  2  nnist  have  an  exact  value.  This  exact  value^ 
to  be  sure,  cannot  be  ex])ressed  in  terms  ot  iulegv^  ^^^  lt;)A\Xow<&. 
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6.  In  Art.  4  we  found  that  the  ^—  lies  between  two  correspo 
numbers  of  the  two  series  : 

ki     ki       k2  *i  J.  *2  J.    .  a.  *p 

10     10      102  10      102  lOP 

A?iH- 1    ki  ,  k2  +  l  ki  ,    k2   .        ,  kp  +  \ 

10        10        102   '       '    10      102  10i»  ' 

wherein  p  =  1,  2,  3,  •..,  oo. 

These  two  series  have  the  following  properties : 

(i.)   The  numbers 

^4.^4....  +  A.,  wherein  p  =  l,2,  3,  ...,  oo, 
10     102  ^ioj»'  ^        »    1    >      1     . 

of  the  first  series  increase  as  p  increases,  but  remain  always  less  tht 
numbers 

^  4.  il  +  ...  +  !ll±1   wherein  p  =  1,  2,  3,  ...,  oc, 

10      102  IOp  ^         »    »    »      »     » 

of  the  second  series ;  and  the  numbers  of  the  second  series  decree 
p  increases,  but  remain  alxcays  greater  than  the  numbers  of  the  first . 
ITiat  is,  the  numbers  of  the  one  series  more  and  more  nearly  approa 
numbers  of  the  other  series,  but  never  meet  them. 

(ii.)  The  difference  heticeen  a  number  of  the  one  series  and  the 
sponding  number  of  the  other  series  can  be  made  less  than  any  as 
number,  hoicever  small,  by  taking  p  sufficiently  great, 

7.  Two  series  of  numbers  which  possess  the  properties  (i.)  an( 
Art.  {),  are  said  to  have  a  common  limit,  which  lies  between  them, 
such  series  therefore  define  the  number  which  is  their  common 

This  number  is  approached  by  both  series  and  not  reached  by 

9/ V 
The  two  numbers  between  which  the  ^  —  lies  can  be  rede 

a  common  denominator  lOi*.    Let  us  designate  10^  by  n.     Thei 

these  two  numbers  differ  by  — ,    =  -,  they  may  be  representee 
,  I  \0p        n 

and  — ^^^—  respectively.     In  the  theory  which  follows,  we  shall 
n 

10     102  IOp      n       ^  10      102  ^    lOP  n 

That  is,  '^<'A'<^L±i. 

fj       \Z>  n 

Irrational  Numbers. 

8.  An  Irrational  Number  is  a  number  which  cannot  be  e 
either  as  an  integer  or  as  a  fraction,  but  which  can  be  inclosed 

two  fractions  ultimately  differing  from  each  other,  and  therefore  : 
inclosed  number,  by  less  than  any  a£s\^^^\i\i\£^y6x\i^^^^«r  sma 
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An  irrational  number,  /,  is  therefore  defined  by  the  relation 

n  n 

wherein  —  and  ^  "^     have  the  properties  (i.)  and  (ii.),  Art.  6;  as  y/2, 
n  n 

9.  Whatever  value  p,  and  therefore  —  and  ^  "^    ,  may  have,  there 

n  n 

will  always  be  numbers,  integers  or  fractions,  lying  between  any  two 

numbers  of  the  series  —  and  — -i—     But  no  such  number  can  be 

n  n 

selected  which  will  not  be  passed  by  numbers  of  one  or  the  other  series, 
if  J?  be  sufficiently  increased.  Therefore  there  is  no  number  in  the  sys- 
tem defined  so  as  to  include  only  integers  and  fractions,  which  is  greater 
than  every  number  of  the  series  (1.)  and  less  than  every  number  of  the 
series  (2.);  that  is,  which  is  approached  by  both  series  and  not  reached 
by  either.  Since,  however,  these  series  cannot  meet,  we  conclude  that 
there  was  a  gap  between  them  which  could  not  be  filled  by  any  integer  or 
fraction.  Consequently  by  including  irrational  numbers  in  the  number 
system,  continuity  has  been  introduced  where  before  it  was  lacking. 

Negative  Irrational  Numbers. 

10.  If  the  fractions  of  the  series  which  define  an  irrational  number 
be  negative,  the  number  thus  defined  Is  called  a  Negative  Irrational  Num- 
ber.   Therefore  a  negative  irrational  number  is  defined  by  the  relation 

n  n 

wherein  the  two  series  of  fractions,  -  ^        and  —  ^,  have  the  properties 

n  n 

(i.)  and  (ii.).  Art.  6. 

11.  The  positive  and  negative  irrational  numbers  defined  by  the 
relations 

n  n     *  u  n 

are  called  equal  and  opposite.  The  absolute  value  of  an  irrational  number 
is  its  value  without  regard  to  quality. 

The  Fundamental  Operations  with  Irrational  Numbers. 

X2.  Addition.  —  Let  /i  and  I2  be  two  positive  irrational  numbers 
defined  by  the  relations 

!2l</j<!rLl±i,    (1)         ^</^<!»iJlI.     ^T^ 


272  ALGEBHA.  [Ch. 

If  the  corresponding  rational  numbers' of  the  series  which  define 
/s  be  added,  we  obtain  the  two  series  of  ratiunal  numbers 

^  +  !»2  and  Hi_±_L+  wi2_ti. 
Hi      112  ni  n2 

The  numbers  of  these  series  have  the  properties  (i.)  and  (ii.), 

For,  since  —  increases  as  ni  increases,  and  ^  increases  as 
wi  ,,j       jj,^  n2 

creases,  therefore  — *^  H — =  increases  as  tii  and  112  increase.    For  a 

reason,  -^^ 1 — = decreases  as  ni  and  nz  increase.    And  sir 

wti^mi  +  1  j^£j  m2^mo-H^    wh  ^  wa  ^  tnH-J.     W2jfJ 

Wl  Wi  712  W2  7li         7l2  Til  7l2 

The  difference 


\     Til  712     /      \ni 


+  m\   =i  +  l, 


W2  /  Til        7*2 

can  be  made  less  than  any  assigned  number,  however  small.    For 

be  made  less  than  any  assigned  number,  say  J  d ;  and  —  can  be  m 

712 

than  any  assigned  number,  say  J  d.    Therefore, 1 —  can  be  m 

than  i  (?  +  ?  d,  =  d.  **i      ^2 

Therefore,  the  two  series  of  numbers 

IHh^'Hh  and  ^"^  ~^  ^  +  W2H- 1 

71 1         7l2  Hi  7l2 

determine  a  positive  number  wiuch  lies  between  them.    This  nu 
defined  as  the  sum  7i  +  lo.    That  is, 

wii  ,  mo  ^  r  j_  T  ^  mi  +  1      7712  +  1 
1 <  ii  +  ^2  < 1 

Til         ?i2  Wl  7l2 

Exactly  similar  reasoning  will  apply  if  either  or  both  of  the  ii 
numbers  be  negative,  or  either  be  rational. 

13.  Subtraction.  —  The  following  definition  of  Subtraction 
tional  numbers  is  a  natural  extension  of  the  principle  of  subtrac 
rational  numbers. 

To  subtract  an  irrational  number  from  a  rational  or  irrational 
is  equivalent  to  adding  an  equal  and  opposite  irrational  number. 

The  Associative  and  Commutative  Laws  for  Addition 
Subtraction  of  Irrational  Numbers. 

14.  These  fundamental  laws  hold  also  for  irrational  numbers 

/l  +  /2  =  /2  +  lu 

Ii  +  l2-¥  ii,  =  Ii  -V  QIa  ^  U^  =  I\^  (.r^-V  I'Li  =  etc. 
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For,  by  the  definition  of  li  +  I2, 

til        W2  Wl  W2 

and,  by  definition  of  I2  H-  /i, 

m^mi^j^  4.  /^<^2  +  1  ^  mi  +  1. 

^  .  W2       Wli        Wi        IW2 

But  since  1 = 1 j 

n2      Wi      ni  ^  n2 

t7l2  +  1       Wi  4"  1       Wi  +  1       WI2  +  1 

and  1 = 1 1 

712  wi  Wi      ^       n2 

therefore  /i  +  Jo  =  iL>  +  h- 

The  Associative  Law  can  be  proved  in  a  similar  manner. 

E.g.,  V2  +  \/3  =  V3  +  V2,  v2  +  v3  +  C->/^)  =  V^+(-V6)  +  V3- 

15.   Multiplication. — Let  /i  and  I2  be  two  positive  irrational  numbers 
defined  by  the  relations 

Wli  wii  +  1  W2  WI2  +  1     . 

If  the  corresponding  ra^{V>?ia^  numbers  of  the  series  which  define  /i  and 
li  be  multiplied,  we  obtain  the  two  series  of  rational  numbers, 

Wi    wt2  g^jj^j  7/11  +  1    moH- 1 
ni  *  n2  Hi      '      W2 

The  numbers  of  these  series  have  the  properties  (i.)  and  (ii.).  Art.  6. 

Wi  -7/12 

For,  since  —  increases  as  7ii  increases,  and  — -   increases  as  712  m- 
creases,  therefore  —-  •  — ^  increases  as  ni  and  712  increase.    For  a  similar 

'  7li        7t2 

Tni  4-  1    7n2  +  1-  -       .  ... 

reason — - —  decreases  as  7ii  and  712  increase.    And  since 

7li  7l2 

Till        Wli  +  1  ,   Wlo        7^2  +  1      ,  ,  7?li      7»2        TTli  +  1      7712  +  1 

—  <  — ; and  -—  <  — - — ,  therefore  -—  •  -  -  < 


7li   ^        7li  7*2  7l2  Til        «2  Wi  7J2 

The  difference 

mi  +  1      7)12  4-  1        TTli      77*2  TTli  +  1      TTlo  4    1        77li  +  1      TTlo       TTli  +  1      7712 

ill        *         wi  w'i  *    «2 '     ~        Wl        '         tii  Til        *  lli  «i        *   712 

__  77li      77l2  __  77li  4-  1  /  7H2  4"  1         1*'A       ttli  f  m\  4-1        771 A 

«!     wi  ~      ni     V     W2  »    /      iH\     Hi  w7/ 

can  be  made  less  than  any  assigned  number,  howtver  small. 

For,  since decreases,  it  is  always  less  than  some  positive  finite 

rational  number,  say  i? :  and  since  —  <  —^ ,  it  is  also  less  than  some 

7)l2  4-  1        7/1 J 

positive  finite  rational  number,  say  i?i.      Moreover,  — .  -  and 

m  4- 1     m  ^     ••'  7*2         7i2 

^        —  --p  can  each  be  made  less  t'.ian  any  asai2tied\iMvsi\^^x^  ^^.^  ^. 
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.Therefore  the  given  difference  can  be  made  less  than   dB  - 
=  d(R  +  Bi).     But  d{B  4-  i^i)  can  be  made  less  than  any  as 

number,  say  8,  by  taking  d  less  than • 

nil      W»2  ,   W»i  +  1      W2  +  1 

Therefore  the  two  series  —  •  —  and • > 

rii     n2  7%!  nt 

determine  a  positive  number  which  lies  between  them.    This  nun 

defined  as  the  product  /i  •  lo.    That  is, 

W»i     WJ2  wii  +  1     m2  +  1 

•    ^^   ±-\     m    Jo  ■^  — ^^— ^—    •    — ^^^^—  • 

111       W2  Wi  W2 

The  following  definition  of  multiplication  of  irrational  nutnbers 
sistent  with  the  preceding  result. 

The  product  of  ttco  irrational  numbers  is  the  product  of  their  a 
values^  xcith  a  aujn  determined  by  the  laws  of  signs  for  the  product 
rational  numbers. 

The  Associative,  Commutative,  and  Distributive  Laws 
Multiplication  of  Irrational  Numbers. 

16.  These  fundamental  laws  hold  also  for  irrational  numbers.    ''. 

The  proofs  of  these  principles  are  similar  to  those  given  in  Art. 

17.  Reciprocal  of  an  Irrational  Number.  —  It  can  easily  be 
that  tlie  reciprocal  of  the  numbers  of  the  series  which  define  /  hi 
properties  (i.)  and  (ii.)i  Art.  6. 

Therefore  the  two  series  of  numbers,  =■  and  — ,  define  a  i 

m  -\-  I  m  * 

n  n 

number  which  lies  between  them.    This  number  is  defined  as  the  rec 

of  /.     That  is,  -J—-  <  i  <  -  • 

tn  -\-  I     I     m 

n  71 

18.  Division.  —  Division  by  an  irrational  number  may  be  def 
follows : 

To  divide  any  number  by  an  irrational  number^  not  0,  is  eqnivc 
multiplying  it  by  the  reciprocal  of  the  irrational  number. 

From  this  definition  it  follows  that  the  fundamental  laws  hold  « 
division  of  irrational  numbers. 

19.  It  follows  from  the  preceding  theory  that  the  laws  govern 
fundamental  operations  with  irrational  numbers  are  the  same  a 
governing  these  operations  with  rational  numbers. 


CHAPTER  XIX 

SURDS. 

1.  In  Ch.  XVI.  we  considered  only  roots  whose  radicands  are 
powers  with  exponents  equal  to  or  multiples  of  the  indices  of 
the  roots. 

In  Ch.  XVIII.  we  assumed  the  existence  of  roots  of  numbers 
which  are  not  powers  with  exponents  equal  to  or  multiples  of 
the  indices  of  the  required  roots,  and  proved  that  such  roots 
obey  the  fundamental  laws  of  Algebra ;  as  y/2  x  ^3= y'S  x  V^y 
etc. 

Such  roots  were  called  Irrational  Numbers. 

2.  A  Rational  Number  is  a  number  which  can  be  expressed  as 

an  integer  or  as  a  fraction;  as  2,  ^ — ,  ^(27  a®). 

A  Rational  Expression  is  an  expression  which  involves  only 
rational  numbers ;  as  |  a  +  ^  6,  a^  4-  ^al 

3.  A  Radical  is  an  indicated  root  of  a  number  or  expression ; 
as  yjl,  ^%  ^(a  4-  6). 

A  Radical  Expression  is  an  expression  which  contains  radi- 
cals ;  as  2y7,  ^x  +  ^y,  ^(a  +  V^)- 

A  Surd  is  an  irrational  root  of  a  rational  number;  as  ^7,  ^o. 

Observe  that  ^(1  -f-  V^)  ^^  ^^^^  ^  surd,  since  1  +  ^1  is  not  a 
rational  number. 

Notice  the  difference  between  arithmetical  and  algebraical  irrationality. 
Thus,  yja  is  algebraically  irrational ;  but  if  a  =  4,  then  ^a,  =  y/\y  =  2,  is 
arithmetically  rational. 

Classification  of  3urds. 

4.  A  Quadratic  Surd,  or  a  Surd  of  the  Second  Order,  is  one  with 
index  2 ;  as  ^3,  ^a. 
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A  Cubic  Surd,  or  a  Surd  of  the  Third  Order,  is  one  with 
as  ^(a  4-  b),  ^7. 

A  Biquadratic  Surd,  or  a  Surd  of  the  Fourth  Order,  is  < 
index  4;  as  -^(ab),  ^5. 

A  Simple  Monomial  Surd  Number  is  a  single  surd  nun 
rational  multiple  of  a  single  surd  number;  as  y3,  2^ 

A  Simple  Binomial  Surd  Number  is  the  sum  of  tw 
surd  numbers,  or  of  a  rational  number  and  a  sim] 
number ;  as  V-  +  -^^f  ^  +  V^- 

5.  The  principles  enunciated  in  Ch.  XVI.,  and  thei 

hold  also  for. irrational  roots.     Each  principle  will  be 

as  occasion  for  its  use  arises  in  this  chapter.     As  in  C 

we  shall  limit  the  radicands  to  positive  values,  and  t 

to  principal  roots. 

Reduction  of  Surds. 

6.  A  surd  is  in  its  simplest  form  when  the  radical 
tegral,  and  does  not  contain  a  factor  with  an  exponent 
or  a  multiple  of  the  index  of  the  root;  as  -,/2,  -^(a^b), 

A  surd  can  be  reduced  to  its  simplest  form  by  appl 
or  more  of  the  following  principles : 

(i.)  ^a'^f  =  af<  =  a^         [Ch.  XVI.,  §  1,  Art.  1 

(ii.)  ^(ab)  =  ^a  X  yb     [Ch.  XVI.,  §  1,  Art.  1 

(iii.)  \/f  =  ^  C^'^-  ^^I-'  §  ^>  ^^*-  1 

(iv.)   In  a  root  of  a  power  (or  a  power  of  a  root)  the 
the  root  and  the  exponent  of  the  power  may  both  be  midi 
divided  by  one  and  the  same  number ;  or,  stated  symbol 

9.    B 
yaP  =^ya'<P,  and  V^"  =  V^*- 
E.g,,  ^a'  =  ^a'',  ^a^  =  ^a\ 

The  proof  is  left  as  an  exercise  for  the  student. 

7.  The  following  examples  will  illustrate  the  metho 
ducing  surds  to  their  simplest  forms  : 

Ex,  1.   ^'(IS  a'b'')^  VC^  ^'^"^  ^  -V^-  ^^  =*io?b^(2 a^ 
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Ex.  2.   ^(a''+^h^''+^  =  V(«"^^")  X  V(«^0  =  ab^^(c(l^. 

Observe  that  the  radieand  is  separated  into  two  factors,  one 
of  which  is  a  power  with  the  highest  exponent  which  is  equal 
to  or  a  multiple  of  the  index  of  the  required  root.  The  result 
is  then  obtained  by  multiplying  the  rational  root  of  this  factor 
by  the  irrational  root  of  the  second  factor. 


Ex  3       /3  a'  ^  V(3  a^  ^  Va^  X  V3  _  a yS 


When  the  required  root  of  the  denominator  of  a  fraction 
cannot  be  expressed  rationally,  multiply  both  terms  of  the 
fraction  by  the  expression  of  lowest  degree  which  will  make 
the  denominator  a  power  with  an  exponent  equal  to  the  index 
of  the  root. 

Ex.4.  J?  =  J?=^. 
\3      \9       3 

\b'    \  b^  b 

l^y  Art.  G  (iv.),  a  given  surd  can  frequently  be  reduced  to 
an  equivalent  surd  of  a  lower  order. 

Ex.  6.   ^(27  a''6«)=  -^W  x  ^(3a)«  =  by/(3a), 

EXERCISES  I. 
Reduce  each  of  the  following  surds  to  its  simplest  form  : 

1.       V32.  2.       y/l^.  3.       V108.  4.       y/7?. 

6.    y/{d-h),  6.    y/{a^h^).  7.    y/{Aa^x^^).  8.    V(i>^«^W' 

9.    V(a-^*  +  «V-).  10.  •  y/{ah\^  -  b'-cP). 

11.    V(6-c)(6*-c0.  12.    Vl'ii'^-  l)(l  +  (?). 

13.    V(^x8-18x2  +  9y).  14.    y/(^ia'^b-Sab-^  +  iab^). 

15.    J/192.  16.    ^(-lOJ).  17.    ^(-a^^).  18-    </(a'"6V). 

19.    ^(lOa^Jc'J).  20.    ^(32a'»+c«)-  21.    ^/(- 54x^"+»y-*). 

22.    ^(-a"'65«).  23.    s^O'^  -  ^''•O-  24.    ;;^(cr'"^«  -  a'**). 

25.    ^729.  28.  </(4ax^).    27.  </(rt'+"^^-^»).   28.  ^/(rt'^x^). 

29.    ^(-ai*"^^^").  30.  «/(a2«+i6).  31.  ;y(a'"+'"6"'"0.  32.  t^[(aO *  +  «'-]*. 

MlO  \27  \a  ^  ^ 
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37.    ./«i«.  38.    Jl^«^.        39.    J^.  40.  J-M« 

\816  \  126  66  \96V  \45  68 

41.   ^?.  42.   </'«-.                43.    ;/-^.  44.  '/^«^ 

49.    ,'(^-?-'V  60.    <,'l^.      61.    i/'?^'.  62.  J/-^ 

jj    2»:a^  j^_    ^2g               jj_    .{/(Sla*).  66.  .J/a». 


mx 


57.    ^1/(4 «-).      68.    ^|.        59.    ^'g-        60.    ^^i        61. 

62.    ^(8a^6i6).  63.   ^V(^4«^«*'0-  64.    i«^(a80'620). 

65.    ^'^{Sla^b^'^).  66.   3^(a2«+»-V).  67.  '^(a^-2ax- 

Addition  and  Subtraction  of  Surds. 

8.  Similar  or  Like  Surds  are  rational  multiples  of  ow 
the  same  simple  monomial  surd,  as  V-^*^>  —  -^ V^j  ^^^  ^V 

Like  surds,  or  such  surds  as  can  be  reduced  to  like  surd 
be  united  by  algebraic  addition  into  a  single  like  surd. 

Ex.  1.   V12  +  2V27-9V'18  =  2V3+6V3-36V3=-^ 
Ex.  2.  8s^40  +  3^^135  -  2^025  =  16^5  +  9^5  -  10 

=  15^5. 

Ex.3.  V2-Vi+V-02=V2~iV2  +  TVV2  =  IV' 

Ex.4.   ^(a'b)-h2^(a'b')-\-^(a?/) 

=  a  V(«^)  +  2  a6  y/lab)  +  h'^(ab)  =  (a  +  b)\ 

EXERCISES  II. 
Simplify  each  of  the  following  expressions  : 

1.    y/2^  -  y/G -{- y/m).  2.  2^8  +  6^72-7. 

3.    V'^4  +  2V24-9V06.  4.  6^3-2^48  +  6. 

5.    3v75  +  4Jvl02-2iVl2.  6.  y/2^ -h  y/m  -  y, 

7.    4Vi-^VfV-2V27.  8.  2vi+v/60-vli 

9.    8^48 +  3^102 -2 ^'384.  10.  5^54+9^260- 

11.  21^500  +  J^250  -  3J sX32  -  Is^lOa 

12.  1.6 ^1|  -  2^^12.8  -  3i^5J  +  4.6^43.2. 
18.    ^40  -  5  ^^  +  4 ^  (,-  .e»^^o>)  ^  \\;\^V 
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14.   2V3-V12+^.  15.    ^4  +  3|/9-o^l92. 

16.  V(4  a')  +  V(»  a^)  +  \/(25  o«)  -  V(81  a'). 

17.  V(12a26)  +  V(76a-6)-v/(27a26). 

18.  ^(64  a^ftS)  +  ^(125  a^h^)  -  ^(a^'d^). 

20.  3 «^(250 a*«2) _  5 x^(128 a^^)  +  3 X2^(16 a«2). 

21.  3  a26^(32  025)  +  5^(108  a^6*)  -  a6^(500  a^ft). 

22.  </(9  a262)  +  ^(27  a^6)  +  5^(729  a^62). 

28.  2  {/(3  x2y)  _  ^(9  0:4^2)  +  ^(125  oc^y)  -  </(x8y2). 

24.  V(9a  +  27)  +  3V(4o+12). 

26.  V(4  a'  +  4  a26)  +  V(4  a^^  +  4  fts). 

26.  7a;V(25a  +  75)-5V(9a;'?a  +  27x2). 

27.  2V(2x8)-V(8«)-\/(2«'-4x2  4.2a;). 

28.  ^(a365  +  3  6«)  +  a ^(32  a^  +  90  6)  -  ^(a^  +  3  a«6). 

29.  Va8  -  ab  -  \/aW^  b^  -  V(a  +  6)  (a'^  -  6-*). 

30.  3a-v/— ; 3xa/ — ; 2aJ — -— +  4xa/— ^ — 

\a  +  X  \a  +  x  \a  +  x  \a  +  x 

Redaction  of  Surds  of  Different  Orders  to  Equivalent  Surds  Of 

the  Same  Order. 

9.  Surds  of  different  orders  with  unequal  indices  can  be 
reduced  to  equivalent  surds  of  the  same  order  with  equal 
indices  by  the  principle 

^a9  =*^aA'?  [Art.  G  (iv.)] 

Ex.  Reduce  ^3,  ■y/(2  a),  and  ^(5  b)  to  equivalent  surds  of 
the  same  order. 

We  have  V^  =  ^3«  =  ^729 ; 

^(5  6)  =^(5^)- =  ^(25  62). 

Observe  that  the  L.  C.  M.  of  the  given  indices  is  taken  as  the 
common  index  of  tlie  equivalent  surds,  and  that  each  radicand 
is  raised  to  a  power  whose  exponent  is  equal  to  the  quotient  of 
this  L.  C.  M.  divided  by  the  index  of  the.  ^\\e\\  \oo\.. 
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10.  Any  rational  number  can  be  expressed  in  the  form 
surd  by  writing  under  the  radical  sign  a  power  of  the  nu 
whose  exponent  is  equal  to  the  index. 

E,g.,  2  =  V^  =  v"^  =  -  =  </2». 

11.  Two  surds,  or  a  surd  and  a  rational  number,  can  be 
pared  by  first  reducing  them  to  equivalent  surds  of  the 
order,  and  then  comparing  the  resulting  radicands. 

Ex.    Which  is  greater,  -yj2  or  ^3  ? 

A\'e  have  ^2  =  -^8,  and  ^3  =  ^9. 

Since  9  >  8,  therefore  ^9  >  ^'8,  or  ^3  >  v^. 

EXERCISES  III. 
Reduce  to  equivalent  surds  of  the  same  order : 

1.    V2,   </■).  2.    V'^   \/0-  3.  V7,  v'lO. 

4-    VI   </\'  5-    S,   \/10.  6.  6,   ^4. 

7.    ^2,  ^3.  8.    iJ/lS,  lJ/10.  9.  ^(3a2),  I 

10.    ^rt^  l^b\  11.   "^-^Car-'y),  "-^(a^i/*).  12.  ^5,  ^10, 

13.    ^2,  3,   {/.').  14.    7a2,  h%   ^c\  16.  ^'!^a^*'!^b'- 

Which  is  the  greater, 

16.    2^3  or  3  V2  ?  17.    y/5  or  ^10  ?  18.    i^2o  or  \ 

19.    I'a-  or  ^/a,  when  a  <  1  ?  20.    ^x^  or  ^x*,  when  c 

Which  is  the  greatest, 
21.    V"^.  \/-^  (>r  </10  ?  22.    Vf  v^!i  or  ^J  ? 

Multiplication  of  Surds. 

12.  Multiplication  of  Monomial  Surds.  —  The  product  o: 

or  more  iiiononiial  surds  is  found  by  applying  the  princip 

^ax-{/b=-^(ab). 

Ex.  1.   5^4  X  2-^0  =  10^24  =  20^3. 
If  the  surds  are  of  ditferent  orders,  they  should  first 
duced  to  equivalent  surds  of  the  same  order. 

Ex.  2.    V«  X  -^a^  =  -^a^  X  -^a*  =  ^a"  =a-^a. 
Ex.  3. 
•^(a'b)  X  -^(a'b')  X  ^(a*b')  =  '^(a%')  x  ^(aW)  x  '-^(a% 
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Ex.  4.  2^5  X  3</20  X  V^O  =  6^5  X  ^(2«  x  5)  x  V(2  X  5) 

=  6^5*  X  7(2«  X  5')  X  ^(2«  x  5«) 
=6^(6^x2^  =  60:!J/5. 

When  the  radicands  contain  numerical  factors  it  is  advisable 
to  express  them  as  powers  of  the  smallest  possible  bases,  as  in 
Ex.4. 

It  is  frequently  desirable  to  introduce  the  coefficient  of  a 
surd  under  the  radical  sign. 

Ex.  5.  3  a^{2  ah)  =  ^(27  a»)  x  ^(2  ab)  =  ^(54  a'b), 

13.  Multiplication  of  Multinomial  Surd  Numbers.  —  The  work 
may  be  arranged  as  in  multiplication  of  rational  multinomials. 

.     Ex.   Multiply  2  -  3V2  +  5V6  by  ^2  -  V^- 
We  have  2  -  3V2  +  5 V^ 

V2-V3 

2 V2  -  G  +  10V3 
-15v2         ~    2V3  +  3V6 

-13V2-6-I-   8v3  +  3V6 
Observe  that  the  terms  of  each  partial  product  are  simplified, 
and  that  similar  surds  are  then  written  in  the  same  column. 

14.  Conjugate  Surds.  —  Two  binomial  quadratic  surds  which 
differ  only  in  the  sign  of  a  surd  term  are  called  Conjugate  Surds. 

E.g,,  V^  +  V^  and  -  V^  +  V^ ;  1  -  V^  ^^^  1  +  \/^- 
Either  of  two  conjugate  surds  is  the  conjugate  of  the  other. 
The  product  of  two  conjugate  surds  is  a  rational  number. 

For,     ( Va  +  V^)  (  V«  -  V^)  =  (  V«)'  -  ( V^)'  =  a  -  ^. 

15.  Type-Forms.  —  Many  products  are  more  easily  obtained 
by  using  the  type-forms  givcMi  in  Ch.  VI.,  §  1. 

Ex.  ( V2  +  V3)'  =  (V-)'  +  2  V2  x  V'*^  +  ( V3)' 

=  2  +  2  VO  4-3  =  5  +  2  V6. 

EXERCISES  IV. 
Simplify  each  of  the  following  expressions  : 
1.    y/ZXy/Q.  2.    V27x.0^^1H.  8.    4Vl  X  oV». 
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7.  ^(a26)x^(a6«).       8.  ^  x  ^0.  9.    9^54x3^24. 

10.  y/2  X  2^4.  11.  Vi  X  \/J2.  12.    ^54  x  ^486. 

18.  VHXv^ii-              W-  ^12  x^.  16.    ^fx^Jf. 
16.  ^lix^il,              17.  ^Ax(/rt.              18.    ^x^Jx^ 

19.  ^54x3V6x6^.                       20.  V^^  x  ^100  x  ^500. 
21.  ^12x^108x^486.                    22.  12^/14  x  V^^  x  ^^. 
28.  ^{x^  +  x)Xy/(ax-ha),              24.  VO^x'- 12a;)x  V(3a;2 

26.  V(«' -  ^)  X  V(^  +  5c8)-  26.    V(««  +  o)x  V(&x  +  6). 

27.  V(a'-60x^2^.  38.    V(6  x»  -  0)  x  ^|^. 

29  g»-8g8  ^      gg        /  xg 

V(»*'' +  2 x%  +  4 X2;2)      a;-2«  \a;*-2 +  2x«  +  4«-'«* 

4  a2  -  9  m2\  a-i  +  10  am  +  25  m^      \         a^  +  5  am 
31.    (  V2  -  V3  +  Vl^)  ^2.  82.    (4^  -  21^36)  x  2 ^30. 

33.    (V2+^2  +  ^2)^i.  84.    (3  +  V5)(2 ->/&). 

35.    (9-7V13)(5-0^13).  86.    (13 -V^) (7  +  3^5). 

37.    (5  +  ^4-2»(v6+V^)-         88-    (2v'3  +  ^2)(2v3 -^4). 

Find  the  value  of  each  of  the  following  powers : 

39.    (V7)^  40.    (2^3)*.  41.    (^z)^.  42.    (y/oFy 

43.    (5^4)6.  44.    (Vxiiy.  45.    (iV'(ra6)8.         46.    (2av^ 

Find  the  value  of  each  of  the  following  expressions,  without  perfc 
the  actual  multiplication  : 

51.  (y/5-y/lOy.  52.    (5  +  2^2)2.  58.    «/8-^ 

54.  (V0-</40)2.  55.    (V3-V6)^  66.    (V6-2. 

67.  (1+^2-^/3)^.  58.    (V2+V3  +  l)^ 

59.  </(5  +  2V6)x  v/(3-V6).  60.    (8  -  3v7)(8  +  3^7). 

61.  ^/(2  +  Vl2)sy(2-V^2).  62.    {VS  -  ^5  +  VS -\- y/d)^. 

63.  (>/2a5 +V3a?r)2.  64.    (n  -  Vl  -  n2)2. 

65.  (VaTx+>/a-x)2.     66.    (  v^'JTT- +  v^)8     67.    (x  +  2Vx2 
68.    (Va^  b  4- V^  -a/^)(^'<'  +  6  -v'^  -'"V^)- 
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In  each  of  the  following  expressions  introduce  the  coefficient  under  the 
radical  sign : 

71.    7V3.         72.    iv/2.  78.    i^'4.  74.    f^V. 

76.   2  ay/a,     76.   5xV(3«y)-      77.   abJ~  78.   4a^b^(2a). 

\ao 

79.   a'^a.        80.  a26»,J/(a6).      81.   a»»+V«**"^-      82.   a"y'»^'(aJ'*y**). 
83.    (a +6)  J- — ^ — -.  84.    (m  -  n)  J^^^^t^. 

Division  of  Surds. 

16.  Division  of  Monomial  Surds.  —  The  quotient  of  one 
nionomial  surd  divided  by  another  is  obtained  by  applying 
the  principle 

Ex.l.  :v^  =  ./?  =  V4  =  2. 

If  the  surds  are  of  different  orders,  they  should  first  be 
reduced  to  equivalent  surds  of  the  same  order. 


Ex.  2. 


^(4  g^  ^  <.'(16  g-)  ^  e /16a  ^  ^ 

^(3  a)       ^(27  a«)     \  27       ^^^         ^ 


17.  Division  of  Multinomial  Surd  Numbers.  —  It  is  better  to 
write  the  quotient  of  one  multinomial  surd  number  by  another 
as  a  fraction,  and  then  to  simplify  this  fraction  by  the  method 
to  be  given  in  Art.  2G.  But  if  the  divisor  is  a  monomial,  the 
work  proceeds  as  follows : 

(V72+V32-4)^2V2  =  ^  +  ^--^ 

=  3  +  2-V2  =  5-V2- 

18.  Type-Forms.  —  !Many  quotients  are  more  easily  obtained 
by  using  the  type-forms  given  in  Ch.  VI.,  §  2. 

Ex.  «/a«-  -^6*)  +  (^a-  ^b)  =  [(»'- «/^)']-!- C^a-  ^6^ 
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EXERCISES  V. 

Simplify  each  of  the  following  expressions : 

1.   3^2-^2^/3.           2.    y/QO-i-y/d.  3.    Vl^-^Vi- 

4.    V21--Vf              *•    6--V3.  6.   20 -f- 3^10. 

7.    10-^^5.                  8.    U-h^S.      '  '    9.   9^7-.2V21. 

10.   2^6 --{/2.            11.   6^2 -{/O.  12.    <,^0 -^  3^16. 

13.    (4+V<5-5Vl**)-2V2.         14.    (3^10  -  4^15  +  5)-r- V6. 
16.    (V2-3{/4)^^2.  16.    (^3-3{/6)-^{/3. 

17.       y/X-^-^X.  18.       v/aJ^-r-^x2.  19.       y/X^^Z. 

20.    ^x2 -4-^x8.  21.    y/(a'X)-i-y/x.  22.    ^a;2-r-nVa;. 

23.    V(l-*«&)-^\/(28a262).  24.    ^(l^x'^y)-^  ^{2oxy^). 

25.   2a2v/nH-5^(4n).  26.   x^^x^"^ -i- n^^/x*'-*. 

Simplify  each  of  the  following  expressions,  without  performi 
actual  division : 

27.    (1 -x)h-(I-v'x)-  28.    (ax-bx)^(y/a-y/b). 

.9.(i-i).a.v^).     ->■  [t-M^i^^iy 

31.   {ay/a-^by/b)-i-{y/a-^y/b).     32.    (x^x~y-^y)^(^^x-^ 

Surd  Factors. 

19.   From  the  identity 

(vix  +  7iy  =  m^jc^  4-  2  7nnx  -f  w* 
we  infer: 

If  a  tnnomial,  arranged  to  descending  powers  of  a  leti 

Xy  he  the  square  of  a  hinomialy  the  third  term  is  equal 

square  of  the  quotient  obtained  by  dividing  the  coefficient  ( 

twice  the  square  root  of  the  coefficient  of  oi^;  that  is, 


n'  = 


'2  mn^  ^ 


2  m 

Consequently,  if  to  any  binomial  of  the  form  m^x^  -\ 

/2  mn\^ 
the  term  ( ) ,  =  ?i^,  be  added,  the  resulting  trinom 

\  2  771  y 
be  the  square  of  a  binomial. 

This  step  is  called  completing  the  square, 
E.g.,  if  to  9  a^  +  5  oj  we  add  {-^f,  =  ||, 
wehave  9a? +  5x  +  \^,  =^^x-v^^. 
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20.  An  expression  of  the  second  degree  in  a  letter  of 
arrangement,  say  a;,  can  be  transformed  into  the  difference 
of  two  squares,  and  hence  be  factored. 

Ex.   Factor  2o  x^  +  13  x -\- 1, 

To  transform  25  ic^  -f  13.aj  + 1  into  the  difference  of  two 
squares,  we  first  complete  25a^4-13a?  to  the  square  of  a 
binomial  by  adding  (y^)^  =  \^ ;  and,  in  order  that  the  value 
of  the  given  expression  may  remain  unchanged,  we  also  suK 
tract  If  J  from  it.     We  then  have 

2ox'  +  13x-hl  =  25x'  +  lSx-h\^^m-hl 

=  (5  a?  -h  if  +  iVV69)(5  a?  +  H  -  iVV69). 

21.  If  the  coefficient  ofa^  in  the  expression  to  be  factored  he  1, 
the  term  to  he  added  to  complete  the  square  is  evidently  the  square 
of  half  the  coefficient  of  x, 

Ex.  1.  Factor  aj^  —  5  a;  —  1. 

We  have        ar^-5aj- 1  =  aj2_5a;  +  (4)«-(f)«-l 

=  (^  -  f  +  iV29)(aJ  -  f  -  W29). 

Ex.  2.  Factor  —  3  ar*  +  4  a;?/  +  2  ?/l 

Since  the  coefficient  of  a^  is  not  the  square  of  a  rational 
number,  the  work  is  simplified  by  first  taking  out  the  factor 
—  3.     We  then  have 

^Z7?-^^xy^2if=^^3(x^^\xy--lf), 

Completing  7?  ^\xy  to  the  square  of  a  binomial  by  adding 
(g  yf^  =  ^2/*,  to  the  expression  within  the  parentheses^  and  also 
subtracting  |  y^  from  it,  we  obtain 

-3a:*4-4a?y  +  22^  =  -3(ar'-|a;7/  +  ^7/«-V20 

=  -3[(^-!2/)^-(^2/)^] 

=  -3(a:-j2/  +  ^//)(a:-|2/--^»^.V). 
This  method  can  of  course  be  applied  whon  the  factors  are 
rational,  but  the  methods  given  in  Ch.  Vlll.,  §  1,  Arts.  9-13^ 
are,  as  a  rule,  to  be  preferred. 
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EXBBCISES  VI. 

Resolve  r  —  1  into  two  factors,  one  of  which  is 

I.  y/x,  +  1.  2.   ^x  -  1.  3.   \/x  +  1.  4.  \jt 

Factor  each  of  the  following  expressions : 

5.   a;«-2x-ll.  6.    166  +  6x-x«.  7.   4x«T-4«y-17: 

8.   3  +  2x-lla;2.       9.   x«-2wx-l.         10.   a2-2ax  +  a2- 

II.  ax«  +  6xy  +  cy2.    12.  m^x^  _  4  ^ix  +  4  -  nm«. 

Rationalization. 

22.  To  rationalize  a  surd  expression  is  to  free  it  from 
tional  numbers. 

Thus,    ^4  is  rationalized  by  multiplying  it  by  ^2, 
^4  X  -^2  =  ^8  =  2. 

A  Rationalizing  Factor  for  an  iiTational  expression 
expression  which,  multiplying  the  irrational  expression, 
a  rational  product. 

E.g.,  -^2  is  a  rationalizing  factor  for  ^4,  and  vice  verse 

23.  A  rationalizing  factor  for  a  monomial  surd  num 
easily  determined  by  inspection. 

Ex.  1.  A  rationalizing  factor  for  ^o^  is  ^a»"',  and  vice 

Ex.  2    A  rationalizing  factor  for  ^(a^b)  is  -y/ia^b*),  ar 
versa. 

24.  A  rationalizing  factor  for  a  binomial  quadratic  s 

its  conjugate  (Art.  14). 

Ex.1.   (v2-V3)(v/2-|-v3)=2-3=-l. 

Either  of  the  given  binomial  surds  is  a  rationalizing 
for  the  other. 

25.  Rationalizing  factors  for  a  trinomial  quadratic  su 
be  found  by  reference  to  the  following  identity : 

(^a  -^b  - ^c)  =  a^ ^  b^-h c^ -2  ab  -2  ac 

The  rationalizing  factors  for  any  one  of  the  four  fac 
the  left  are  the  other  thtee. 
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E.g.y  V^  ""  V^  +  V^  ^^  *^®  rationalizing  factors 

( V3  +  V^  +  V7')  ( V3 + V5 '-  V7)  ( V3  -  V^  -  V7). 

In  rationalizing  numerical  examples,  the  work  is  simplified 
if,  after  multiplying  by  one  of  the  three  rationalizing  factors, 
the  product,  which  is  a  binomial,  be  multiplied  by  its  conjugate. 
Thus, 

(V3-V5+V7)(V3-V5-V7)  =  3-f-5-2V15-7 

=  1  -  2  V15. 
Therefore  the  second  rationalizing  factor  is  1  -f-  2^15. 

EXERCISES  VII. 
Find  the  expressions'  which  will  rationalize  the  following : 
1.    V3.  2.    ^4.  3.    ^7.  4.    ^12.         '     6.    ^16. 

6.    y/a.         7.    ^(a62).      8.    ^{aH).      9.    ^^(a%^).      10.    ^(rt2&«-«). 
11.    3  +  v^.  12.    2v^l4-V3.  18.    y/^  +  y/'d  -  y/2. 

14.    V(a'-l)-\/(a^  +  l)-  !*•    V(a^^  +  y^)-\/(2  Jcy). 

Reduction  of  a  Fraction  with  an  Irrational  Denominator  to  an 
Equivalent  Fraction  with  a  Rational  Denominator. 

26.  Multiply  both  numerator  and  denominator  of  the  given 
fraction  by  the  rationalizing  factor  for  the  denominator. 

Ex.1.  ^  =  2Z2x:^  =  V6. 

V3     V3     V3       3 

Ex.  3. 

Va+a!)  +  Va-ig)^V(l+ig)  +  V(l-a;)^.V(l+a!)  +  V(l-a!) 

V(l+a!)-VCl-*)     V(l+«)-V(l-'«)     V(lH-*)  +  V'(l-*) 

^l+x+2v^(l-a;'0  +  l-«^l  +  V(l-arO 

(l+x)-(l— x)  a; 

Ex.  4. 

3-^2  - 1  3  V2  -  1  2  V2  -  V3  -  yG 

.2v'2-V3+V<^      2V2-V3+V'^      2V2-V3-V6 

_  12  -  2 V6  -  5  V3  -  2V2     5  +  4^6 

5  -  4V6  6  +  -iVG 

^  12  +  38^/6  -  41 V3  -  70^/2 

-71 
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EXBBCISBS  VIII. 

Change  each  of  the  following  fractions  into  an  equivalent  frac 
a  rational  denominator : 


8^26 

5. 

2 

1 

10. 

2-^3 

5 

18.    V'i 

-2 

^ 

y/2  6^3  3^4 

0              3?                                M               X                                 A                O  A 

.     •  7.     -r — T»  5.     -•  W. 

y/x                ^x2                ^a* 
jj     V(2m)+3n         jg    l+v^2  

VC^"»)-3n             *   2-v^2  *"'   2Vo-\/JL8 

j^    a^/ft  +  ft^/a  jg    '^a^-2a^(nh')         ^^    1__ 

y/a-k-y/b   '                   3(i  +  2vC«^)  *    Vl^-V^- 

17.   12 j3         ^-v^      .  19.   _3jbJb^ 

v«  -  Vl^ +2           1  +  V^ + V3  v^  +  v^  - 

2^    (a8  +  ?0-|-aV(a2  +  6)                g^  (n  H- 1)  +  y/Cyi'^  - 

a  +  v/(«^  +  &)                          '  (n  +  1)  -  V(w'^  - 

22^       fl+V(«^-4a)                        33  y^q  H- a/Co  H- a;^ 


Properties  of  Quadratic  Surds. 

27.  77ie  product  and  the  quotient  of  two  like  quadra 
are  rational. 

For   7n  V^J  X  n^x  =  mn^yr  =  mwx,  and  — ^~  =  —• 
^.^.,  3V2  X  5V2  =  15  V4  =  30;  1^  =  2. 

28.  7/*  ^^e  product,  or  the  quotient,  of  two  quadratic 
rational,  they  must  be  like  surds. 

Let  -y/x  X  ^y  =  J?,  a  rational  number. 

Then  ^x==-^  =  ^^y. 

■\'y    y 

Since  y/x  is  a  rational  multiple  of  ^/y,  therefore  y/x 
must  be  like  surds. 

In  like  manner  the  principle  can  be  proved  for  the  c 

29.  The  product  and  the  quotient  of  tivo   unlike  q 
$urd8  are  irrational. 
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For,  by  Art.  28,  whenever  the  product  of  two  quadratic  surds 
is  rational,  they  must  be  like  surds. 


E.g.,  V2xV3  =  V6;  ^=-^|- 


V3 

30.  A  quadratic  surd  cannot  be  equal  to  the  sum  of  a  rational 
number  and  another  quadratic  surd  ;  or 

wherein  ^a  and  -y/c  are  surds,  and  b  is  rational. 
For  if  ■s/a  =  b^y/c,  then  a  =  62  +  c  +  26Vc. 
Solving  the  last  equation  for  -y/c,  we  obtain 

a  —  W  —  c 


Vc  = 


26 


This  equation  asserts  that  y'c,  an  irrational  number,  is  equal 

CL  — —  li    —  C 

to  — — ,  a  rational  number.     This  is  a  contradiction  of 

2o 

terms,  and  therefore  the  hypothesis  -y/a^b  +-y/<^  is  untenable. 

31.  //  a+V*  =  '  +  V/>  (1) 

wherein  ^b  and  ^y  are  surds,  and  a  and  x  are  rational,  then 
a  =  X  and  b  =/. 

For  if  a  :^  a?,  let  a  =  «  +  wi,  wherein  m  =^  0. 
Then  (1)  becomes  a:+wi+ V^=*^+V.V>  or  m-\--y/b=^y,    (2) 
But  by  the  preceding  article  (2)  is  untenable,  unless  m  =  0. 
Therefore  a  =  a?,  and  hence  -y/'b  =  -y/y,  or  b  =  y. 


If  v(fl  +  V*) = V  +  V/^  ^^^^  V(ff  -  V*) = V'  -  V/- 

From  y/(a  +  V^)  =  V^  +  V^j 

we  obtain  a  +  -y/b  =  x  +  y  +  2-yJ(xy), 

Whence,  by  Art.  31,  a  =  x-\-  y,  (1) 

and  V^  =  2  V(^y)-  (2) 

Subtracting  (2)  from  (1), 

a-V^  =  ^  +  y-  2V(«2/)-  (3) 

Therefore  ^(a  —  -y/ft) = ^x  —  ^g. 


8. 

</^i 

6. 

^(«' 

9. 

</ia' 

12. 

8/«2 
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Evolation  of  Surd  EzpressionB. 

33.  A  root  of  a  monomial  surd  number  is  found  by ; 
the  principle 

^'^a  =  Vfl-    [Ch.  XVI.,  §  1,  Art 
Ex.  1.  ^^o  =  ^5. 

It  is  important  to  notice  that  -^^a  =-{/-{/a. 
Ex.  2.  ^^J/(8  x')  =  ^^(Sx^  =  -^(2  x). 

EXERCISES  IX. 

Simplify  each  of  the  following  expressions  : 

1.    </^a8.  2.    ^^a^. 

7.   VV«"  *•    >/v/(i4«-&^c8). 

10.     -\/-r— •  11.         -%/ • 

18.   2V{2V[2\/(2v/2)]}.  14.    a\/aV{aV[«VC 

16.    2v'^7  +  8V^V7-3</^7-^V>/7. 
16.   2^V«^  X  «:;y^a8  X  ^■^ya'^  X  VV«- 

Square  Roots  of  Simple  Binomial  Surds. 

■ 

34.  Ex.  1.  Find  a  square  root  of  3  +  2^2. 

Let  V(3  +  2  V2)  =  V^  +  V2/- 

Then,  by  Art.  32,  V(3  -  ^ ^2)  =  ^/x-'  ^y. 
Multiplying  (1)  by  (2),  V(9  ~  8)=  a?  -  y, 

or  •  a?  —  2/  =  !• 

Squaring  (1),  S-{-2^2  =  x-{-y-{-  2^(xy) ; 

whence,  by  Art.  31,  x  +  y  =  3. 

Solving  (3)  and  (4),  we  have  a;  =  2,  y  =  1. 

Therefore  ^(3  +  2  v2)  =  V^  +  V^  =  V^  + 1. 
This  example  could  have  been  solved  by  inspect 
change  3  +  2^2  into  the  form 

m  +  2^(mn)  +  n  =  ( V^  +  V^O*- 
We  then  have 

VC3  +  2v2)=VC2+^V*^^^^=>J^-nJ^-v'^Y=^ 
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Ex.  2.  Solve,  by  inspection,  V(^l ""  3 V24). 
We  have        V(21  -  3  V24)  =  V(21  -  2  V54) 

=  V(18- 2^54  +  3) 

=  VIS  -  V3  =  3V2  -  V3. 

7n  solving  by  inspection,  first  write  the  surd  term  of  the  given 
binomial  surd  in  the  form  2-y/{mn)j  as  3^/24:  =  2y54. 

Then  find  by  inspection  two  numbers  whose  sum  is  equal  to  the 
rational  term  of  the  given  binomial  surd,  and  whose  product  is 
equal  to  mn, 

BXEBCISES  X. 
Find  a  square  root  of  each  of  the  following  expressions : 


1.  7+V48. 

4.  11+^/2. 

7.  8-V28. 

10.  11  -Qy/2. 

13.  ?+fV21. 


2.  6-V24. 

5.  3-^5. 

8.  6  +  4V2. 

11.  11  +4V7. 

14.  A-AV2. 


16.   4a  +  2V(4a2-62). 

18.    lOn^  +  l-enVCi^  +  l). 


3.   2+V3. 

6.      Q+y/U. 

9.   7  +  2^10. 

12.   30-10^5. 

15.    iJ-AV5. 
17.    n-2y/(n-  1). 
19.   a-x  -2y/(a  —  x—l). 


Approximate  Values  of  Surd  Numbers. 

35.   An  approximate  value  of  a  surd  number  can  be  found  to 
any  degree  of  accuracy  by  the  methods  given  in  Ch.  XVI. 

Ex.  1.   Find  an  approximate  value  of  -^2  correct  to  three 
decimal  places.     The  work  proceeds  as  follows: 


2.00'00'00'00 
1 


100 

96 

4  00 

2  81 

1  19  00 

1 12  90 

1.4142 


24 


281 


2824 


6  04  00  i  2S28 
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The  work  is  simplified  by  neglecting  the   decimal 
writing  it  only  in  the  result.     It  is  necessary  to  find  th( 
to  four  decimal  places  in  order  to  determine  whether  tc 
the  figure  found  in  the  third  place  or  the  next  greater  1 
according  to  the  well-known  principle  of  Arithmetic. 

Ex.  2.   Find  the  value  of  ^(1  ~  «)  to  three  terms. 
The  work  proceeds  as  follows : 

1 


—a; 


l-i^x^jx^ 


3xP=3 

3x1^+3x1  X  (-4a:)4-(-ia:)»=3-a:- 


An  approximate  value  of  a  fractional  surd  is  obtained 
simply  by  rationalizing  its  denominator,  then  finding 
required  root  of  the  numerator  of  the  resulting  fractioi 
dividing  this  value  by  the  denominator. 

Ex.  3.   Find  an  approximate  value  of  y'^  correct  to 
decimal  places. 

We  have  Vi  =  W^y  ^nd  ^2  =  1.4142  +  .... 
Therefore  ^^  =  .707,  correct  to  three  places  of  decima 

EXERCISES  XI. 

Find  by  inspection  the  square  root  of  each  of  the  following  expre 
1.   a2  _{.  2  ay/b  +  6.  2.   4a  +  0x-  12^(ax). 

3.   9  +  6^3+^9.  4.    ^5  +  2^2  +  2^80. 

Find  by  inspection  the  cube  root  of  each  of  the  following  expre 

6.  Zy/x-\-Sy/x-Sx-\.  6.   i  71  +  12  n^n^-\- 12  n^n- 

7.  8  a;3  +  66  x^  +  33  a;  -  36  x^-y/x  -  QSxy/'x  -  9y/x  +  1. 

Find  an  approximate  value  of  each  of  the  following  expressions, 
to  four  figures : 

8.  y/S.  9.    ly/2.6.  10.    y/2.  11.    ; 
12.    V345.06.                  13.    V108G2.321.              14.    ^54.0001. 

16.   —'  16.   -^.  17.   -i-.  18. 

V^  y/S  2^4 

19,  1±^.  ao.  1±1^.  21.      V^7     , 

1—^3  h-\yl\\  ^^^\^Q 
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Find  an  approximate  value  of  each  of  the  following  expressions,  to 
include  four  terms: 


85.    ^Cl+x»).  26.    ^(a8-68).  27.    ^(xHx'^y+xyHy*). 


EXERCISES  XII. 
MISCELLANEOUS    EXAMPLES. 


1.  Simplify  2  \3  +\5  -^13  +  4V3. 

In  each  of  the  following  expressions  make  the  indicated  substitution 
and  simplify  the  result : 

2.  In; — ^-^^ + Lll« ;ieta  =  iv3. 

l+V(l  +  a)      l-V(l-«) 

3.  In ^_  +  V(l  -  ^^),  let  X  =J^^-V(^^-^). 

4.  In  2[a6  -  V(«^  -  l)>/(^^  -  1)].  let  2  a  =  a;  +  i  and  2  6  =  y  +  -. 

5.  In  y(«_±.^)iV(«^lJ?),  let  X  =  -li^. 

V(a  4- X)  -  V(«  -  ac)  62^  1 

6.  In  x2  +  y2  +  xy,  let  x  =  i[>/(«  +  &)  +  >/(«  -  3  6)] 

and  y  =  K >/(«  +  6)  -  >/(«  -  3  6)]. 

9.    In  Xy/{\  -  a;2),  igt  x  =  Jl+V(^-^«^). 

10.  Ina:8  +  3aa;  +  26,  let  a:=^[-6+ V(a«  +  62)]+ ^[-6- V(aH6«)]. 

11.  Prove  the  following  identity  : 

V[2  a«  -  6^  +  2  aVCa^  -  h'^)]- y/^a^  -  2  6V(a2  -  62)]=  a  +  6. 

13.   Simplify  ; 1±^^5 ; — ^^ — .. 

L\  2  ^\  2  J 

IS.   Simplify  a»-na+(a^-l)v(a^-4)-2. 


8 


CHAPTER  XX. 

IMAQINART  AN0   COMPLEX  NUMBERS. 

1.  Since  even  powers  of  both  positive  and  negative  numl 
are  positive,  even  roots  of  negative  numbers  cannot  be  expres 
in  terms  of  numbers  as  yet  comprised  in  the  number  systeo 

E.g,  since  (±  4)^  =  IG,  the  ^—16  cannot  be  expressed  i 
positive  or  as  a  negative  number. 

It  is  therefore  necessary  either  to  exclude  such  roots  f: 
our  consideration  or  again  to  enlarge  our  ideas  of  nura 
The  latter  alternative  is  in  accordance  with  the  generali: 
spirit  of  Algebra. 

We  therefore  assume  that  -yj—l,  and  in  general  y/-^a, 
numbers,  and  i)idude  them  in  the  number  system. 

2.  These  new  numbers  are  defined  by  the  relations 

(^—  1)^  =  —  1,  and  in  general  (^—  a/"  =  —  a. 

Imaginary  Numbers. 

3.  The  square  root  of  a  negative  number  is  called  an  In 
nary  Number ;  b,s  -y/  —  3,  ^  —  S. 

The  study  of  these  numbers  is  simplified  by  first  conside 
the  properties  of  \^—l,  which  is  taken  as  the  Imaginary  U 
This  new  unit  is  commonly  designated  by  the  letter  i,  an 
opposite  by  ~  /. 

*  The  designation,  imaginary,  is  unfortunate,  since,  as  will  be  6 
in  Part  II.,  Text-Book  of  Algebra,  such  numbers  are  no  more  ima^ 
(in  the  ordinary  meaning  of  tlie  word)  than  common  fractions  or  nej 
numbers.  Dr.  George  Bruce  IlaKsted,  Professor  of  Mathematics  i 
University  of  Texas,  has  suggested  Neomon  for  the  imaginary  uni 
Neomonic  for  imaginary. 
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We  then  have  by  definition 

(±/7  =  -l. 

For  the  sake  of  distinction  all  numbers,  rational  and  irra- 
tional, which  have  been  used  hitherto  in  this  book  are  called 
Real  Numbers. 

• 

4.  Multiples  and  Fractional  Parts  of  the  Imaginary  Unit. — 

Just  as  multiples  and  fractional  parts  of  the  real  units  1  and 
—  1  are  numbers,  so  we  assume  that  multiples  and  fractional 
parts  of  the  new  unit  i,  and  of  its  opposite  ~  i,  are  numbers. 

E.g.,  just  as  3  =  1  +  1  +  1,  -3  =  -l-l-l, 

80       3V-1  =  V-  1  +  V-  1  +  V- 1;  or  3t  =  I  +  1  +  i; 
-3V-l  =  -V-l-V-l-V-l>or  -3i  =  -i-t-i; 

and  |v-l=^  +  ^,or|i  =  |  +  |. 

5.  Two  or  mofe  multiples  or  fractions  of  the  imaginary 
unit  can  be  united  by  addition  or  subtraction  into  a  single 
multiple  or  fraction  of  that  unit. 

^.^.,  6V-1-8V-1  =-2V-l,  or  6t-8t  =  -2t; 

a V- 1  +  *V- 1  =  (ff  +  *)V~  1>  or  ai  +  bi  =  (a  +  6)/. 

6.  Multiplication  by  /.  — We  define  multiplication,  when  the 
multiplier  is  the  imaginary  unit,  by  assuming  that  the  Com- 
mutative Law  holds,  that  is,  by  the  relation 

■y/—  1  X  a  =  aV—  1>  or  ia  =  ai. 

E.g.,  ?  2  =  2  i  =  I  +  i. 

That  is,  i  is  used  like  a  real  factor. 

7.  The  following  particular  cases  of  Art.  6  deserve  special 
mention : 

1.1  =  1.  '  =  1;     1.0  =  0.1  =  0. 

8.  It  follows  directly  from  Arts.  5  and  6  that  the  Distribu- 
tive and  Associative  Laws  hold  when  the  imaginary  unit  is  a 
factor  of  the  product. 

E.g.,        (a  ±  b)i=  ai  ±  bi\  aibi  =  abii  =  abi^. 
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9.  Diyision  by  /.  — It  follows  from  the  definition  of  divis 
that  ^  is  a  number  which  multiplied  by  i  gives  cU. 

V 

But  a  X  I  =  ai. 

Therefore  ~  =  ff. 

/ 

Observe  again  that  i  is  used  like  a  real  factor. 

10.  We  now  have,  in  addition  to  the  double  series  of  : 
numbers,  the  double  series  of  imaginary  numbers : 

•  •  •  —  3  i,  —  2 1,  —  *;  0, 1,  2 1,  3 1,  •  •  •. 

Between  any  two  consecutive  numbers  of  this  series  there 
fractional  and  irrational  multiples  of  i.  Thus,  between  i 
2  i  lie  f  ?*,  ■y/2  ?*,  etc. 

11.  Powers  of  / .  —  The  following  values  of  the  posi 
integral  powers  of  V~  ^>  ^^  h  follow  directly  from  the  de 
tion  of  i  and  Art.  8  : 

(V-l)^=-l,  t'^  =  -l, 

(V-i)^=(V-i)W-i)=~V~i,       i^  =  i^^i=- 

(V-1)^=(V-1)W- !)'=  +  !.  i*  =  1^.1^  =  4 

(v-i)'=(v-inv-i)=+v-i>     i«=i*.t  =4 

(V-i/=(V-i)XV-i)'=-i.  *•'  =  *'*  •  *•"  =  - 

The  preceding  results  give  the  following  properticj 
powers  of  i: 

(i.)  All  even  powers  of  i  are  real. 

(ii.)  All  odd  powers  of  i  are  ima^inai^y, 

12.  Since 

(V-a)2  =  -a,  and  (V^x  V- 1)'  =  (V«)'(V- 1)'  =  " 
we  have  (V~  ^Y  =  (V^  X  V""  ^Y- 

Whence  -y/—  a  =  V^  x  V"~  1- 
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13.  Addition  of  Imaginary  Numbers. — Imaginary  numbers 
are  united  by  addition  and  subtraction  just  as  real  numbers  are 
united. 

Ex.  1.  V-  9  +  V- 16  =  ^V- 1  +  ^V- 1  =  7 V- 1  =  7 1. 

Ex.  2.  4 V-  5  -  lOV-  5  +  3 V-  5=  -3 V-  5 

=  -3V5V-l=3V5-*- 
'  Ex.3.  i^2^i"=j+(-i)=0. 

14.  Multiplication  of  Imaginary  Numbers.  —  The  following 
principles  enable  us  to  simplify  a  product  of  imaginary 
factors : 

For  y/-  a  X  y/b=y/ay/-ly/b=^ay/by/-l 

and  y/-a  Xy/-b  =  ^ay/-l  Xy/by/-l  =  y/ay/b{y/-  l)^ 

Ex.  1.   V-  9  X  V16  =  3V-  1x4  =  12V-  1  =  12  J. 
Ex.2.   V~2  X  V~8  =  -Vl6  =  -^• 
Ex.  3.  v-^xV-l0xV-15=v5xvl0xVl5x(v-l)' 

=  -5v30v-l=-5v30 .  i. 

15.  Division  of  Imaginary  Numbers.  —  The  following  princi- 
ples enable  us  to  simplify  quotients  which  involve  imaginary 
numbers ; 

y/b  y/b  \b  ^ 

v/-6      V^xV-l      y/bxiy/-iy         \6     ^        '{ 
and  V.l^  =  V^V-^=:^=^/g.  \l 
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EXEBCISBS  I. 

Simplify  each  of  the  following  expressions : 
1.   2^-0-3^-25.  2.   TV- 81  + 5 v/- 144. 

8.   ByZ-l^+yZ-Ul.  4.    -6^-8-3^-32. 

5.  2V-<»^  +  6V(-»«')-3v'(-16a2). 

6.  2V(-a*&)-4V(-a^&')+2v'-66. 

7.  VS  •  V-  3.  8.    V3  •  V-  12.  9.    V-  60  .  V-  2. 
10.    yZ-S'^-Q.                             11.    V-2  .  V-0- ^-24. 
12.    V-  S  •  V-  20  .  V8.                   18.    V^  •  V-  12  .  V-  3. 

14.  V- IS  •  \/l0  •  V2-  !*•    V-^'-V-aj*- 

16.  V(3«'-)  •  V  -  3.  17.    V(-  «^^)  •  V(~  «&')  •  \/(-  «^ 

18.  V(-  m*n2)  .  ^(-_  wm»)  •  V(-  w»'»^)  •  V(-  »»^»»)- 

19.  (V-3  +  v/-2)(V-3  +  V-6)- 

20.  (3v/-5  +  4V-6)(2V-6-3V-0). 

21.  (V-fl+V-'OCV-a-V-^)- 

22.  [v-(«  +  ^)  +  v-^][v'-(q  +  6)-v'-6]. 

23.  y/-x^.  24.    (V-«)^-  25.    V-«*-  26.    (V- 

27.  VCl -a;).  V(aJ -!)•  28.    y/(a  -  b)  -  y/(b  -  a).         29. 

30.  i»8.  31.    i".  32.   i»^i.  88.    i*+i^.  84.   i^S- 

36.  (V-«)^®-  36.    (-aV-a)*2.  87.    V-27-^V 

38.  v'-8-^v'-2.  39.    5V- 35 -4- 2^7.         40.    V3-^J\/- 

41.  ^y-a^y/-a^.  42.    V(-«^)^V-^- 

43.  (V-S +V-8)-V-2.  44.    (^-12-V18)-^V-3. 

46.   1.  46.    i.  47.   i.  48.   -^.  49.   — 

Complex  Nmnbers. 

16.  A  Complex  Number  is  the  algebraic  sum  of  a  real  aii( 
imaginary  number ;  as,  3  ±  2  i. 

The  general  form  of  a  complex  number  is  evidently  a  - 
wherein  a  and  h  are  real  numbers. 

When  &  =  0,  we  have  any  real  number. 
When  a  =  0,  we  have  any  imaginary  number. 

17.  Two  complex  numbers  which  diifer  only  in  the  sig 
their  imaginary  terms  are  called  Conjugate  Complex  Numl 

a5,^~3«and2  4-3i. 
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18.  Two  complex  numbers  are  said  to  be  equal  when  the  real 
term  of  one  is  equal  to  the  real  term  of  the  other,  and  the  imagi- 
nary term  of  one  is  equal  to  the  imaginai'y  term  of  the  other; 
as,  2-|-3i  =  2+3i. 

That  is,  if  a  +  6/  =  c  +  rf/, 

then  a  =  c,  and  bi  =  di,  ot  b  =  d. 

Observe  that  the  preceding  statement  is  a  definition  of  the 
meaning  of  the  sign  of  equality  between  two  complex  numbers. 

19.  From  the  preceding  article  it  follows  that,  if 

a  +  bi  =  0  =  0  +  Oi,  then  a  =  0,  fe  =  0. 

20.  Addition  and  Subtraction  of  Complex  Numbers.  —  The  fol- 
lowing definition  of  Addition  and  Subtraction  of  Complex 
Numbers  is  a  natural  extension  of  the  definition  of  these 
operations  for  real  numbers: 

Two  complex  numbers  are  added  or  subtracted  by  adding  or 
subtracting  the  real  parts  by  themselves  and  the  imaginary  parts 
by  themselves. 

E.g.,    (24-3i)  +  (-54-6i)  =  (2~6)+(3?:+6t)=s-3+9i. 
In  general,  (a  +  bi)  ±(c  +  di)  =  (a  ±  c)  +  (6  ±  d)t\ 

21.  The  Commutative  and  Associative  Laws  hold  for  alge- 
braic addition  of  complex  numbers. 

This  principle  follows  immediately  from  the  definition  of 
addition  and  subtraction. 

That  is,  (a  -f  bi)  +  (c  +  di)  =  (c  +  di)  +  (a  +  bi)\ 

(a  +  6/)+(c  +  rf/)  +  (e  +  /7)  =  (a  +  6/)+[(e  +  ff)-h(c  +  rf/)J. 

22.  The  sum  or  difference  of  two  complex  numbers  is,  in 
general,  a  complex  number. 

E.g.,  (2+3i)  +  (-4  +  20  =  (2-4)4-(3  +  2)i  =  -2  +  5t. 

But  the  sum  of  two  conjugate  complex  numbers  is  real. 

E.g.,  (2-(.30  +  (2-3i)  =  4. 
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23.  Multiplication  of  Complex  Numbers.  —  We  define  mu 
plication  by  a  complex  number  by  assuming  that  the  Distri 
tive  Law  holds ;  that  is,  by  the  relation 

(a  -{-  bi)  (c  +  di)  =  oc  +  bci  -{-  adi  -h  6di% 

or  (a  +  bi)  {c  +  d/)  =  (ac  -  bd)  +  (6c  +  ad)  /. 

24.  The  Commutative,  Associative,  and  Distributive  Lf 
hold  for  multiplication  of  complex  numbers. 

This  principle  follows  from  the  definition  of  multiplicat 

That  is,    (a  -f  bi)  (c  4-  di)  =  (c  +  di)  (a  -f  bi) ; 

(a  +  6/)(c  +  (//)(e  +  /7)  =  (a  +  6/)[(e  +  /7)(c  +  rf/)]  =  e 

25.  The  product  of  two  complex  numbers  is,  in  genera 
complex  number. 

E.g.,  (2  4-3  0(-4  +  2i)  =  -8-12t  +  4i~6  =  -14- 

But  the  product  of  two  conjugate  complex  numbers  is 
and  positive. 

E.Q.,    (-24-3  0(-2-3i)  =  (-2)2-(3  0'  =  4-f9  =  l 

In  general,  (a  +  bi)  (a  -  bi)  =  a'-  (biy  =  a^  +  b\ 

26.  The  square  of  a  complex  number  is  a  complex  nun 

E.g.,        (2  +  3V~l)'  =  4  +  12V-l  +  (3V-l)' 

=  4  +  12V-l-9 
=  -54-12V~l  =  -5  +  12i. 

But  the  cube  of  a  complex  number  is  sometimes  real. 

E.9.,    (-i±W-3)»  =  -i±|V-3  +  |T|V-3  = 
From  these  results  we  see  that  -^1  has  three  values, 

1.  -i  +  iV-3,  -^~jv-3. 

27.  Division  of  Complex  Numbers.  —  The  quotient  of 

complex  number  by  another  is  a  complex  number. 

For      ^  +  ^^  _  (g  +  ^0  (c  —  (^0  _  (ac  +  bd)  +  (be  —  ad)i 
c  +  di"  (c-h di) (c  -  di)  ~  c^  +  d^ 

__  ac-\-bd  .  be  — ad  ^  . 
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It  follows^  from  the  preceding  article  that  a  fraction 
whose  denominator  is  a  complex  number  can  be  expressed  as 
a  complex  number  by  multiplying  both  numerator  and  denomi- 
nator by  the  conjugate  of  the  denominator. 

Ex  1   l+V-2_(l-fV-2)(-V-3)_-V~3+V6 
•    •    2V-3  (2V-3)(~V~3)  ^ 

Notice  that  it  was  necessary  to  multiply  numerator  and 
denominator  only  by  —  V~  3. 

Ex.  2. 

1         ^  2~V-3  ^2^V-3^g     .         3 

2+V-3     (2-hV-3)(2-V-3)  7  T    rv       • 

Complex  Factors. 

29.  A  quadratic  expression  which  is  the  product  of  two 
complex  factors  can  be  resolved  into  factors  by  the  method 
used  to  resolve  a  quadratic  expression  into  irrational  factors. 

Ex.     Factor  a^  -  2  a;  +  3. 

Completing  aj^  —  2  a?  to  the  square  of  a  binomial  in  a?,  we  have 
ar^-2aj  +  3  =  a^-2a;+l-H-3 
=  (a:-l)2-(V-2/ 
=  (a;-l+V-2)(aj-l-V-2). 

Square  Root  of  a  Complez  Number. 

30.  If  V(«  +  ^0=V^H- Vy» 
then  ■y/(a  —  hi)  =  -y/x  —  i^/y. 

For,  from         ■^/{a  +  hi)  =  ^x  -{-  iy/y, 

we  have  a  +  6i  =  a;  —  y  +  2^(xy)  •  i. 

Therefore,  by  Art.  18,  a  =  a;  —  ?/,  and  b  =  2y/(xy), 

Consequently,       a  —  bi  =  x  —  y  —  2^{xy)  •  t 

= ( v^  -  Wyf' 

Whence  ^(a  —  bf)  =  y'x  —  ^y/V* 
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31.  The  square  root  of  a  complex  number  xjan  be  exprei 
as  a  complex  number. 

Assuming       VC^^  -  20  V  -  3) = V«  -  WVy 
we  have  V(13  +  20 V~  3)= V^?  +  i^y* 

Multiplying  (1)  by  (2), 

V(169  +  1200)=«  +  y, 
or  a;  +  y  =  37. 

Squaring  (1),  13  -  20  V-  3  =  a;  -  y  -  2y/{xy)  .  i ; 

whence  aj  —  y  =  13. 

From  (3)  and  (4),  «  =  26,  y  =  12. 

Therefore         vC^^  -  20V-  3)=  6  -  2V3  •  t. 

In  general,  assuming  ^/{a  +  hi)  =y/x-\-  iy/y, 

we  have  ^/{a  -  6i)  =  VaJ-  iy/t/- 

Multiplying  (1)  by  (2),      y/(a'2  +  6^  =  a;  +  y. 

Squaring  (1),  a  -f  6i  =  x  -  y  +  2  V(«y)  •  < ; 

whence  a  =  x  —  y. 

From  (3)  and  (4),  x  =.  V("^  +  &')+ ",  j,  =  V(a'+ft')-a. 

Therefore  V(«  +  ^O  =  ^Vi'^'+p+<^  +  f  JV^«' +  ^')- «. 

Since  a  and  6  are  real,  therefore  VC^^  +^0  ^^  ^^^l* 

32.  Assuming  a  =  0,  in  the  general  result  of  the  preceding  artici 
have 

V(&0  =>^|  +  ^\|  =  W(2 6)  •  (1  +  0. 

In  particular,  if  6  =  1, 

Vi  =  V-  1  =  i  V2  •  (1  +  i). 

EXERCISES  II. 
Simplify  each  of  the  following  expressions  : 

1.    (H-V-9)  +  (4-V-4).  2.    (6 -V- !«)-(- 5- V- 

3.    (2H-40  +  (-3  +  2i).  4.    (7-50-(3-40. 

5.  (Vi-iV-2)V-8-  6.  (v5-V-3)V-3. 
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11.  (VlS-SOCV^  +  St).  12.    (2  +  iV3)(2-fV3). 

18.  (2^3+5^-7X2^/3-5^-7).   14.    (^8  -  V- 12)(V2  +  V- 3). 

15.  (i  -  i V3  •  0(3  +  3^3  .  0-         16.    ( V5  -  2iV«)( v/5  +  2 iV6). 

17.  [a-6+V(-2a6)][a-6-V(-2a&)]. 

18.  [a;+iV(rt-a;-)][«-iV(«-«^)]-      W-   V(l+\/-l)x  V(l- V-1)- 
20.  V(V2+V3 -Ox  V(V2-^/3•0• 
21.  (l+V-2)2.  22.    (V- 2+^3)2.  28.    (iv2±Jv-3)». 

24.    (3-5v'-2)».  25.    [J V3(3  -  t;]».  26.    (^-75-3)*. 

27.    (l+2a0*.  28.    (^a -^  bi)\  29.    (y/a+^/b-iy. 

Reduce  each  of  the  following  expressions  to  the  form  of  a  complex 
number : 

30    ^a/3-a/-15  3j    8t  +  6v/2  -^  +  2 

-2V-3     *  '  4f 

82. 88. r-  84.  ^^ 


l+V-2  2-V-3  3  +  2v/5.t 

86.    •^+2y.Z:I.  86.   3±jbZ^.  87.       1+i   . 

2-3V-1  4-3v/-5  (l  +  O* 

88.    ? 89.  ^Q  +  V"^       . 

V2- V-2 -2V-  1  1 -^-3+^-5 

Factor  each  of  the  following  expressions : 
40.   x2-6a;  +  29.  41.   x^  +  ix-hQl.  42.   x'-Ux  +  Cl. 

48.  6x2-6x  +  2.  44.   4a;2+4xy +  3y2.        45.    16x2  -  8xy +  6y«. 

Find  the  square  root  of  each  of  the  following  expressions : 
46.    1  +  V-3.  47.   5  -  V-  11.  48.   3  +  4i. 

49.  -3  +  4i.  60.    -15  +  3^-11.        51.   20  +  0^-6. 

Make  the  indicated  substitution  in  each  of  the  following  expressions, 
and  simplify  the  results : 

52.  In  x2  -  6x  +  14,  let  x  =  3  +  V-  6. 

53.  In3x2-5x  +  7,  let  x  =  2 -3^-2. 

54.  In  5x3  +  2x2-3x-l,  letx  =  l-2f. 

Simplify  each  of  the  following  expressions : 

»6.  L-_-_-3 M.     V~'    +    V-i  . 

4-^-14     2-^-14  «  +  v'-03-v'-| 


CHAPTER   XXL 

QUADRATIC  EQUATIONS. 

1.  A  Quadratic  Equation  is  an  equation  of  the  secoi 
in  the  unknown  number  or  numbers. 

E.g.,         0^  =  25,  x^-5x  +  6  =  0,  x'-\-2xy  =  7. 

A  Complete  Quadratic  Equation,  in  one  unknown  n 
one  which  contains  a  term  (or  terms)  in  x^,  a  term  ( 
in  X,  and  a  term  (or  terms)  free  from  x,  as  x^— 2  ax-{- 

A  Pure  Quadratic  Equation  is  an  incomplete  quadre 
tion  wliich  has  no  term  in  ic,  as  a^  —  9  =  0. 

In  this  chapter  we  shall  consider  quadratic  equ 
only  one  unknown  number. 

2.  The  following  example  illustrates  a  principl 
equivalence  of  a  quadratic  equation  to  two  derive 
equations. 

The  equation  .r^  +  6  .r  +  9  =  16,  or  (x  +  3)^  =  16, 
is  equivalent  to  the  two  equations 

a;  +  3  =  4,  and  a;  +  3  =  —  4, 

obtained  by  equating  the  positive  square  root  of  the  i 
ber  in  turn  to  the  positive  and  to  the  negative  squa 
the  second  member. 

For  (1)  is  equivalent  to  (x  +  3)^  -  16  =  0. 

This  equation  is  equivalent  to 

a;  +  3  -  4  =  0  and  x  +  3  +  4  =  0 

jointly.     But  the  latter  equations  are  equivalent  to 

a;  +  3  =  4,  aj  +  3  =  -4. 

'"luations  (2)  are  MSuaWy  ^V\\X^Ti  x  -V  3  =  ±  4. 
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In  general,  if  the  positive  square  root  of  the  first  member  of 
an  equaiion  he  equated  in  turn  to  the  positive  and  lo  the  negative 
square  root  of  the  second  member,  these  two  derived  equations  are 
jointly  equivalent  to  the  given  equation. 

For,  the  equation  M=  N 

is  equivalent  to  Jtf"  —  iV  =  0  ; 

tliat    is,  to  {y/M  ■\-  y/N){y/M  -  ^N)-Q. 

The  last  equation  is  equivalent  to 

y/M-^N=0  and  ^M+y/N=0 
jointly  ;  that  is,  to  y/M  =  ±  ^N. 

Pure  Quadratic  Equations. 

3.  Any  pure  quadratic  equation  can  be  reduced  to  the  form 
a^  =  m.     From  this  equation  we  obtain  x  =  ±  -^m,  by  Art.  2. 

Ex.   Solve  the  equation  (2  «  —  5)  (2  a;  +  5)  =  11. 

Simplifying,  o:^  =  9 ;   whence  a?  =  ±  3. 

EXERCISB8  f. 

Solve  each  of  the  following  equations : 
1.   a;2  =  289.  2.   x^  =  2809.  8.   a;^  =  3.61. 

4.    x2  =  53.29.  5.   |x2  =  1530.  6.    Jx2  =  1479.2. 

7.    9x2-86  =  5x2.  8.- 7x2-8  =  9x2-10. 

9.    (3x-4)(3x  +  4)=65.  10.    (7 -f  x)2 +(7  -  x)2  =  130. 

11.  (2  X  -  3)(3 X  -  4) - (x  -  13)(x  -  4)=  40. 

12.  (5x  -  7)(3x  +  8)-(x  -  10) (9  -  x)=  16:}4. 

18.    (4  -f  x)(3  -  x)(2  -  X)  - (X  +  2)(x  +  3)(x  -  4)  =  30. 

14.    (5-x)(3-x)(l +x)  +  (5  +  x)(3  +  x)(l -x)=16. 
15.   8(2-x)2  =  2(8-x)2.  16.    (3  -  x)2  =  3(1  -  x)2. 

•      0x2  +  6  =  1x2  ^  a.  18.   rt(x2  +  6)  =  6(x2  +  a), 

* 

Solution  by  Factoring. 

4.  The  principle  on  which  the  sohition  of  an  equation  by 
factoring  depends  was  proved  in  Ch.  VIII.,  §  4,  Art.  1.  The 
Methods  given  in  Ch.  VIII.,  §  1,  Arts.  9-13;  Ch.  XIX., 
Art.  20,  and  Ch.  XX.,  Art.  29,  enable  us  to  factor  any 
2u.adratic  expression.     The  roots  of  tke  ^Vn^ti  q^^\^\^  ^^ 
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tion  are  the  roots  of  the  equations  obtained  by  equa 
each  of  its  factors. 

Ex.  1.  Solve  the  equation  4(a;  —  f )*  =  6  a?  -f  20. 
Keducing  the  first  member, 

4ic2- 12a  4-9  =  6a?  4-20. 
Transferring  and  uniting  terms, 

4  a?2  -  18  a:  -  11  =  0. 
Factoring  first  member, 

4(a:-f  +  |v5)(a^-f-|V5)=0. 
Equating  each  factor  to  0,      a;  —  f  4- 1  y'S  =  0, 

Whence  a;  =  |  —  JV^>  ^^^  a?  =  |  +  | V^- 

Ex.  2.   Solve  the  equation  4  mV  4-  4  m^n  4-1  =  4  im 
Transferring  terms,  4  mV  —  4  mx  4-1+4  m^n  =  0, 
or  (2ma;-l)2-(2mV-w)'  =  0. 

Equating  to  0  the  factors  of  the  first  member, 

2  mx  —  1  4-  2  my^—  n  =  0, 
2  ma;  —  1  —  2  m^—  n  =  0. 

Whence       x=~ -\/—n,  and  a?  = f-V— w. 

2m      ^  2  m 

EXERCISES  II. 
Solve  each  of  the  following  equations : 
L   a;2-7a:  =  4x.  2.   a;2-2ic--17  =  0. 

3.   a;2_6a.^8  =  0.  4.   x2-4x+8  =  0. 

5.   a;2  _  4  a;  _  71  _  q.  6.   x^ -{■  10  x -\- 2i  =  0. 

7.    13a;-6-6x2  =  0.  8.    (a:  +  10)2  =  28. 

9.   6x-a;2  =  18.  10.    7rK2_3x  =  160. 

11.    (2  X- 1)2  =  2.  12.   x(5x-2)  =  -Q. 

13.   x2  -  2  V2  X  -  1  =  0.  14.   36  x2  -  36 y'o  x  +  i: 

16.    (x+8)(x  +  3)  =  x-6.  16.    (x  +  7)(x-7)=2« 

17.    (2a;-f-l)(x  +  2)  =  ax2-4.  18.    (x-l)(2x  +  3)  = 
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21.  7a;(x-l)=7-4(a;-l).  22.    (2a;+ l)2  =  x(a;  + 2). 

23.  x2-2aa;  +  a2  =  62.  24.   a;*^"- 2mx  -  1  =0. 

25.  x2-2ax  +  a2  +  ft2_o.  26.   x2  _  4^2  -  ^(2a; -5  a). 

27.  n'*x2  +  2m»x  +  2?»2--o.  28.   x^  _  (^  +  5)3.  +  ^5  _,  0. 

29.  (a2  +  62)x  -  a6x2  -  a6  =  0.  30.   x2  +  2mx  +  w2  =  n. 

81.  x2  +  2a  +  l=2(x-a).  82.   a2x2 -  2 ax  +  1  =  a». 

88.  4x2-12ax  +  9a2  =  462.  34.    (x  +  a)2  =  5  ax  -  (x  -  a)*. 

35.  x2-4(a  +  6)H- 1  =2x.  36.   x^  =  2(a  +  6)x  +  2(a2  +  62). 

37.  (m2-l)x2-2(m2+l)x  +  m2-l  =  0. 

88.  7nnx2-(m  +  n)(m;i  +  l)x +(m2  +  l)(n2  +  l)  =  0. 

89.  (w  -  ny(m  +  n)x-  +  2  (?»  -  n)(m  +  n^x  +  6  m%  +  2  n«  =  0. 

Solution  by  Completing  the  Square. 

5.  The  following  examples  illustrate  the  solution  of  a  quad- 
ratic equation  by  the  method  called  Completing  the  Square, 

Ex.  1.  Solve  the  equation  a^  —  5a?-f-6  =  0. 

Transferring  6,  a^  —  5x  =  —  6. 

To  complete  the  square  in  the  first  member,  we  add  (—  |)', 
=  ^^f  to  this  member,  and  therefore  also  to  the  second.  We 
then  have 

Equating  square  roots,  x  —  ^  =  ±^,  by  Art.  2. 
Whence  x  =  ^  ±  J. 

Therefore  the  required  roots  are  3  and  2. 

Ex.  2.   Solve  the  equation 

7ar'-f5aj-fl  =  0. 
Transferring  1,        7iB*  +  5a;  =  —  1. 
Dividing  by  7,  a^-^  ^x  =  —  ^. 

Adding  (^y  =  AVa^  +  ^  «  +  T¥*r  =  iVff  - 1  =  f A- 
Equating  square  roots,  a;  -f- j\  =  ±  ^  '^ 


14 


Whence  a;  =  —  -j^  ±    ^  ^  . 

Therefore  the  required  roots  are 

-i^  +  iW-3and  -^^^-^^-.^, 


308  ALGEBRA.  [C 

Ex.  3.  Solve  the  equation 

Transferring  a',        (a*  —  &*)a?*  —  2  a^x  =  —  a*. 
Dividing  by  a*  -  6*,  a?*-  ^^'^        -«' 


a«-y»     a*-6» 


Adding  ^-  -jA^^  ,  =  ^^^^^^^  *o  ^^^  members, 
Equating  square  roots,  x =  ± 


a^  -  62         a2  -  62 

Whence  x  =  ^^. 

a'  -  62 

Therefore  the  required  roots  are  — ^  and      ^ 


a  —  6  a-|-  6 

The  preceding  examples  illustrate  the  following 
of  procedure: 

Bring  the  terms  in  x  and  a^  to  the  first  member,  and  th 
free  from  x  to  the  second  member,  uniting  like  terms. 

If  the  resulting  coefficient  of  o^  be  not  -f  1,  divide  both  7 
by  this  coefficient. 

Complete  the  square  by  adding  to  both  members  the  sq 
half  the  coefficient  ofx. 

Equate  the  positive  square  root  of  the  first  member  to  i 
tive  and  negative  square  roots  of  the  second  member. 

Solve  the  resulting  equations. 

EXERCISES  III. 

Solve  each  of  the  following  equations : 

1.   x2-4ic  +  3  =  0.  2.   a2_5aj  =  -4. 

8.   x2  +  2  X  +  1  =  0.  4.   2  x2  -  7  X  +  3  =  0. 

5.   3  x2  -  53  X  +  34  =  0.  6.    14  x  -  49  x2  -  1  =  0. 

7.   x2-4x  +  7=0.  8.    (2x-l)(x-2)  =  (x 

ft  a;2-2x  +  6  =  0.  10.  x2-l +  x(x- l)  =  x' 

IL    (5a;-2)(aj-l)=U.  \^.  W^x^ -^\x \\^Q. 
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18.  (2x-3)2  =  8a;.  14.    (5a;  -  3)2  -  7  =  40«  -  47. 

15.  (2x+l)(a;  +  2)=3x2_4.  le.    (x  +  l)(2x  +  3)=  4x2  -  22. 

17.  (x-7)(x-4)  +  (2a;--3)(x-5)=103. 

18.  10(2  X  +  3)(x  -  3)  + (7  X  +  3)2  =  20(x  +  3)(x  -  1). 

19.  (x- l)(x-:3)  +  (x-3)(x-5)=32. 

20.  (x  -  l)(x  -  2)  +  (x  -  3)(x  -  4)  =  (x  -  1)2  -  2. 

21.  (m-n)x2-(m+»)x+2n=0.      22.   4x2-4(3a+2  6)x+24a6=0. 

23.  (a  +  6)2x2  +  2  a6x  = ^ — 

^  (a  +  6)2 

24.  x2  _.  2(a  +  6)x  +  (a  +  6  +  c)(a  +  6  ~  n)  =  0. 

25.  x2-(a  -  l)x-a=0.  26.   x2  -  2cx  +  ac  +  6c  -  a6  =  0. 
27.   x2--4  7»i;ix=(7n2-n2)2.              28.   (22x2  -  4  a6cto  +  4  a262  -  9  c2  =  0. 

29.  (a2  -  62)x-J  -  2(a2  +  62)x  +  a2  -  62  =  0. 

30.  a6cx2 - (a262  +  c2)x  +  a6c  =  0.     31.   x'^y/G -(^ '^y/S)x +  1  =0, 

82.   x2-2xV(a  +  ^)+26  =  0.         88.     (x  -  ^a){x +  2h -2)  ^_^ 

^^         ^  (a  +  6-l)(a-6H-l) 

84  x2  __  6  +  C-X  _      (6  +  c)x2 

*   a2  +  a6  +  ac     a  +  6  +  c     a'  +  a26  +  a'^c 

Qeneral  Solution. 

6.  The  most  general  form  of  the  quadratic  equation  in  one 
unknown  number  is  evidently 

The  coefficient  a  is  assumed  to  be  positive  and  not  0,  but  6 
and  c  may  either  Or  both  be  positive  or  negative,  or  0. 

Dividing  by  a,  x*^ -f  -  a;  +  -  =  0. 

a        a 

Transferring  -,  x^  -^-x  =  —  ^» 

a  a  a 


Adding  fAV=j!!. 


or  -\-    X  -{• 


a        4:  or     4tt^     a 

6*  -  4  ac 
4  a'' 


Equating  square  roots,  .r -f- -j—  =  ±  vk     — 5!£i, 

2  a  ^a 
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Whence  «  =  - A  + V(^'-^«c)/ 

and  ^^^.^.^^l^^zA^ 

2a  2a 

7.  The  roots  of  any  quadratic  equation  can  be  obta 
substituting  in  the  general  solution  the  particular  value 
coefficients  a,  by  and  c. 

Ex.   Solve  the  equation  3a^  +  7a?  — 10  =  0. 

We  have  a  =  3,  6  =  7,  c  =  -  10. 

Substituting  these  values  in  the  general  solution,  we 

and  jc  =  _j_i^yL»iiiM(zijiL3  =  _.j^. 

EXERCISES  IV. 

Solve  each  of  the  following  equations  : 

1.   2x^  =  Sx  +  2.  2.  5a;2~6a;+l  = 

3.   9  x(x  +  1)  =  28.  4.  x2  -  62  =  2  ax  - 

b.   x^-\-Qax  +  l  =0.  6.  x2  4  1  =  2J X. 

7.  (X  -  6)2  +  (x  -  10)2  =  37.  8.  2x(3n-4x)  = 
9.   n2(x2  +  1)  =  a2  +  2  n2x.  10.  x2  +  (x  +  a)2  = 

Fractional  Equations  which  lead  to  Quadratic  Equat 

8.  The  principles  given  in  Ch.  X.  for  solving  fr 
equations  which  lead  to  linear  equations  hold  also  f 
tional  equations  which  lead  to  quadratic  equations. 

Ex.  1.   Solve  the  equation =  — f-  2. 

X  —  1     ar  —  1 

Multiplying  by  a^  -  1,        4(a;  +  1)  =  3 « -f  2 (ar^  - 1) 

Transferring  and  uniting  terms,     2  aj^  —  a;  =  6. 

Dividing  by  2,  a^  —  ^  a?  =  3. 

The  roots  of  equation  (4)  are  2,  —  |.     Since  neitl 

root  of  the  L.  C.  D.  (ec^uated  to  0)  of  the  fractions  in  tl 

equation,  i.e.,  of  a?  —  1  =  0, ^i^ey  ^?c^  ^^  \Qk<^\.^  ^l\X\a.t  ^ 
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Ex.  2.  Solve  the  equation 

1  1         a?*-2n-w« 

7i-f-a?     n  —  X  od^  ^n^ 

Uniting  the  fractions  in  the  first  member, 

—  2a?      a;*  —  2ri~7i^ 


(1) 


(2) 


V?  —  7?  Q^  —  V? 

Clearing  of  fractions, 

2x^^-2n-n\  (3) 

Transferring  and  uniting  terms, 

aj2  -  2  a;  =  n*  +  2  n.  (4) 

Completing  the  square, 

ar^-2a;4-l  =  n«4-2n4-l.  (5) 

Equating  square  roots, 

a?-l=:±(n-fl). 
Therefore  the  roots  of  (5)  are 

1  -f  (n  4- 1)  =  2  -f  n,  and  1  —  (n  +  1)  =  -  n. 
The  number  2  +  n  is  not  a  root  of  the  L.  C.  D.  equated  to  0, 
that  is,  of  aj^  —  n*  =  0. 

Therefore  2  +  n  is  a  root  of  the  given  equation. 

Bat  —  n  is  a  root  of  a:*  —  rt'  =  0,  or  of  {x  —  n)  (a?  -f-  n)  =  0, 
and  is  therefore  not  a  root  of  the  given  equation. 

This  root  was  introduced  by  multiplying  the  given  equation 
by  the  factor  x-\-n  which  was  not  necessary  to  clear  it  of 
fractions. 

For,  transferring  and  uniting  the  fractions  in  equation  (2), 

we  obtain  : =  0. 


ar^  —  ?i* 

Factoring  the  numerator, 

(a;4-^0(a;~n  -2)  _^ 
a^  —  n^ 

Reducing  to  lowest  terms,  '■ — -  =  0. 

x  —  n 


The  numerator  equated  to  0  gives  a?  —  n  —  2  =  0,  whence 
flp  =  2  +  *t>  as  above. 
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9.  The  work  of  solving  an  equation  can  sometimes  be 
plified  by  a  simple  substitution. 

x-{-5     x  +  2     3 


Ex.   Solve  the  equation 


a;  -f  2     a;  4-  o     2 


a?  4-  5    '                                                              1 
If  we  let  =  y,  the  given  equation  becomes  y = 

X  -{-  Z  y 

The  roots  of  this  equation  are  2,  —  ^. 
We  now  have  to  solve  the  two  equations 

a; +  5 


a;  +  2 


=  2,  whence  a;  =  1 ; 


and  ^     n  = ""  1>  whence  a;  =  —  4. 

a;  -f"  2 

This  method  can  be  used  when  the  fractional  equation 
tains  only  two  expressions  in  the  unknown  number,  o; 
which  is  the  reciprocal  of  the  other. 

EXERCISES  V. 
Solve  each  of  the  following  equations  : 

1.    15x  +  ?  =  ll.  2.   x  +  i=:7  +  l.  3.    ^-^         3 


X  X  7  x  +  30x  —  ( 


X  +  120     3x-10           x-6  x  +  4             1+ x      1-x 

7    a;  -  1        '^  3;    _  2       g    X  4  4  .  r  -  4  _  10     ^    x  +  1  .  x  +  3 

X         X— 1                   X  — 4  x  +  4      3           X  — 1      X  — 3 

10.  Z__I^  +  _A_  =  o.-  11.  -^ ^  =  1. 

X     X  +  2     X  -  8  2(x2  -  1)      4(x  +1)      8 

12.    »^  +  i  33—^ ^JLi.  13.  _L-  +  _JL.  +  _i_  =  o 

9x-3x2      21 -7x       21 X  x-1      x-2     x-3 

14     5x-  1      7x2-  106^      1  ^g    x-2      x  +  2^2(x4-3) 

*x+3        8x2-72          8*  'x  +  2x-2         x-3 

16     a;  +  24_x-7           1  ^^      4  x  +  67               x 


6  x2  -  6      X  +  1      2  X  -  2  40  x2  -  36      30  x'^  -  27 

18    x^  +  3x2  +  3x+  1  ^9  jg    3x-  16      2x-  12  _  5 

x3  +  2x2-f-2x+ 1      7*  '    2X-12      3x  -  16      2* 

20.    2x-2^xl-i,       2j     ^_^  =  ^_1.  22.    ^T^IZ^Lzii)  = 

Sx+Sx^+l  6ax  X  —  1 

55.^^  =  -^.  24.  '^-:^  =  ^-=^.        %%-^ ^ 

a         a;  +  1  x -V  a     b -v  x  x-\     x-v 
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28.    -^ «i^  =  2.  27.   x= ? ?-. 

xH-4»x  —  4»  (a  —  byx     a  —  b 

2S.   1 =  _i* 29.   -*i  +  J 1—  =  ^. 

(a-^  —  x)*^     4  x-*  +  5  a^  n-x  —  2  n     2  —  «x     » 

80.      "-^^    =— ! -L.  81.    1  - -1«- =  — «!+*!_. 

8*^-26^     'Jx+ft     2a  x-o     o^  +  x^-2ax 

32.   -« ,      "-}       ,„=!.    88.    »+^  +  »^  =  _»!_. 

nz  —  X     x2  —  2  ;ix^  +  n-^x^  n  —  x     n  +  x     n"^  -  x^ 

04    x  •—  q  +  6  __  a  —  b  —  X  «-        qx 1  —  q ^ 

x  +  q  —  6      q  +  6  +  x  qx  +  1      q^x^  —  q  —  q^x  +  ax 

86.    C«+^Y +  !.«  +  * +'3  =  0.       87.  liiL^=  12101^^. 
\a  —  X)       2    a  —  X  3q  —  x        9q2  —  x^ 

38.    ^+i  +  «^  =  ^^  +  «±^.     39.    ^- =  l  +  l  +  i. 

X  — 1      q  +  6     x  +  1     q  — 6  q  +  6  +  aJ     a     b     x 

40.    ^i«  +  ^jt^  =  «  +  l  41.    ^^~^)'+(^-^)'=q-5. 

X  —  q     X  —  6      6      q  (q  —  x)''^  +  (x  —  6)^ 

^     (q  -  x)8  -f  (X  -  6)8  ^  q^  -  68        ^^     (q  -  x)« +(x  -  6)8_   q^  -  &» 
(q  -  x)2  +  (X  -  6)2      q-5+6-2"  '        (a-|-6-2x)2  (q  +  6)2* 

-  -     x2  -  2  ?ix  +  2  qx  -  n2  ,       x  +  2  n  1 

44.    ■ 1 ■ ~ • 

X  *  —  q*  x2  +  qx  +  q"^     x  —  a 

Theory  of  Quadratic  Equatdons. 

10.    A  quadratic  Equation  has  two,  and  only  two,  roots. 
For,  by  Art.  6,  the  equations 

a.^   &    ■   v/(62-4qc) 
2  q  2  q 

and  a:=A-V(ft^-4qc) 

2q  2q 

are  jointly  equivalent  to  the  equation  qx^  +  6x  +  c  =  0. 

Therefore  ax'^  +  6x  4-  c  has  two,  and  only  two,  roots. 

U.   Relations  between  the  roots  of  a  quadratic  equation  and  the 
coefficients  of  its  terms.  —  If  the  roots  of  the  quadratic  equation 

qx2  +  6x  +  r  =  0.  or  x2  +  -  r  -f  -  =  0 

a         a 
be  designated  by  n  and  r-..,  we  have 

ft       ^(m-iac) 
'2a  '2a 

2  a  'la 
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The  sum  of  the  roots  is  n  -f  r2  =  — • 

a 

The  product  of  the  roots  is 

^^     L     2a  2a         J     L     2a  2a         J 

L     2aJ      L         2a         J      4a*'«         4a*^         a' 
The  relations  (1)  and  (2)  may  be  expressed  thus : 

(i.)    The  sum  of  the  roots  of  a  quadratic  equation  is  equal 
quotient  obtained  by  dividing  the  coefficient  of  the  first  power  of  t 
known  number^  with  sign  reversed,  by  the  coefficient  of  the  second 
of  the  unknown  number. 

In  particular,  if  the  coefficient  of  the  second  power  of  the  un 
number  be  1,  the  sum  of  the  roots  is  equal  to  the  coefficient  of  tf 
power  of  the  unknown  number,  with  sign  reversed. 

(ii.)  The  product  of  the  roots  of  a  quadratic  equation  is  equal 
quotient  obtained  by  dividing  the  term  free  from  the  "unknown  711111 
the  coefficient  of  the  second  power  of  the  unknown  number. 

In  particular,  if  the  coefficient  of  the  second  power  of  the  un 
number  be  1,  the  product  of  the  roots  is  equal  to  the  term  free  fr 
unknown  number. 

E.g.,  the  roots  of  the  equation  6 x'^  —  a;  —  2  =  0  are  |  and  —  J 
sum  is  I  (the  coefficient  of  x,  with  sign  reversed,  divided  by  the  coe 
of  x^),  and  their  product  is  —  J  (the  term  free  from  x  divided 
coefficient  of  x^). 

The  roots  of  the  equation  x'^  —  5x  +  6  =  0  are  2  and  3  ;  their  su 
and  their  product  is  6. 

12.   Formation  of  an  Equation  from  its  Roots. — The  relati 
the  last  article  enable  us  to  form  an  equation  if  its  roots  be  given 
may  always  assume  that  the  coefficient  of   the  second  power 
unknown  number  is  1. 

Ex.  1.    Form  the  equation  whose  roots  are  —1,2. 
We  have  ri  +  r2=— 1+2  =  1,  the  coefficient  of  x,  with  sign  rei 
and  ri?'2  =— I  x2=—  2,  the  term  free  from  x. 
Therefore  the  required  equation  is  x^  —  x  —  2  =  0. 

Ex.  2.   Form  the  equation  whose  roots  are  1+2  ^3,  1—2  ^3. 
Wehave  n  +  r2=(l  +2V3)  +  (1  -2V3)  =  2; 

ajid  rir2  =0  -V ^ V^Ul^  -  2 v3)  =  1  -  12  =  -  11. 

Therefore  the  required  eqwaWon  \a  x*^  -  "ix  -  \\  -^. 
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Ex.  8.  Form  the  equation  whose  roots  are  2  +  6^^—  3,  2  —  6^^—  3. 
We  have    n  +  r2  =(2  +  5V-  3)  +  (2  -  6V-  3)=  4  ; 
and  rir2  =(2  +  5V-  3)(2  -  by/-  3)=  4  +  76  =  79. 

Therefore  the  required  equation  is  x^  —  4  a;  +  79  =  0. 

13.  The  roots  of  a  quadratic  equation,  all  of  whose  terms  are  in  the 
first  member,  are  the  roots  of  the  two  linear  factors  into  which  this  mem- 
ber can  be  resolved.  Consequently  a  quadratic  equation  whose  roots  are 
given  can  be  formed  by  multiplying  together  the  two  linear  factors  which 
(equated'  to  0)  have  as  roots  the  given  roots. 

Ex.     Form  the  equation  whose  roots  are  —1,2. 

Since  —  1  is  the  root  of  a;  +  1  =  0, 

and  2  is  the  root  of  x  —  2  =  0, 

the  required  quadratic  is  (x  +  1)  (x  —  2)  =  0,  or  x^  —  x  —  2  =  0. 

When  the  roots  are  iiTational  or  imaginary,  the  method  of  the  pre- 
ceding article  is  to  be  preferred. 

14.  One  Root  Known.  —  When  one  root  of  a  given  quadratic  equation 
is  known,  the  other  root  can  be  found  without  solving  the  equation. 

Ex.  1.  One  root  of  the  equation  x^  —  5x-f6  =  0  is  3;  what  is  the 
other  root? 

Since  6  is  the  sum  of  the  roots,  the  required  root  is  5  —  3,  =2. 

Or,  since  x^  —  5  x  +  6  is  the  product  of  two  linear  factors,  one  of  which 
is  X  —  3,  the  other  factor  is 

^^-^^  +  ^  =x-2. 
x-3      ' 

The  required  root  is  therefore  the  root  of  x  —  2  =  0,  or  x  =  2. 

Ex.  2.  One  root  of  the  equation  x2  +  2x— 1  =  0,  is— 1+^^;  what 
is  the  other  root  ? 

The  required  root  is  —  2  —  (—  1  -H  ^),  =  —  1  —  y/2. 

15.  Expressions  Symmetrical  in  the  Roots. — The  value  of  an  ex- 
pression which  is  symmetrical  in  the  roots  of  a  given  quadratic  equation 
can  be  found  without  solving  the  equation. 

Ex.   If  Ti  and  r^  be  the  roots  of  x-  -f  px  +  g  =  0,  find  the  value  of 

We  have  ri«  +  ra*  =  {n  -f  r^)^  -  2  nro  =  (- p)2  -  2  g  =  p^  -  2  g. 

16.  We  can  sometimes  form  an  equation  whose  roots  have  definite 
lelatiouB  to  the  roots  of  a  given  quadratic  equation  ^\\XiQ>^\.  «r\h\xv%  ^^^ 
latter. 
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Ex.  Form  an  equation  whose  roots  are  the  reciprocals  of  the  ro< 
of  the  equation  a;^  -  8  x  +  15  =  0. 

Let  n  and  r2  be  the  roots  of  the  given  equation.  Then  —  and  —  i 
the  roots  of  the  required  equation.  ^  * 

.    We  have  i  +  i  =  Vl^tl^  =  A,  the  coefficient  of  x  (with  sign  reverse 
n     r2        rir2        16 

in  the  required  equation ;  and  —  x  —  =  ^-  =  — ,  the  term  free  from  x 
the  required  equation.  ^^      ^2     nvz     16 

Consequently  the  required  equation  is 

«^-A^  +  T^  =  0,  or  lbx^-Sx-\-l=0. 

Nature  of  the  Roots  of  a  Quadratic  Equation. 

17.  In  many  applications  it  is  important  to  know,  without  having 
solve  an  equation,  the  nature  of  its  roots,  i.e.^  whether  they  are  both  r 
and  unequal^  whether  they  are  both  real  and  equals  whether  they  ; 
imaginary^  etc. 

In  the  general  solution 

2  a  2  a  '^         2  a  2  a 

of  the  equation  ax'^  -\-  bx-\-  c  =  Oy 

a,  6,  and  c  are  limited  to  real,  rational  values. 

(i.)    77ie  txoo  roots  are  real  and  unequal  lohen  b^  —  iac  is  positive^ 
token  62  _  4  ac  >  0. 

E.g.,  in  x'^  +  ix-  12  =  0, 

a  =1,  6  =  4,  c  =  -  12  ;  and  since  62-4  ac,  =  16  +  48, 

is  positive,  the  roots  of  this  equation  are  real  and  unequal. 

(ii. )    The  two  roots  are  real  and  equal  when  6^  —  4  ac  is  equal 
i.e.,  when  6^  =  4ac. 

E.g.,  in  x2-4x  +  4  =  0, 

a  =  l,  6=  —  4,  c  =  4;  and  since  6^  =  4  ac, 

the  roots  of  this  equation  are  real  and  equal. 

(iii.)    T7ie  two  roots  are  conjugate  complex  numbers  when  b^  — 
negative ;  i.e.,  when  6^  —  4  ac  <  0. 

E.g.,  in  x2  -  2  x  +  3  =  0, 

a  =  l,  6=—  2,  c  =  3;  and  since  6^  _  4  ^c,  =4  —  12,  =  —  8, 

is  negative,  the  roots  of  this  equation  are  complex  numbers. 

(iv.)    The  two  roots  are  real  and  ratloual  V3hen  62  —  4  ac  is  j 
and  the  square  of  a  raiionoX  number. 
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E.g.,  in  x^-6x  +  4  =  0, 

a  =  1,  6  =  —  .5,  c  =  4 ;  and  since  b^  —  i  ac,  =  9, 

is  the  square  of  a  rational  number,  the  roots  of  this  equation  are  real  and 
rational. 

(v.)    The  two  roots  are  real,  but  conjugate  irrationals,  when  6^  —  4  oc 
is  positive  and  not  the  square  of  a  rational  number. 

E.g.,  ill  x2-5a;  +  2  =  0, 

a  =  l,  6=—  5,  c  =  2;  and  since  6^  _  4  ac,  =25  —  8,  =  17, 

is  positive  and  not  the  square  of  a  rational  number,  the  roots  of  this 
equation  are  conjugate  irrational  numbers. 

(vi. )    The  two  roots  are  equal  and  opposite  when  6  =  0. 

We  then  have  n  =  ^(-^^0   ^nd  r-j  =  -  Ailjli^. 

2a  2a 

Notice  that  in  this  case  the  roots  are  real  or  imaginary  according  as  ac 
is  negative  or  positive. 

E.g.,  from  2  ic'-^  +  5  =  0  we  have  x  =  y/—  J  =  ±  i^/—  10. 

(vii.)    One  root  is  zero  when  c  =  0. 


We  then  have  ri  =  — L+-\^  =  -A  +  A=0; 

2a      2a  2a     2a 


2a      2a         2a     2a         a 
E.g.,  from       2  x^  —  3  a;  =  0,  we  have  a;  (2  a;  -  3)  =  0 ; 
whence  a;  =  0,  and  x  =  }. 

(viii.)   Both  roots  are  zero  when  6  =  0  and  c  =  0. 
We  then  have  n  =  0  +  0,  j-o  =  0  -  0. 

E.g.,  from  3  x^  =  0  we  obtain  x  =  0  and  x  =  0. 

18.  As  long  as  a  is  not  equal  to  0,  however  near  its  value  may  be  to 
0,  the  values  of  r\  and  ro  given  above  constitute  the  solution  of  the  equa- 
tion. If,  then,  we  assume  that  these  vahies  still  give  the  roots  when 
a  =  0,  we  must  determine  the  nature  of  the  roots  under  this  assumption. 

(i.)    One  root  is  infinite  and  the  other ,  when  a  =  0,  b  ^0,  c  ^0. 

b 

For    r  ^-h-\-^(h^-iar)^[-h-^^(h-^-4ac)^[-h-y/(hi-4ac)] 

^  2  a  2a[-b-y/{b'^-4ac)] 

h'^  -  ( 6^  -  4^ar) _. 2r 

2a[-  6  -  y/(b'^  -  4  ac)]      -  b-y/(Jj^  -  4  ac)' 

If  in we  let  a  =  0,  we  obtalu  rv-=  — ^^-^^ — ■=^  -\* 
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Also,  r2  = —^ —  =  — —  =  oo. 

In  this  case  we  are  apparently  dealing  with  the  linear  equation 

6x  +  c  =  0, 

and  not  with  a  quadratic.  But  in  applications  of  Algebra  it  is  frequc 
necessary  to  consider  the  coefficient  of  x^  as  growing  smaller  and  sm 
without  limit,  i.e.,  as  approaching  0. 

The  meaning  of  the  results  given  above  are  that  as  a  grows  sm 
and  smaller  without  limit,  one  root  grows  larger  and  larger  without  li 

and  the  other  root  becomes  more  and  more  nearly  equal  to  —  ^. 

0 

E.ff.,  the  equation  0«a;-  +  2a;  +  3  =  0  has  one  root  oo  and  one  root 

(ii.)   Both  roots  are  infinite  when  a  =  0,  6  =  0,  c  ^  0, 

2  c 
We  have  ri  = ^ ,  as  above. 

-b-y/ib^-iac) 

And  ~  fo  -  V(//^  -4ac)^         6^  -  (6^  -  4  ac) 

2  a  2a[-6  +  V(ft''^-4ac)] 

2c 


-  6  +  y/(J)^  -  4  ac) 
If  we  now  let  a  =  0,  6  =  0,  c  =;t:  0,  we  obtain 

2c  ■,         2c 

ri  =  —  =  00,  and  r2  =  —  =  a  • 

0  0 

Attention  is  called  to  the  remarks  at  the  end  of  (i.). 
E.g.^  the  equation  0'x2  +  0.x-f2  =  0  has  two  infinite  roots. 

19.  If,  in  simplifying  a  quadratic  equation,  the  terms  of  the  se 
degree  in  the  unknown  number  be  canceled,  an  infinite  root  is  lost 

E.g.^  solve  the  equation      (1  +  2  a:)  (2  —  3  x)  =  5  —  6  a:"^. 

Performing  indicated  operations,  2  +  «  —  6  x*^  =  5  —  6  a;^. 

Transferring  and  uniting  terms,  x  =  3. 

In  canceling  —  Ox-  an  infinite  root  was  lost. 

It  was  for  this  reason  that  in  the  principle  for  adding  or  subtr; 
the  same  number  or  expression  to  or  from  both  members  of  an  eqi 
the  roots  were  limited  to  finite  values. 

Maxima  and  Minima. 

20.  Pr.  1.     What  is  tlie  least  value  of  x-  +  6x  +  11  for  real 
of  X  ?     What  is  the  value  of  x  which  gives  this  least  value  ? 

Let  a;^-f6x  +  ll  =  y.    Then  we  are  to  find  the  least  value  of  y 
possible  real  values  of  x. 
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We  then  have  x^-\-6x  +  Q  =  y-2; 

or  a;  +  3=v(y~2). 

Now  X  will  be  real  only  for  values  of  y  =  or  >  2.  That  is,  2  is  the 
least  value  of  y,  =x^  +  6a;+  11,  for  real  values  of  x.  When  y  =  2, 
x  =  -3. 

Pr.  2.    Between  what  bounds  do  the  values  of  the  fraction  "^^—^ 

2B  —  2 

lie  for  real  values  of  x  ? 

Let  ^l±Al^^y,  (1) 

x-2  ^  ^  ^ 

Whence  x^  +  (4  -  y)x  +  (2  y  -  8)  =  0. 

Then,  by  Art.  17  (i.),  the  values  of  x  will  be  real  when 

(4-y)2-4(2y-8)>0; 

that  is,  when    2/*'*  -  16  y  +  48  >  0,  or  (y -4)(y  -  12)>0. 

This  expression  will  be  greater  than  0,  for  all  values  of  2^  <  4,  and  for 
all  values  of  y  >  12. 

That  is,  the  given  fraction  can  have  all  values  between  —  oo  and  4,  and 
between  12  and  +  oo. 

The  values  of  x  corresponding  to  the  bounds  of  the  fraction  are  found 
by  solving  the  equations  obtained  by  equating  the  given  fraction  to  4  and 
12  respectively.     We  then  have : 

When  y  =  4,  x  =  0  ;   when  y  =  12,  x  =  4. 

Pr.  3.     Under  what  condition  can 

ax2  +  2  /ixy  +  by'^  +  2  ^rx  +  2fy  +  c 

be  resolved  into  linear  rational  factors  ? 

Solving  the  given  expression  as  a  quadratic  in  x  we  obtain' 

ax-{-hy  +  g  =  ± ^[(h^  -  ab)y^  +  2{hg  -  af)y  +  (g^  -  ar)l      (1) 

Equation  (1)  gives  two  linear  rational  factors  when  the  expression 
under  the  radical  is  a  perfect  square  ;  that  is,  when 

(hg  -  af)^  -  (K^  -  ah)  (g^  -  ar)  =  0 ; 
or  abc  +  2f(jh  -  af^  -  by^  -  ch^  =  0. 

EXERCISES  VI. 

Form  the  equations  whose  roots  are  : 

1.    8,  2.                2.    -  6,  -  3.                 3.  10,  10.  4.  7,  -  3. 

6.   4,  -  10.          6.   2},  IJ.                      7.  _  J,  _  Ij.  8.  -  J.  8. 

9.   2, 0.             10.   a,  b.                      11.  -  rt,  - 1.  12.  -"       4  a^. 

18.   ?,   5.  14.   £±A,   1.  u. 


b    a  a- 6  ^a- 
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16.    V2,  -V2.  n.    5V7,  -6^/7.  18.    Jy'-S,  -iV"*' 

19.    H-V7,  l-v7.  20.   i-JVll»i  +  iVll- 

21.   3-V-5,3  +  V-5.  22.   }-iv-l»*  +  iV-l 

Find  the  second  root  of  each  of  the  following  equations,  wit 
solving  the  equation : 

23.  x2  -  9  X  +  20  =  0,  when  n  =  4. 

24.  0  x2  -  X  -  1  =  0,  when  ri  =  -  i. 

25.  x2  -  (a  +  by^  =  0,  when  ri  =  a-{-  b. 

26.  x2  -  (a2  _  52)a;  =  q,  when  ri  =  0. 

27.  62j;2  +  2  a6x  +  a2  =  o,  when  n  =  -  -• 

6 

28.  (rt-^  -  6^)x-  +  4  a?;x  -  a2  +  b'^  =  0,  when  ri  =  ^^^^. 

29.  x2  -  2  X  -  1  =  0,  when  ri  =  l  -y/2. 

30.  x2  +  Xy/o  +  1=0,  whp  ri  =  -  J( ^5  +  1). 

31.  x2  -  0  X  +  I'J  =  0,  when  ri  =  3  +  2  V-  1. 

32.  (a  +  byx^  -  (a  +  b)cx  -  ac  =  0,  when  ri  =  ^-^5^^^Vr 

If  ri  and  ro  stand  for  the  roots  of  the  equation  x^  +  j7X  +  g  =  0,  er 
each  of  the  following  symmetrical  expressions  in  terms  ofp  and  q  : 

33.   ri2  +  r22.  34.    ri^  +  r28.  36.    ri*  +  r2*. 

36.   -1+1  37.   ':i  +  ?l^.  38.   ?i^tJ!^  +  ?li 

ri      ?'2  ^2      J'l  ri  r2 

39-44.   Express  each  of  the  relations  given  in  Exx.  33-38  in  ten 
tlie  roots  of  the  equation  x"^  +  x  —  6  =  0. 

Without  solving  the  equations  x^  +_px  +  g  =  0  and  x^  —  10  x  +  40 
form  the  equations  whose  roots  are 

45.  The  opposites  of  the  roots  of  the  given  equations. 

46.  The  reciprocals  of  the  roots  of  the  given  equations. 

47.  Twice  the  roots  of  the  given  equations. 

48.  The  roots  of  the  given  equations  increased  by  2. 

49.  The  roots  of  the  given  equations  diminished  by  6. 

50.  The  squares  of  the  roots  of  the  given  equations. 

Without  solving  the  following  equations,  determine  the  nature  oJ 
roots  of  each  one  : 

61.   x2  +  17  X  +  70  =  0.  52.    x2  -  6  X  =  27. 

63.   x2  +  12  X  =  -  40.  54.   x^  -  6  x  +  9  =;  0. 

65.  fl:2^5x-14  =  0.  ^^.  x'^  ^^l<ix  =  - 100. 
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67.  x2-fl5  =  12* 

69.  x^-13fl5  +  22  =  0. 

61.  9x2-12x  +  4=0. 

63.  16x2 +  8x  + 49  =  0. 

65.  16x2 +  40x  + 26  =  0. 

67.  20x2+19x  =  -3. 


68.  x2-8x  +  26  =  0. 

60.  x2-8x=  16. 

62.  8x2 -2x- 26  =  0. 

64.  10x2  -  21 X- 10  =  0. 

66.  25x2 +  4x- 77=0. 

68.  4x2  +  62x  =  87. 


For  what  values  of  m  are  the  roots  of  each  of  the  following  equations 
equal  ?  For  what  values  of  m  are  the  roots  irrational  ?  »And  for  what 
values  of  m  are  the  roots  complex  numbers  ? 

69.    mx2  +  4x  +  l=0.  70.   2x2  +  mx  +  l  =  0. 

71.   3x2  +  6x  +  m  =  0.  72.   wx2  +  mx  +  l=0. 

Find  the  greatest,  or  the  least,  value  of  each  of  the  following  expres- 
sions for  real  values  of  x,  and  the  corresponding  value  of  x : 

73.   x2-6x  +  7.  74.   10  +  3x-x2. 

75.   2x2-5x  +  7.  76.   3  + 8x- 6x2. 

Find  the  bounds  of  each  of  the  following  fractions  for  real  values 
of  X,  and  the  corresponding  values  of  x : 


77. 


80. 


x2  +  .Sx~3 
x-1 

8x  +  3 

4x^  +  bx  +  3 


78. 


81. 


x2  +  x  +  2 
x  +  2 

24x4-7 
4x2  + 8x  +  2' 


79. 


82. 


4x2  +  24x  +  27 
13-8X 

x  +  3 
X'«  +  6x-3* 


Which  of  the  following  expressions  can  be  separated  into  rational 
linear  factors? 

83.  3x2-M3xy-10y2- llx  +  13y-4. 

84.  6x2-.14xy-3y2-8x  +  8y  +  3. 

85.  2x2-4xy-6y2«.3x+ 17y-4. 

86.  4x2-7xy +  3y2^.9a;_52,  +  3. 

87.  Divide  100  into  two  parts  so  that  their  product  shall  be  a  maximum. 

88.  Divide  20  into  two  parts  so  that  the  sum  of  their  squares  shall 
be  a  minimum. 

89.  Two  points,  A  and  /?.  move  alon<;  two  perpendicular  lines.  A  is 
13  feet  and  B  is  10  feet  from  the  point  of  intersection,  P.  A  moves  at 
the  rate  of  4  feet  a  second  toward  P,  and  B  nt  the  rate  of  3  feet  a  second 
away  from  P.  After  how  many  seconds  will  A  and  B  be  the  least  dis- 
tance from  each  other  ? 
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Problems. 

2L  Pr.  1.  The  sum  of  two  numbers  is  15  and  their  prodi 
is  56 ;  what  are  the  numbers  ? 

Let  X  stand  for  one  of  the  numbers ;  then,  by  the  first  c 

dition,  15  —  «  stands  for  the  other  number.     By  the  secc 

condition 

a?  (15  —  «)  =  56 ;  whence  «  =  7,  and  8. 

Therefore  a?  =  7,  one  of  the  numbers,  and  15  —  a?  =  8, 
other  number.     Observe  that  if  we  take  a?  =  8,  then  15  — a;  = 
That  is,  the  two  required  numbers  are  the  two  roots  of 
quadratic  equation. 

Pr.  2.   Divide  100  into  two  parts  whose  product  is  2600. 
Let  X  stand  for  the  less  part,  and  100  —  x  for  the  greater, 
l^y  the  second  condition,  a;  (100  —  a;)  =  2600.     The  rooti 
this  equation  are  50  4- 10^—  1  and  50  —  10^—1. 

An  imaginary  result  always  indicates  inconsistent  conditi 
in  the  problem.  The  inconsistency  of  these  conditions  ma^ 
shown  as  follows : 

Let  d  stand  for  the  difference  between  the  two  parts  of 
Then  50  +  ^  cZ  stands  for  the  greater  part,  and  50  —  ^  d  for 
less. 

The  product  of  the  two  parts  is 

(50  -f-  ^  d)(50  -  i  d),  =  2500  -  (^  ay  =  2500  -  i  d«.  . 

Since  d^  is  positive  for  all  real  values  of  d,  the  product  1 
—  id^  must  be  less  than  2500.  Consequently  100  canno 
divided  into  two  parts  whose  product  is  greater  than  2500. 

22.   When  the  solution  of  a  problem  leads  to  a  quadi 
equation,  it  is  necessary  to  determine  whether  either  or 
of  the  roots  of  the  equation  satisfy  the  conditions  expre 
and  implied  in  the  problem. 

Positive  results,  in  general,  satisfy  all  the  conditions  of 
problem. 

A  negative  result,  as  a  rule,  satisfies  the  conditions  of 
problem,  when  they  reiei  \.o  ^\i^U2^\.  \i>m£Jqkw^.    "When 
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required  numbers  refer  to  quantities  which  can  be  understood 
in  opposite  senses,  as  opposite  directions,  etc.,  an  intelligible 
meaning  can  usually  be  given  to  a  negative  result. 

An  imaginary  result  always  implies  inconsistent  conditions. 

23.  The  interpretation  of  a  negative  result  is  often  facilitated  by  the 
following  principle : 

If  a  given  quadratic  equation  have  a  negative  root,  then  the  equation 
obtained  from  the  given  one  by  changing  the  sign  of  x  has  a  positive  root 
of  the  same  absolute  value. 

Let  —  r  be  a  root  of         ax^  +  6aj  +  c  =  0.  (1) 

Then,  since  —  r  must  satisfy  the  equation,  we  have 

o(-r)2  +  6(-r)  +  c  =  0, 

or  ar^-br-\-c  =  0.  (2) 

But  equation  (2)  shows  that  r  satisfies  the  equation 

ax"^  —  bx  +  p  zz  Of 

which  is  obtained  from  (1)  by  changing  the  sign  of  x. 

Pr.  A  man  bought  muslin  for  $3.00.  If  he  had  bought  three  yards 
more  for  the  same  money,  each  yard  would  have  cost  him  6  cents  less. 
How  many  yards  did  he  buy  ? 

Let  X  stand  for  the  number  of  yards  the  man  bought.    Then  1  yard 

cost  —  cents.     If  he  had  bought  x  +  3  yards  for  the  same  money,  each 

*  SOD 

yard  would  have  cost  -^ cents. 

x  +  3 

Therefore    ?52  _  -551  =  6  ;  whence  x  =  12  and  -  16. 
X       x  +  S 

The  root  12  satisfies  the  equation  and  also  the  conditions  of  the  prob- 
lem ;  the  root  —  15  has  no  meaning. 

But  if  X  be  replaced  by  —  x  in  the  equation,  we  obtain  a  new  equation 

322 300_^5    „^  J00._300^5^  (2) 

—  X      — X  +  3  X  —  3       X 

whose  roots  are  —  12  and  +  16. 

Equation  (2)  evidently  corresponds  to  the  problem :  A  man  bought 
muslin  for  $3.00.  If  he  had  bought  3  yards  less  for  the  same  money, 
each  yard  would  have  cost  him  6  cents  more. 

Notice  that  the  intelligible  result,  12,  of  the  first  statement  has  become 
—  12  and  is  meaningless  in  the  second  statement. 

Attention  is  called  to  the  remarks  in  CVi.  Xll^  MX..  ^. 
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EXERCISES  VII. 

1.  If  1  be  added  to  the  square  of  a  number,  the  sum  will  be  5 
What  is  the  number? 

2.  If  5  be  subtracted  from  a  number,  and  1  be  added  to  the  square  • 
the  remainder,  the  sum  will  be  10.     What  is  the  number? 

8.  One  of  two  numbers  exceeds  50  by  as  much  as  the  other  is  le 
than  50,  and  their  product  is  2400.     What  are  the  numbers  ? 

4.  The  product  of  two  consecutive  integers  exceeds  the  smaller  I 
17,424.     What  are  the  numbers  ? 

6.  If  27  be  divided  by  a  certain  number,  and  the  same  number  1 
divided  by  3,  the  results  will  be  equal.     What  is  the  number  ? 

6.  What  number,  added  to  its  reciprocal,  gives  2.9  ? 

7.  What  number,  subtracted  from  its  reciprocal,  gives  n?  L 
n  =  6.09. 

8.  If  n  be  divided  by  a  certain  number,  the  result  will  be  the  same  i 
if  the  number  were  subtracted  from  n.    What  is  the  number  ?    Let  n= 

9.  If  the  product  of  two  numbei-s  be  176,  and  their  difference  be 
what  are  the  numbers  ? 

10.  A  certain  number  was  to  be  added  to  i,  but  by  mistake  ^  w 
divided  by  the  number.  Nevertheless  the  correct  result  was  obtaine 
What  was  the  number? 

11.  If  100  marbles  be  so  divided  among  a  certain  number  of  boys  tl 
each  boy  shall  receive  four  times  as  many  marbles  as  there  are  boys,  h 
many  boys  are  there  ? 

12.  The  area  of  a  rectangle,  one  of  whose  sides  is  7  inches  longer  tl 
the  other,  is  494  square  inches.     How  long  is  each  side  ? 

13.  The  difference  between  the  squares  of  two  consecutive  numl 
is  equal  to  three  times  the  square  of  the  less  number.    What  are 
numbers  ? 

14.  A  merchant  received  $48  for  a  number  of  yards  of  cloth.  If 
number  of  dollars  a  yard  be  equal  to  three-sixteenths  of  the  numbe 
yards,  how  many  yards  did  he  sell  ? 

16.  In  a  company  of  14  persons,  men  and  women,  the  men  spent 
and  the  women  $24.  If  each  man  spent  $1  more  than  each  woman, 
many  men  and  how  many  women  were  in  the  company  ? 

16.  A  pupil  was  to  add  a  certain  number  to  4,  then  to  subtract 
same  number  from  9,  and  finally  to  multiply  the  results.  But  he  a 
the  number  to  9,  then  subtracted  4  from  the  number,  and  multiplied  i 

results.    Nevertheless  he  obtam^d  U^e  correct  product.    What  wai 

number? 
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17.  A  man  paid  $  80  for  wine.  If  he  had  received  4  gallons  less  for 
the  same  money,  he  would  have  paid  $1  more  a  gallon.  How  many 
gallons  did  he  buy  ? 

18.  A  man  left  $31,500  to  be  divided  equally  among  his  children. 
But  since  3  of  the  children  died,  each  remaining  child  received  $3375 
more.     How  many  children  survived  ? 

19.  Two  bodies  move  from  the  vertex  of  a  right  angle  along  its  sides 
at  the  rate  of  12  feet  and  16  feet  a  second  respectively.  After  how  many 
seconds  will  they  be  90  feet  apart  ? 

20.  A  tank  can  be  filled  by  two  pipes,  by  the  one  in  two  hours  less  time 
than  by  the  other.  If  both  pipes  be  open  1}  hours,  the  tank  will  be  filled. 
How  long  does  it  take  each  pipe  to  fill  the  tank  ? 

21.  From  a  thread,  whose  length  is  equal  to  the  perimeter  of  a  square, 
36  inches  are  cut  off,  and  the  remainder  is  equal  in  length  to  the  perime- 
ter of  another  square  whose  area  is  four-ninths  of  that  of  the  first.  What 
is  the  length  of  the  thread  ? 

22.  A  number  of  coins  can  be  arranged  in  a  square,  each  side  contain- 
ing 51  coins.  If  the  same  number  of  coins  be  arranged  in  two  squares, 
the  side  of  one  square  will  contain  21  more  coins  than  the  side  of  the 
other.  How  many  coins  does  the  side  of  each  of  the  latter  squares  con- 
tain? 

23.  A  farmer  wished  to  receive  $2.88  for  a  certain  number  of  eggs. 
But  he  broke  6  eggs,  and  in  order  to  receive  the  desired  amount  he 
increased  the  price  of  the  remaining  eggs  by  2J  cents  a  dozen.  How 
many  eggs  had  he  originally  ? 

24.  Two  bodies  move  toward  each  other  from  A  and  B  respectively, 
and  meet  after  35  seconds.  If  it  takes  the  one  24  seconds  longer  than 
the  other  to  move  from  A  to  B,  how  long  does  it  take  each  one  to  move 
that  distance  ? 

25.  It  takes  a  boat^s  crew  4  hours  and  12  minutes  to  row  12  miles 
down  a  river  with  the  current,  and  back  again  a.2:ainst  the  current.  If 
the  speed  of  the  current  be  3  miles  an  hour,  at  what  rate  can  the  crew 
row  in  still  water? 

26.  A  man  paid  $300  for  a  drove  of  sheep.  By  selling  all  but  10  of 
them  at  a  profit  of  $2.50  each,  he  received  the  amount  he  paid  for  all  the 
sheep.     How  many  sheep  did  he  buy  ? 

87.   Two  men  start  at  the  same  time  to  go  from  A  to  B,  a  distance  of 
36  miles.    One  goes  3  miles  more  an  hour  than  the  olVi^x^  «xA  ^xtV^^^*^ 
B  1  hour  euUer,    At  what  rate  does  each  maa  vi«.N«\'i 
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28.  It  took  a  number  of  men  as  many  days  to  dig  a  ditch  as  there  wen 
men.  If  there  had  been  6  more  men,  tlie  work  would  have  been  done  ii 
8  days.     How  many  men  were  there  ? 

29.  The  front  wheel  of  a  carriage  makes  6  revolutions  more  than  thi 
hind  wheel  in  running  36  yards  ;  if  the  circumference  of  each  wheel  wer 

1  yard  longer,  the  front  wheel  would  make  but  3  revolutions  more  thai 
the  hind  wheel  in  running  the  same  distance.  What  is  the  circumfei 
ence  of  each  wheel  ? 

30.  Two  men  formed  a  partnership  with  a  joint  capital  of  $500.  Th 
first  left  his  money  in  the  business  5  months,  and  the  second  his  mone 

2  months.     Each  realized  $  450,  including  invested  capital.     How  muc 
did  each  invest  ? 

81.  Two  trains  run  toward  each  other  from  A  and  B  respectively,  ai 
meet  at  a  point  which  is  15  miles  further  from  A  than  it  is  from  B.  Aft 
the  trains  meet,  it  takes  the  first  train  2f  hours  to  run  to  B,  and  the  seco: 
train  Sf  hours  to  run  to  A.     How  far  is  A  from  B  ? 

32.  The  perimeter  of  a  rectangular  lawn  having  around  it  a  path 
uniform  width  is  420  feet.  The  area  of  the  lawn  and  path  together  exce( 
twice  the  difference  of  their  areas  by  1200  square  yards,  and  the  wi( 
of  the  path  is  one-sixth  of  the  shorter  side  of  the  lawn.  Find  the  dim 
sions  of  lawn  and  path. 

33.  Water  enters  a  forty-gallon  cask  through  one  pipe  and  is  dischar 
through  another.     In  4  minutes  one  gallon  more  is  discharged  thro 
the  second  pipe  than  enters  through  the  first.    The  first  pipe  can  fill 
cask  in  3  minutes  less  time  than  it  takes  the  second  to  discharge  6t5 
Ions.    How  long  does  it  take  the  first  pipe  to  fill  the  cask? 

34.  In  a  rectangle,  whose  sides  are  a  and  b  inches  respectively,  a  sec 
rectangle  is  constmcted.  The  sides  of  the  inner  rectangle  are  equ 
distant  from  the  sides  of  the  outer,  and  the  area  of  the  inner  rectang 
one-?ith  of  the  remaining  part  of  the  outer.  What  are  the  lengths  of 
sides  of  the  inner  rectangle  ?    Let  a  =  70,  6  =  52J,  w  =  1. 

35.  It  has  been  found  by  experiment  that  when  an  object  is  rem 
to  a  point  2,  3,  4,  •••  times  its  original  distance  from  the  source  of  1 
its  illumination  is  22,  3^,  4^,  ...  times  as  feeble.  A  lamp  and  a  candl 
4  feet  apart.  At  what  point  on  the  line  joining  them  will  the  illumini 
from  the  candle  be  equal  to  that  from  the  lamp,  if  the  light  of  the 
be  9  times  as  intense  as  that  of  the  candle  ? 


CHAPTER  XXII. 

EQUATIONS  OF  HIGHER  DEGREE  THAN  THE  SECOND. 

We  shall  consider  in  this  chapter  a  few  higher  equations  which  can  be 
solved  by  means  of  quadratic  equations. 

1.  A  Binomial  Equation  is  an  equation  of  the  form  a^  =  a,  wherein 
n  is  a  positive  integer. 

Certain  binomial  equations  can  be  factored  into  linear  and  quadratic 
factors  or  factors  which  can  be  brought,  to  quadratic  form  by  proper 
substitutions. 

Ex.  1.   Solve  the  equation        x^  —  1  =  0.  (1) 

Factoring,  (x  -  1 )  (x^  +  x  +  1)  =  0.  (2) 

This  equation  is  equivalent  to  the  two  equations 

X  —  1  =  0,  whence  x  =  1 ; 
and  «2  +  X  +  1  =  0,  whence  x  =  —  J  ±  iV"  ^• 

This  example  gives  the  three  cube  roots  of  1,  since  x^  —  1  =  0  is  equiva- 
lent to  X*  =  1,  or  X  =  -J/1. 

Therefore  the  three  cube  roots  of  1  are  1,  — i  +  iV~"3,  —  i—  J\/~  ^• 

In  general,  the  three  cube  roots  of  any  number  can  be  found  by  multi- 
plying the  principal  cube  root  of  the  number  in  turn  by  the  three  algebraic 
cube  roots  of  1. 

E.g.,  ^8  =  2^1  =  2,  -1±V- 3  J 

the  three  cube  roots  of  a  are  ^a,  ^/a{—\±\^/-Z)^  wherein  ^a  denotes 
the  principal  cube  root  of  a. 

Ex.  2.   Solve  the  equation  x*  +  1  =  0. 

Factoring,  (x^  +  1  +  Xy/2)  (x^  +  1  -  Xy/2)  =  0. 

This  equation  is  equivalent  to  the  two  equations 

x2  +  l  +«>/2  =  0,  whence  x  =  iv/2(--l  ±  V-  1); 

and  x2  +  1  -  x^/2  =  0,  whence  x  =  i  V*2(l  ±  y/-  1). 

Since  the  given  equation  is  equivalent  to  x*  =—  1,  or  x  =  ^—  1,  we 
conclude  that  the  four  fourth  roots  of  —  1  are 

827 
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The  four  fourth  roots  of  any  negative  number  can  be  found  by  multi- 
plying the  principal  fourth  root  of  the  radicaud  taken  positively  in  torn 
by  the  four  fourth  roots  of  —  1. 

E.g.,  ^-16  =  2^-1=V2(-1±V-1)»  V2(1±V-1)- 

2.   Ex.  1.   Solve  the  equation   a:*  -  9  =  2  x^  -  1. 

Since  x*  =  (x"^)',  we  may  take  x^  as  the  unknown  number  and  solve 
this  equation  as  a  quadratic  in  x^. 

We  then  have  (x2)2  -  2  x2  -  8,  =0. 

Factoring,  (x^  -  4)  (x^  +  2)  =  0. 

Whence  x^  -  4  =  0,  or  x  =  ±  2  ;  and  x^  +  2  =  0,  or  x  =  ±  V-  2. 

In  general,  any  equation  containing  only  two  powers  of  the  unknown 
number,  one  of  which  is  the  square  of  the  other,  can  be  solved  as  a  quad- 
ratic equation. 

Ex.  2.   Solve  the  equation   x^  —  3  x^  =  40. 
Since  sfi  =  (x*)^,  we  take  x^  as  the  unknown  number. 
We  then  have  (x8)2  -  3  x*  =  40. 

Solving  this  equation  for  x',  we  obtain 

x'  =  8,  whence  x  =  ^8  ;  and  x'  =  —  6,  whence  x  =  —  ^5. 
Therefore,  by  Art.  1,  Ex.  1,  the  six  roots  of  the  given  equation  are 
2,  -  1  ±  V-  3,  -  ^o,  }^5(1  T  V-  3), 
wherein  -J/5  denotes  the  principal  cube  root  of  5. 

Ex.  3.    Solve  the  equation  (x^  -  3x  +  1)2  =  6  +  6(x2  -  3x  +  1). 

In  this  example  x^  —  3  x  +  1  is  regarded  as  the  unknown  number,  and 

may  temporarily  be  represented   by  the  letter  y.     The  equation  thei 

becomes 

y^  =  6  +  by  ]    whence  y  =  Q,  and  —  1. 

We  therefore  have  the  two  equations 

x2  -  3  X  +  1  =  6,  whence  x  =  {  ±  iy/29 ; 
x'-^  —  3x4-1=— 1,  whence  x  =  2,  x  =  1. 
Therefore  the  roots  of  the  given  equation  are  f  ±'^^^29,  2,  1. 
Attention  is  called  to  the  fact  that,  in  each  example,  we  have  obtaine 
as  many  roots  as  there  are  units  in  the  degree  of  the  equation. 

Frequently  equations  which  do  not  at  first  appear  to  come  under  th 
case  can,  by  a  proper  arrangement  of  terms,  be  made  to  do  so. 

Ex.  4.    Solve  the  equation  x*  +  2  x^  -  7  x"^  -  8  x  +  12  =  0. 
The  given  equation  can  be  written 

X*  +  2  x8  -V  x2  -  8  x2  -  8x  +  12  =  0, 

or  (x2  +  xy  -  ?>C,x'^  -V  x^-V  Vi.  =^. 
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If  we  now  let  x^  -\-  x  =  y,  we  have 

ya  _  8y  +  12  =  0 ;  whence  y  =  2,  and  6. 
We  then  have  to  solve  the  equations 

x^-\-x  =  2  (1),  and  x2  +  X  =  6  (2). 
The  roots  of  (1)  are  1,  —  2 ;  and  the  roots  of  (2)  are  2,  —  3. 

a    Ex.    Solve  the  equation  «?'  +  a;  +  1  ^  a;^  -  x  +  2  _  g, 

X2-.X  +  2     x^  +  x+  I       • 

If  we  let      "^     ^     =  y,  the  given  equation  becomes  y  +  i  =  2 J. 

The  roots  of  this  equation  are  },  ). 

We  now  have  to  solve  the  two  equations 

x:^-x  +  2     2  ^  '^  a;-^  -  aj  +  2     3  ^  "^ 

The  roots  of  (1)  are  fouud  to  be  4,  1 ;  and  the  roots  of  (2)  are  found 
>  be  -  i  ±  J  V*29. 

An  equation  can  be  solved  by  this  method  when  it  contains  only  two 
tpressions  in  the  unknown  number,  one  of  which  is  the  reciprocal  of  the 
ther,  and  when  the  numerators  and  denominators  of  these  expressions 
re  of  degree  not  higher  than  the  second. 

EXERCISES. 
Solve  each  of  the  following  equations : 
I.  a;2  +  i  =  o.  2.    (a; -1)8  =  8.  8.    (x  + 2)8 +  4  =  0. 

I.    (x+l)8=(3-x)8.         6.   x8  =  (2a-x)8.  6.   a:* -1=0. 

7.  (z  +  1)*  =  16.  8.   x*+625(x+l)*=0.       9.   x'  +  1  =  0. 

5.   x^-l=0.  11.   a:*  +  9  =  10a:2.  12.   x*-6x2  =  -l. 

3.    (x«-0)(x2-16)=15x«.  14.    (x2  -  10)  (x2  -  18)  =  13  x«. 

5.  x^- 65x8  =  -64.  16.   x8  +  5x*  =  6. 

y     (g  +  X)*  +  (g  -  X)* ^  o ^  jg    x*  +  6x2+1^3 

"(a  +  x)8  +  (a  -  x)«  ■  •   2^-6x2+1     2* 

9.    (X  -  2)«  -  10(x  -  2)8  =  216.        20.    (3x2-6x  +  l)a-9xa+15x=7. 

1.  16x2-35x-3(7x-3x2  +  8)2  +  310  =  0. 

2.  (x2-x  +  l)2  =  3x(x-l)  +  l.      23.    fx  +  -V+x  =  42-?. 

\  X/  X 

4    x2-fl2     a;2  +  a2_.34  ^^    x2-6x  +  3     x2  +  6x-3_8 
x2  +  a^     x^-a^     lo'  *   x^-f6x-3     x2-6x-f3     3* 

6.  x«+X«-x-l=0.  27.   3x8- 13x^+ 13x-3  =  0. 

8.  x«-2aj8  +  22?«-2i;+ 1  =0.  29.   2x*  -  6a* -V  ^x^ -^x^"l=^. 


CHAPTER  XXIII. 

IRRATIONAL  EQUATIONS. 

1.  An  Irrational  Equation  is  an  equation  whose  members  are  irra- 
tional in  the  unknown  number  or  numbers ;  as,  ^/(z  +  1)  =  3. 

Notice  that  we  cannot  speak  of  the  degree  of  an  irrational  equation. 

2.  The  solution  of  an  irrational  equation  depends  upon  the  principle 
If  both  members  of  an  equation  be  raised  to  the  same  positive  integra 

power^  the  resulting  equation  will  have  as  roots  the  roots  of  the  give) 
equation^  and,  in  general,  additional  roots. 

Let  M=N 

be  tiie  given  equation. 

Squaring  both  members,  M^  =  iV^. 

Whence  M^  -  N^  =  0,  or  ( Jf  -  JV)  (itf  +  JNT)  =  0. 

This  equation  is  equivalent  to  the  two  equations 

M—  N=0,  or  Jtf'=  iV,  the  given  equation  ; 

and  M  +  iV=  0,  or  M  =  —  N,  an  additional  equation. 

That  is,  the  equation  obtained  by  squaring  both  members  of  the  givi 
equation  is  equivalent  to  the  given  equation  and  an  additional  equati< 
which  differs  from  the  given  one  in  the  sign  of  one  of  its  members. 

In  like  manner  the  principle  can  be  proved  for  any  positive  integi 
powers  of  the  members  of  the  given  equation. 

E.g.,  if  both  members  of  the  equation 

a:+  1  =2 
be  squared,  we  have  («  +  1)^  =  4  ;  whence  05  =  1,  and  —  3. 

The  root  1  satisfies  the  given  equation ;  the  root  —  3  is  a  root  of  ' 

equation 

x  +  1  =-2, 

which  was  introduced  by  squaring,  and  does  not  satisfy  the  given  equati 

3.  To  solve  an  irrational  equation,  we  must  first  derive  from  i 
rational,  integral  equation.    This  step,  which  is  usually  effected  by  r 

ing  both  members  of  the  equation  to  the  same  positive  integral  power 
or  more  timeSf  is  called  ratio nalizing  the  equallou. 
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In  the  following  examples  the  roots  will  be  limited  to  principal  values : 

Ex.  1.   Solve  the  equation  x  +  V(25  —  ^^)  =  7. 

Before  squaring,  it  is  better  to  have  tlie  radical  by  itself  in  one  member. 

Transferring «,  V(^5  —  *')  =  7  -  x.  (1) 

Squaring,  25  -  a:2  =  49  -  14  a  +  x2.  (2) 

The  roots  of  this  equation  are  3,  4. 

Both  roots  of  (2)  satisfy  the  given  equation,  since  3  +  ^(26  —  9)  =  7, 
and  4  +  y/(2o  —  10)  =  7.  Therefore  no  root  was  introduced  by  squaring 
both  members  of  tiie  given  equation.  This  is  also  evident  fi^om  the 
following  considerations : 

Any  root  of  the  additional  equation, 

V(26  -  x2)  =  _ (7  _  a;),  or  -  V(25  -x'^)=7  --x,  (3) 

obtained  by  changing  the  sign  of  one  of  the  members  of  the  given  equa- 
tion when  prepared  for  squaring,  must  be  a  root  of  tlie  rational  integral 
equation  (2).  But  both  roots  of  this  equation,  3  and  4,  make  the  first 
member  of  (3)  negative,  and  the  second  member  positive.  That  is,  equa- 
tion (3)  is  an  impossible  equation. 

Ex.  2.   Solve  the  equation  x  -  V(25  -  x^)  =  1. 

Transferring  a,  —  V(25  —x'^)=l—x.  (1) 

Squaring  26  -  a:^  =  1  -  2  a  +  x«.  (2) 

The  roots  of  this  equation  are  4  and  —  3. 

The  number  4  is  a  root  of  the  given  equation,  since 

4-V(25-  16)=  1 J 

but  the  number  —  3  is  not  a  root  of  the  given  equation,  since 

-  3  -  V(26  -  9)  =  -  7,  not  1. 

Therefore,  the  root  —  3  is  a  root  of  the  additional  equation 

-V(25-ic2)  =  -(l-a:),  or  y/(25  -  x^)=l -x, 

introduced  by  squaring. 

Tliat  —  3  is  not  a  root  of  the  given  equation  is  also  evident  from 
the  form  of  the  equation.  For  any  real  value  of  x  wliich  makes 
X  —  V(25  -  x'^)  equal  to  1  must  be  greater  than  1,  and  therefore  cannot 
be  equal  to  —  3. 

The  preceding  examples  illustrate  the  following  method  of  solving  irra- 
tional e()uations : 

Transform  the  given  equation  so  that  one  radical  stands  by  itself  in  one 
member  of  the  equation. 

Equate  equal  poicers  of  the  two  members  when  so  transformed. 

Bepeat  this  process  until  a  rational  equation  it  oUal\\%d« 
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4.  In  the  preceding  article  the  indicated  roots  in  the  equations  we; 
limited  to  principal  values. 

At  the  same  time  an  irrational  equation,  if  written  arbitrarily,  may  I 
inconsistent  with  the  laws  governing  the  relations  between  numbers, 
such  a  case  the  equation  is  impossible,  that  is,  it  cannot  be  satisfied  1 
either  real  or  imaginary  values  of  the  unknown  numbers. 

^'ff'i      V(*  +  6)  +  V(*  +  1)  =  1  is  an  impossible  equation. 

For  it  cannot  be  satisfied    by  any  complex  value  of  x,  since 
Ch.  XX.,  Arts.  31  and  22,  y/(^x  +  6)  +  y/(z  +  1)  must  be  complex  if  x 
complex,  and  hence  cannot  be  equal  to  1. 

It  cannot  be  satisfied  by  any  real  positive  value  of  x,  since,  in  that  ca 
either  ^/(x  +  1)  or  y/(x  +  6)  is  greater  than  1. 

It  cannot  be  satisfied  by  any  real  negative  value  of  oj,  since,  if  z 
negative  and  its  absolute  value  be  less  than  1,  y/(x  +  6)  will  be  grea 
than  1,  and  if  x  be  negative  and  its  absolute  value  be  greater  that 
y/(x  +  1)  will  be  imaginary. 

5.  But  if  the  restriction  to  principal  roots  be  removed,  any  irratic 
equation  contains  in  itself  tlie  statements  of  two  or  more  equations. 

E.g.,  if  both  positive  and  negative  square  roots  be  admitted,  the  ec 

is  equivalent  to  the  four  equations 

-V(«  +  6)  +  V(aJ+l)=l     (3),  -V(a5  +  «)-V(«  +  l)=l 

in  which  the  roots  are  limited  to  principal  values. 

The  same  rational  integral  equation  will  evidently  be  derived  by  rai 
alizing  any  one  of  these  equations.    Therefore  the  roots  of  this  rati 
equation  must  comprise  the  roots  of  these  four  irrational  equations, 
sequently,  in  solving  an  irrational  equation,  we  must  expect  to  ol 
not  only  its  roots,  but  also  the  roots  of  the  other  three  equations  obti 
by  changing  the  signs  of  the  radicals  in  all  possible  ways.     Some  of 
equations  can  be  rejected  at  once  as  impossible.    The  roots  of  the 
irrational  equations  will  be  the  roots  of  the  rational  equation.    Thus,  < 
above  equations,  (1),  (3),  and  (4)  can  be  rejected  at  once  as  iinpossi 

The  rational  equation  derived  from  any  one  of  the  four  equations 

X  +  1  =  4  ;  whence  x  =  3. 
The  number  3  is  a  root  of  the  one  equation  not  rejected,  since 

V(3  +  6)-VC3  +  l)=l. 
The  same  conclusions  could  have  been  reached  by  substitutii 
roots  of  the  integral  equatiou  svxccifesavj^\^  vsi  t\\e  irrational  equj 
rejecting  those  which  are  not.  aaXVa^^^  >a^  ^'oi  ^^^^» 
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Special  Devices. 
•  6.   Ex.  1.   Solve  the  equation 

V  (3  x«  -  2  aj  +  4 )  -  3  x2  +  2  aj  =  - 16. 
Since  -3a;«  +  2x  =-(3x2  -  2aj  +  4)  + 4, 

we  may  take  v^C^  x^  —  2  x  +  4)  as  the  unknown  number,  replacing  it 
temporarily  by  y.    We  tlien  have 

y  -  y2  +  4  =  _  16. 

The  roots  of  this  equation  are  5,  and  —  4. 

Equating  ^'(3  x^  —  2  x  +  4)  to  each  of  these  roots,  we  have 

V(3x2  -  2x  +  4)=  5,  whence  x  =  3,  -  J. 
VC3x2  _  2 X  +  4)  =  -  4,  whence  x  =  J(l  ± >/37). 
The  numbers  3,  —  J  satisfy  the  given  equation,  and  are  therefore  roots 
of  that  equation.    The  numbers  J V(^  ^  V37)  ^o  not  satisfy  the  given 
equation. 

But  if  the  value  of  the  radical  be  not  restricted  to  the  principal  root, 
the  given  equation  comprises  the  two  equations 

V(3x2-.2x4-4)-3x2  +  2x=-16,  (1) 

-  V(3  «^  -  2  X  +  4)  -  3  x2  +  2  X  =  -  16.  (2) 

Then  J(l  ±  y/B7)  are  roots  of  (2). 

Ex.  3.   Solve  the  equation  ^(3  x^  +  13)  +  V(3  x*  +  13)  =  6. 
Assuming  -^(S  x^  +  13)  as  the  unknown  number,  and  representing  it 
by  y,  we  have  y  +  y^  =  6. 

The  roots  of  this  equation  are  2  and  —  3. 

Equating  -{/(3  x*  4-  13)  to  each  of  these  roots,  we  have 

^(3  x2  +  13)  =  2,  whence  x  =  ±  1, 
^(3x2+  13)  =  -3,  whencex  =  ±  VV  =  i^^/51• 
The  numbers  ±  1  are  roots  of  the  given  equation,  since  y/l6+  y^16=6. 
The  numbers  ±  JV^l  are  evidently  not  roots  of  the  given  equation, 
but  are  found  to  be  roots  of  the  equation 

-^(3x2  +  13)  +  V(3x2  +  13)=  6. 
The  preceding  examples  illustrate  the  following  principle  : 
If  a  radical  equation  contain  one  radical,  and  an  expression  which  is 
equal  to  the  radicand  or  which  can  be  made  to  di.fer  from  the  radicand 
{or  a  multiple  of  the  radicand)  by  a  constant  term^  it  can  be  solved  as  a 
quadratic  equation.  The  same  is  true  if  the  equation  contain  tico  radi- 
calSy  one  the  square  of  the  other,  and  in  addition  only  constant  terms. 
In  both  cases^  the  radicand  must^  in  generaly  be  a  linear  or  a.  ^^xfx^\.TQXV.^ 
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7.    Irrational  equations  containing  cube  and  higher  roots  in  gei 
lead  to  rational,  integral  equations  of  a  higher  degree  than  the  sec 
and  therefore  cannot  be  solved  by  means  of  quadratic  equations, 
in  some  cases  their  solutions  can  be  effected  by  special  devices. 

Ex.   Solve  the  equation  ^(8  x  +  4)  -  ^(8  x  -  4)  =  2. 

Cubing, 

8x  +  4-3[^(8x  +  4)]2^(8x-4)+3^(8x  +  4)[^(8x-4)] 

-8x  +  4  =  8. 

Transferring  and  uniting  terms,  and  dividing  by  —  3, 

[^(8x  +  4)]2^(8x-4)-^(8x  +  4)[{/(8x-4)]2  =  0. 

Factoring,  ^{S  x  +  4)  ^(8  x  -  4)  [  ^/(S  x  +  4)  -  ^(8  x  -  4)]  =  0. 

This  equation  is  equivalent  to  the  three  equations 

^(8  X  +  4)  =  0,  whence  x  =  —  i ; 

^(8  X  —  4)  =  0,  whence  x  =  i ; 

and  </(8  x  +  4)  -  ^(8  x  -  4)  =  0, 

whence  8xH-4  =  8x  —  4. 

Equation  (6)  is  not  satisfied  by  any  finite  value  of  x. 

The  numbers  —  J  and  J  are  found  to  satisfy  the  given  equation. 

EXERCISES. 

Solve  each  of  the  following  equations,  and  check  the  results, 
result  does  not  satisfy  an  equation  as  written,  determine  what  signs 
radical  terms  must  have  in  order  that  the  result  may  satisfy  the  equa 

1.    V(3^  +  4)-4  =  0.  2.    y/(\Q  +  x)  =  2^(x-\-6). 

8.  V[S+V(«-4)]  =  3.  4.    ^(10x  +  35)-l  =  4. 

6.  y/(x^-9)=4.  6.   4x  =  3V(2x2-4). 

7.  3-V(3x2-4x  +  9)=0.  8.   2  -  VC^^c^  -  H  «)  =  0. 

9.  5x  =  2V(3x2-x4-15).  10.    ^(H  x  +  8)  -  ^4  =  0. 

11.    V(4a:  +  9)-2Vx  =  l.  12.    ^[(x-6)-7+y/(^x-l2)-]z 

13      x-1    ^^      yx-V  14    x+V(x2  +  7)^ 1,^ 

'    VaJ+1  2  '  28  •v/(^^  +  7] 

,5    2x  +  V(4x^-l)^,  ^^    JM   .  6UJfi-5^  =  : 

2x-V(4x-^-l)  \\x2        /      \\x2        J 

17.    V[4«^-\/(3x-5)]=2x.  18.    V[4x  -  V(2  «  +  3)J  =  3. 

19     Va;-2^  yx +1  2^,     V(3x  +  1)4  V(3x)  ^^ 

'    ^x  +  S      Va^  +  21  V(3aJ+l)-VC3«) 
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83.   3x-2Va;-l=0.  24.  V(«  +  2) - V(«^  +  2 «)  =  0. 

85.   7^x  =  S^(x^  +  Sx-69),  26.  x -\- 6 -^(z-\- 5)=6. 

87.    (6  -  ^xy  =  2  (7  +  V*).  28.  x  -  7  V(51  -  x)  =  33. 

4V(75-x)=x-64.  30.  (^'x  -  3)2 +  (^x  -  2)2  =  1. 


81.  V(^-2)+2V(«  +  3)-2V(3x-2)=0. 

82.  V(2a:H-9)4-V(3«-15)  =  V(7«  +  8). 
88.  x2  +  v[4  x2  +  V(16  x2  +  12  X)]  =  (x  +  1)2. 

^.       /3x-4,  ;x-6      6  ft.       /3x  +  6,     /7x-3     13 

^-  V^^^  ^ V3  X 34 = 2  ^^"  ^i^l^^  ^  V3^T6  =  6- 

86.        /    ..+  ^  4 


V(xH-2)      y/(Sx-2)      VC3i»^  +  4x-4) 

87.   ^ -  + =  1. 

X  -  vC-^  -  x2)     X  +  VC2  -  a;2) 

88.   3  X  -  X  V«  =  2  V«.  ■  89.    V^  +  ^x«  =  2^x. 

40.   x2-x+2V(»^-aJ-ll)=14.         41.   x2+24=2x+6V(2x2-4xH-16) 

42.    V(2ic2-3x  +  5)+2x2 -3x  =  l. 

48.   2xV(4x2-27x)  =  -5x2h-27x  +  9. 

44.    V(3a;2H- 7x-1)-V0'^x2-4x  +  6)  =  8. 

46.    V(2x^-7x  +  7)  +  >/(2a:2H-9x-l)  =  6. 
46.    ^x+^(28-x)  =  4.  47.    ^(l  +  ^/x)=2 -^0 -^x). 

48.    ^(14+x)  +  </(14-x)=4.        49.    ^(41  + x)  +  ^(41  -  x)  =  4. 
60.    ^(aH-x)  +  ^(a-x)=^(2a).     61.    y/l^(rx -\- a^)- a}^  c, 

52.   ^K  +  ^'  =  g.  63.    V^  +  V^  =  g. 

Aa2-x2     6  Vx-V^     6 

56.    v(a  +  x)  +  V(a-a.)  =  ^^. 

57.  i+i=jri-jf-L+i\]. 

X     a     \La^     Wa'x-     x»yj 

■  A  X2  X2 

58.   = =4 —  =  a. 

a  -  V(a-  -  ir-)      «  +  V(«^  -  «-) 

59.  y/(l  -x-^x^)  +  y/(^l-^x  +  x^)=m. 

aV(x-&)  +  6V(«-x)^  rtjf  x  +  >/(«^-a;')^5 

'^^      V(«  -  «)  +  V(3J  -  &)  a  +  X  -  V(a^  -  «^)     aJ* 

02  ff  -f  X g  +  X         __  Q 

y/x  +  y/{a-{-  X)      y/a  -  y/ (^a -h  x) 

3^(x-6)+6^(3~x)_  Vq~v[a-V(«2-qx)]_ 

^(8 - X) + ^(x - 5)  ""^'    '^*  va-v>/vci-'>;v^^-^'5^Yr 


CHAPTER  XXIV. 

SnCULTANEOUS  QUADRATIC  AND  HIGHER 

EQUATIONS. 

To  obtain  a  definite  solution  of  a  system  of  two  or  i 
quadratic  or  higher  equations,  as  many  equations  mus 
given  as  there  are  unknown  numbers.  As  in  linear  syst 
the  given  equations  must  be  consistent  and  independent. 

The  solution  of  a  system  of  quadratic  or  higher  equatioi 
general  involves  the  solution  of  an  equation  of  higher  d€ 
than  the  second,  and  therefore  cannot  be  effected  by 
methods  for  solving  quadratic  equations.  But  there  are  n 
special  systems  whose  solutions  can  be  made  to  depend  i 
the  solutions  of  quadratic  equations. 

§  1.     SIMULTANEOUS  QUADRATIC  EQUATIONS. 

L  Elimination  by  Substitution,  —  When  one  equation 
system  of  two  equations  is  of  the  first  degree,  the  solutior 
be  obtained  by  the  method  of  substitution. 

Ex.   Solve  the  system  y  -h  2  cc  =  5, 

i»*  -  y*  =  -  8. 

Solving  (1)  f or  y,  t/  =  6  —  2  a?. 

Substituting  5  —  2  a?  for  y  in  (2), 

aj2_25  +  20a;-4ic2  =  -8. 

From  this  equation  we  obtain         a?  =  1, 

Substituting  1  for  x  in  (3),  y  =  S. 

Substituting  5|  foi  x  *m  (^^^^5  11  =  —  6^. 
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The  system  (1),  (2)  is  equivalent  to  the  system  (3),  (4), 
which  is  equivalent  to  the  two  systems  (3),  (5)  and  (3),  (6). 

Therefore  the  solutions  of  the  given  system  are  1,  3;  6|, 
—  6  J,  the  first  number  of  each  pair  being  the  value  of  x,  and 
the  second  the  corresponding  value  of  y. 

Had  we  substituted  1  for  x  in  (2),  we  should  have  obtained 
y  =  ±3. 

But  the  solution  1,-3  does  not  satisfy  equation  (1). 

By  the  principle  of  equivalent  equations,  proved  in  Ch.  XIII., 
§  2,  Art.  2  (iii.),  equation  (3),  obtained  from  (1)  by  solving  for 
y,  and  equation  (4),  obtained  by  substituting  this  value  for  y 
in  (2),  form  a  system  equivalent  to  the  given  system.  This 
principle  does  not,  however,  prove  that  (2)  and  (4)  are  neces- 
sarily equivalent  to  the  given  system.  In  this  example,  since 
(2)  and  (4)  give  more  solutions  than  (1)  and  (4),  the  system 
formed  by  (2)  and  (4)  cannot  be  equivalent  to  the  given  sys- 
tem. Therefore,  having  obtained  the  values  of  one  of  the  un- 
known numbers,  we  should  obtain  the  values  of  the  other  by 
substituting  in  the  equation  of  the  first  degree.  This  advice 
was  unnecessary  in  solving  systems  of  linear  simultaneous 
equations,  since  then  both  equations  were  of  the  first  degree. 


BXEBCISES  I. 
Solve  each  of  the  following  systems : 

4  X  -  3  y  =  24, 
xy  =  96. 

2  X  +  8  y  =  10, 

< 

X  (x  +  y)  =  26. 


r  xy  =  64, 
l3x  =  2y. 


3. 

3x-2y  =  1, 


r3x-2y  =  I 
I  x2  +  y'  =  74. 


5. 


8. 


6. 


2  x«  -  3  y«  =  24, 
2  X  =  3  y. 
'  4  x'  -  xy  =  0, 
2x-3y  =  6. 


^    ,  x«  +  acy  +  y«  =  343, 

7.  \  8. 


|2x-y  =  21. 


2  x2  -  3  xy  +  y2  =  14, 
2x-y  =  7. 


9. 


IL 


f(x-7)(y  +  3)  =  48,  ^^    f  (x  -  3)(y -4)  =  -6, 


|(x-3)(y-4) 
I  4  X  +  3  y  =  10. 


I  X  +  y  =  18. 

'2x-3y  =  11,  r  x  +  2y  =  1, 


838 


18. 
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14. 

y  +  i    2' 

x2  +  y  _  32 

y^  +  y  +  1     7 

X  +  y2     15 

lla;  +  6y  =  4. 

+  16  =  0, 

16. 

x2  +  xy  +  6x  +  10y  =  2 
a;  +  2y  =  3. 

16. 


2.  Elimination  by  Addition  and  Subtraction.  —  When  1 
equations  of  a  system  of  two  quadratic  equations  contain  < 
the  squares  of  the  unknown  numbers,  the  solution  car 
obtained  by  the  method  of  addition  and  subtraction. 

Ex.  1.  Solve  the  system    9  a^  -  8  2/*  =  28, 

We  will  first  eliminate  y^. 
Multiplying  (1)  by  3,     27  a^  -  24  3^  =  84. 
Multiplying  (2)  by  8,     56i^  +  24  y^  =  248. 
Adding  (3)  and  (4),  83  x^  =  332. 

Whence  a?  =  2, 

and  a?  =  —  2. 

Substituting  2  for  x  in  (1),  y  =  ±  1. 

Substituting  —  2  for  a?  in  (1),  y  =  ±  1. 

The  given  system  is  equivalent  to  the  system  (3),  (4),  wl 
is  equivalent  to  the  system  (5),  (1) ;  this  last  system  is  equ 
lent  to  the  two  systems  (6),  (1)  and  (7),  (1). 

The  solutions  of  the  system  (6),  (1)  are  2, 1 ;  2,  —  1. 

The  solutions  of  the  system  (7),  (1)  are  —  2,  1 ;  —  2,  —  J 

Therefore,  the  given  system  has  the  four  solutions : 

2,1;  2,-1;  -2,1;  -2,-1. 
Many  other  examples  are  most  easily  solved  by  this  met] 

Ex.  2.  Solve  the  system       a;^  +  3  2/  =  18, 

2ar^-52/  =  3. 
We  will  first  eliminate  y. 

Multiplying  (1)  by  5,        5  ar' +  15  2/ =  90. 

Multiplymg  (2)  by  3,        6x'-15y  =  9. 

Adding  (3)  and  (4),  11  #  ^^^*  ~  ■  i 
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Whence,  x  =  3,  and  a  =  —  3. 

Substituting  3  for  x  in  (1),  y  =  3. 

Substituting  —  3  for  a;  in  (1),  y  =  3. 

The  given  system  has  the  two  solutions  3,  3 ;  —  3,  3. 
Notice  that  this  example  could  also  have  been  solved  by  the 
method  of  substitution. 

BXEBCISBS  n. 
Solve  each  of  the  following  systems : 


r ««  +  y'  =  IS 

■•{ 


2. 


5. 


7  X  +  a^  =  20, 
2  xy  +  5  X  =  22. 

rxa  +  4x  +  y2  +  3y  =  80, 
txaH-4x  +  6  =  ya  +  3y. 


'  x2  +  y*  =  a, 
x^  -  y2  =  6. 

'6xy+3x2=132, 
6xy-3x2=78. 


J  2  x«  -  3  y  =  20, 

lx*  +  6y  =  36. 


9. 


11. 


'  4  X  =  xy  +  5, 

,  7  y  =  xy  +  6. 

X  +  y  =  7  xy, 

X  —  y  =  3  xy. 


8. 


10. 


12. 


18. 


x  +  y 
X-  y 


+  3x  =  2f 


X  — y 


14. 


9x«  +  6y2  =  29, 
6x2-3y2=-7. 
'x2  +  6xy  +  y2  =  43, 

x2  +  6xy-y2  =  26. 
'3x  =  x2H-y2-l, 

.  3  y  =  x2  +  y2  -  7. 
3xy  =  6x  —  7y  —  I, 
2xy  =  3x  +  6y-9. 

3x+-^  =  30,. 


5x 


-2^  =  39. 


3.  Method  of  Factoring.  —  The  method  of  this  article  de- 
pends upon  the  following  principle: 

A  system  of  two  integral  equations 

whose  first  members  (token  all  terms  are  brought  to  these  members) 
can  be  resolved  into  factors,  is  equivalent  to  the  four  systems, 


(I) 


P=0, 
-5  =  0,. 


Q>), 


(c), 


s  =  o, 


(d). 


R  =  0, 

obtained  by  taking  each  factor  of  one  eqiMtion  with  each  factor 
of  iJie  other. 
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For,  every  solution  of  the  given  system  must  reduce  either  P  or  Q,  or 
both  P  and  Q,  to  0,  and  at  the  same  time  must  reduce  either  B  or  S^  or 
both  B  and  S\  to  0. 

Now  any  solution  of  (I. )  which  reduces  P  to  0  and  i?  to  0,  is  a  solution 
of  (a);  any  solution  which  reduces  P  to  0  and  S  to  0,  is  a  solution  of  (6); 
and  so  on.  Therefore,  every  solution  of  the  given  system  is  a  solution  of 
at  least  one  of  the  derived  systems. 

And  any  solution  of  (a)  reduces  P  to  0  and  E  to  0,  and  therefore 
reduces  P  x  Q  to  0  and  B  x  StoO,  Therefore,  every  solution  of  (a)  is  a 
solution  of  (I.). 

In  like  manner  it  can  be  shown  that  every  solution  of  the  three  other 
derived  systems  is  a  solution  of  the  given  system. 

Ex.  1.  Solve  the  system    (x  —  2 y) {x ^  S y)=  0, 

(aj  +  y-4)(aj-y  +  2)=0. 

The  given  system  is  equivalent  to  the  four  systems 

a;  -  2  y  =  0, ' 
a?  +  y  —  4  =  0,  , 

oj  -  3  y  =  0/ 
a;  +  y-4  =  0,/ 

The  solution  of  (a)  is  |,  ^;  the  solution  of  (b)  is  —  4,  —  S 
the  solution  of  (c)  is  3,  1 ;  the  solution  of  (d)  is  —  3,  —  1. 
These  are  therefore  the  solutions  of  the  given  equations. 

Ex.  2.   Solve  the  system     2a^ —  7  an/ +  6y^  =  0,  ( 

ix^  +  y^  =  13.  ( 

The  first  member  of  (1)  is  (x  —  2  2/)  (2  a;  —  3  y),  and  the  fi? 
member  of  (2),  when  13  is  transferred  to  that  member,  cam 
be  resolved  into  rational  factors.  The  given  system  is  the 
fore  equivalent  to  the  two  systems 


aj-2y  =  0,] 

03  —  y  -h  Z  =  0,  J 

^^'  aj-y  +  2  =  0,. 


(ft), 


(d). 


a^  +  f  =  lS,]^''^'  a^  +  2/'  =  13,J 


(6). 


The  solutions  of  (a)  and  (6),  and   therefore  of  the  gi 
systenif  are  respectively 
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4.  When  all  the  terms  which  contain  the  unknown  numbers 
in  both  equations  of  the  system  are  of  the  second  degi*ee,  a 
system  can  always  be  derived  whose  solution  is  obtained  by 
the  method  of  the  preceding  article. 

Ex.   Solve  the  system  aj*  +  a:|y  -h  2  y*  =  74,  (1) 

2aj«  +  2a!y  +  y«  =  73.  (2) 

Multiplying  (1)  by  73,    73a? +  73xy +  U6f=z74:  x  73.    (3) 
Multiplying  (2)  by  74, 148  x'  +  USxy +  74.f=74:  x  73.    (4) 
Subtracting  (3)  from  (4),  75  aj^  +  75  a^y  -  72  .y*  =  0, 
or  25a:*  +  25a^-24y2  =  0, 

or  (5aJ  -  3y)  (6aJ  +  8y)  =  0. 

Therefore  the  given  system  is  equivalent  to 

5a;-3y  =  0,   |  5x  +  Sy^0,    ^ 

x^  +  xy  +  2f=7ij^''^'        a?  +  xy  +  2f  =  74,]^^' 

The  solutions  of  these  systems,  and  hence  of  the  given 
system,  are  respectively  3,  5 ;  —  3,  —  5 ;  8,  —  5 ;  —  8,  5. 

In  applying  this  method  to  such  systems,  we  must  first 
derive  from  the  given  equations  a  homogeneous  equation  in 
which  there  is  no  term  free  from  the  unknown  numbers. 

5.  Such  examples  can  also  be  solved  by  a  special  device. 

Ex.  Solve  the  system         a;'^  +  4  j/«  =  13,  (1) 

xy  +  2  ya  =  6.  (2) 

In  both  equations,  let  y  =  tx.  (3) 

Then  from  (1),    x^  +  4  xH^  =  13,  whence  x^  =      ^^      ;  (4) 

and  from  (2),  xH  +  2  xH'^  =  5,  whence  x'^  =  — ^— -•  (6) 

V   y»  1  i  +  2t* 

EquaUng  values  of  a5«,      -^^  =  — —-  (6) 

*  '       1  +  4  f  ^     f  +  2 «« 

Whence  <  =  ii  and  r  =  —  J. 

When  t  =  h  x'  =  — ^ —  =  9,  whence  x  =  ±  3. 
^  1  -f  4  (8 

When  t  =  —  J,  x'  =  J,  whence  x  =  ±  vi* 

When  X  si  8,  y  =  te  =  J(±  3)  =  ±  1. 
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After  assuming  y  =  tx,  we  have  a  system  of  three  equations  in  x 
and  t.  Then  the  system  (1),  (2),  (3)  is  equivalent  to  (8),  (4),  (6),  wl 
is  in  turn  equivalent  to  (3),  (4),  and  (6).  From  (6)  we  obtain  the  vai 
of  t,  from  (4)  the  corresponding  values  of  x,  and  from  (3)  the  correspc 
ing  values  of  y. 

'Ihe  solutions  of  the  given  system  therefore  are 

3,1;  -3,-1;  VJ,  -Wi;  -y/hiVh 


1. 


8. 


5. 


7. 


9. 


11. 


3. 


BXEBCISBS  III. 

Solve  each  of  the  following  systems : 

'(x-8)(y-6)  =  0, 

x  +  y  =  lS. 

'  a;2  +  xy  =  78, 

yi-xy  =  1, 

'  x^-\-xy  +  y^  =  62, 

xy  -  x2  =  8. 

'  x2  +  xy  +  4  y2  =  6, 
3x2  +  8  2/2=14. 

a;2  +  xy  +  y2  =  13  x, 
x2  —  xy  +  y^  =  7  X. 

'  X  +  4  V(a:y)  +  4  y  +  V«  +  2  Vy  =  12, 
^y/x-2y/y  =  ^l. 

r(x-3)(y-2)=0, 


6. 


8. 


10. 


(a;-6)(y-3)  =  0, 
(a;-4)(y-7)=0. 
x2  +  4  y2  =  13, 
xy  +  2  y2  =  6. 
«*  -  ary  +  y2  =  21, 
y2  -  2  xy  +  16  =  0. 
x2-.2xy  +  3y2  =  9, 
x2  -  4  xy  +  6  y2  =  6. 
x2  +  y2  =  61  -  3  xy, 
x2  -  y2  =  31  -  2  xy. 


18. 


I  +  ?  =  2. 

^x     y 


18. 


^-1^  =  0 
y2     -2       ' 


x^ 


x2  +  2  xy  =  12. 


6.  If  the  members  of  one  equation  of  a  system  of  two  equat 

PE=QS,    (1)        P=Q,    (2) 

contain  as  factors  the  corresponding  members  of  the  second  e 
tiojif  then  the  system  is  equivalent  to  the  following  two  systemi 

R  =  S,  F=  Q,  (a),   and  P  =  0,  Q  =  0,  (b). 

The  first  equation  of  the  system  (a)  is  obtained  by  divi 
the  members  of  equation  (1)  of  the  given  system  by  the 
responding  members  oi  eqvxaXJiou  (^\  and  the  second  equj 
is  equation  (2)  of  the  ^veu  a^^\.^m. 
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The  system  (b)  is  obtained  by  equating  to  0  the  two  members 
of  equation  (2)  of  the  given  system. 

The  given  system  is  equivalent  to  the  system 

or,  replacing  Q  by  P,  to  the  system 

P(2?- /S')=0,  P-C  =  0.  (HI.) 

The  system  (III.)  is,  by  Art.  3,  equivalent  to  the  two  systems 

B-  S^O,  P-Q  =  0,  and  P=0,  P-Q  =  0. 
That  is,  to  the  systems  (a)  and  (&). 

Ex.  1.  Solve  the  system  (a;  —  1)  (a:  —  y  +  2)  =  (y  + 1)  (a?  +  y), 
The  given  system  is  equivalent  to  the  following  two  systems : 


a?  —  1  =  y  -j- 1, 
x  —  y  +  2=zx  +  y,} 


(a),        and 


«-2/H-2  =  0,1 


(6). 


a?  +  y  =  0,  J 

The  solution  of  (a)  is  3, 1 ;  the  solution  of  (6)  is  —  1, 1. 
Ex.  2.  Solve  the  system        aj*  —  y*  =  8, 

X  +y  =3. 
The  given  system  is  equivalent  to  the  two  systems 


a  -  y  =  1/ 
a?  +  2/  =  3,. 


(a), 


and 


(6). 


aj-h.y  =  0, 

3=0,; 

The  solution  of  system  (a)  is  ^^,  ^.     Since  the  equation  3=0 
is  impossible  for  finite  values  of  x,  the  system  (b)  is  impossible. 


1. 


BXEBCISBS  IV. 

Solve  each  of  the  following  systems : 

r  x2  -  4  j/«  =  21 ,  f  x2  -  y2  +  (X  +  y)«  =  24, 

2.   • 
x-2y  =  3.  l3c  +  y  =  4. 

r  lbx^-\-2xy-y^  =  l6,  (  («2  -  l)(j/2  -  1)  =  2800, 

'•  |6a5-y  =  8.  *   |  (x  -  l)(y  -  1)  =  40. 

r  (3x-l)«-(42/  +  2)-^  =  60, 

8  X  +  4  y  =  6. 

7.  Symmetrical  Equations.  —  A  Symmetrical  Equation  is  one 
which  remains  the  same  when  the  unknown  numbers  are 
interchanged. 


a;-y=— 1,  J 


(d 
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A  system  of  two  symmetrical  equations  ca7i  be  solved  by  fin 
finding  the  values  ofx-{-y  and  x—  y, 

Ex.  1.  Solve  the  system              ic*  +  y*  =  13,  (1 

a?y  =  6.  (2 

Multiplying  (2)  by  2,                       2xy=^  12.  (2 

Adding  (3)  to  (1),             ar^  +  2  ajy  +  2/*  =  26.  {A 

Subtracting  (3)  from  (1),  Q?-2xy -^-f^l,  ^  {I 

Equating  square  roots  of  (4),        «  +  y  =  ±  5.  (6 

Equating  square  roots  of  (5),        a  —  y  =  ±  1.  (7 

The  given  system  is  equivalent  to  the  system  (4),  (6),  whic 
is  equivalent  to  the  systems  (6),  (7). 
The  latter  systems  are 

aj-f  y=5, ' 

a?-y=l,J 

The  solutions  of  these  four  systems  are  respectively  3,  2 
2,3;  -2,  -3;  -3,  -2. 

The  solutions  of  (6)  and  (7)  should  be  obtained  mentalh 
without  writing  the  equivalent  systems  (a),  (6),  (c),  {d),  Eac 
sign  of  the  second  member  of  (6)  should  be  taken  in  turn  wit 
each  sign  of  the  second  member  of  (7). 

Notice  that  these  solutions  differ  only  in  having  the  vahie 
or  X  and  y  interchanged.  This  we  should  expect  from  t\ 
definition  of  symmetrical  equations. 

When  the  equations  are  symmetrical,  except  for  sign,  tl 
solution  can  be  obtained  by  a  similar  method. 

Ex.  2.   Solve  the  system  a?  —  y  =  1,  ( 

a^  =  2.  ( 

Squaring  (1),  a?  —  2xy  -\-y^  =  1,  ( 

Adding  four  times  (2)  to  (3),  a? -\-2xy -{-f  =  ^.  ( 

Equating  square  roots  of  (4),       .        x-\-y  =  ±Z,  ( 

The  solutions  of  (5)  and  (1)  are  2,  1,  and  —1,-2. 
Notice  that  the  solutions  in  this  case  differ  not  onlv 
having  the  values  of  x  and  -y  *\nX,^tci\i^\i%^^^  W^  ^.l^o  in  sign. 
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Observe  that  the  system  (2),  (3),  and  therefore  the  equiyalent  system 
(3),  (4),  is  equivalent  to  the  two  systems: 


X  — t/  = 


'x-y=-l, 
xy  =  2. 


}  the  given  system,  and 
xy  =  2, ) 

Consequently,  if  in  the  system  (3),  (4),  equation  (3)  be  replaced  by 

(l)f  the  resulting  system 

x-y  =  l,  (1) 

xa  +  2a;y  +  y«  =  9,  (4) 

is  equivalent  to  the  given  system. 

8.  Many  systems  which  are  not  symmetrical  can  be  solved 
by  the  method  of  the  preceding  article. 

Ex.  1.  Solve  the  system  2x-{-Sy  =  8,  (1) 

xy  =  2.  (2) 
We  should  first  obtain  the  value  of  2  a;  —  3  y. 

Squaring  (1),      4  a^  +  12  a^  +  9  y«  =  64.  (3) 
Subtracting  24  times  (2)  from  (3),  4a»-12ajy+92^=16.    (4) 

Equating  square  roots  of  (4),  2  a:  —  3  y  =  ±  4.  (6) 
The  solutions  of  (1)  and  (5)  are  3,  | ;  1,  2. 

BXBRCISES  V. 
Solve  each  of  the  following  systems  : 


7.    ■ 


10. 


'  X  +  y  =  12, 

xy  =  32. 
'  X  -  y  =  8, 
xy  =  —  15. 

x«  +  y^  =  40, 
xy  =  12. 
'  9x2 +  y2  =  37^2, 

xy  =  -2aa. 


2. 


'  X  +  2/  =  a. 


rix  +  5y  =  37, 


xy  =  b. 
x-y  =  my 
[xy  =  n. 


8. 


x2  +  2/2  =  181, 
xy  =^  00. 

11. 


6. 


9. 


^       fx»4,^  =  137, 
[  X  +  y  =  16. 

fx«- 
16. 

lx|f  = 


x«  -  y3  =  28, 
48. 


18. 


16. 


xy  =  28. 

6  X  -  7  2/  =  68, 

3xy  =-60. 

'26x2+9y2=148, 

6xy  =  8. 

'6x2+ 22/2  =  5aM  8  62, 

xy  =  2  ab. 

'x2  +  2/'  =  61,  ^^     r6x  +  32/=ll, 

x  +  y  =  ll.  126x2  +  92/2-73. 

x2-42/2  =  -3,       _     fx2  +  ya  =  53, 

xy  =  -l. 


f  X2  +  j/2  =  5.' 

17.   i  *^ 

\x  — >|  — "^^ 
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x2  +  y«  =  74, 


18.   (*'-^'^  =  ' 

[  X  -  y  =  2. 


19. 


f9a^  +  l^  =  82,        ^    r 
[Sx-y  =  10,  \ 


81. 


84. 


87. 


1  +  1  =  3. 
X     y 

1  =  2. 

xy 

5-^  =  15 
y     X     15* 

X  -  y  =  2. 
xy  =  36. 


86. 


f  xy  =  80, 

1-1  =  1. 
X     y     6 

1  +  1  =  10, 
X     y 

;^  +  ^  =  68. 

X*     ya 


88. 


I  X  +  y  =  37. 


16xH49y«=113» 
4x+7y=l. 
X  +  y  =  16, 

1  +  1  =  1. 
Ix     y     3 

x«H-y3  =  2ixy, 

l+l=u. 

X    y      ' 

'x2+x+y=18-i/», 


80 


{ 


84 


86. 


88. 


^     fx  +  xy  +  y  =  29, 
1  x«  +  xy  +  y«  =  61. 
x2  +  y2-(x-y)=20, 
Xy  +  X  -  y  =  1. 
x^  -\-y^  -\-x-y  =  a, 
xy  +  X  —  y  =  6. 
'  X  +  y  =  9, 
x2  +  y^-xy  =  21. 
4  xy  =  96  -  x2y2» 
x-\-y=:6. 


80.  (*'+*+" 
lxy  =  6. 

3j     rx«  +  y2  +  7xy  =  171, 
|xy  =  2(x  +  y). 

« 

rx»  +  y^-x-y  =  22, 

99.    < 

I  X  +  y  +  xy  =  -  1. 
'  X  +  y  =  2, 
x2  +  y2  +  xy  =  3. 
'  x^  +  xy  +  y2  =  2  m, 
.  x2  -  xy  +  y2  =  2  n. 
33    |V[(2  +  a:)(l  +  y)]  =  2, 


85. 


87. 


40. 


K + V*  +  y  +  \/y  =  "^8, 


Simultaneous  Quadratic  Equations  in  Three  Unknown  Nmnbers 

9.    No  definite  methods  can  be  given  for  solving  simultaneous  quad 
ratic  equations  in  three  unknown  numbers. 
Ex.  1.    Solve  the  system 

xy  =  2,     (1)         xz  =  S,     (2)         y«  =  6.     (3) 
Multiplying  corresponding  members  of  (1),  (2),  and  (3), 

X2y2;j2  -  36. 

Equating  square  roots  of  (4),  xyz  =  ±  6. 
Dividing  (5)  in  turn  by  (1),  (2),  and  (3), 

z=i3,    V=i2,    x  =  ±l. 
The  required  solutions  ax©  lYiexeioT^,  \,  %^  %^  ^\A  —\^  —  ^^  --  8. 


(4 
(6 
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Ex.  2.   Solve  the  system 

aj(y  +  «)  =  5,    (1)        y(x  +  z)  =  S,    (2)        z(^x  +  y)  =  9.    (3) 
Adding  corresponding  members  of  (1),  (2),  and  (3),  and  dividing  by  2, 

xy  +  xz -\- yz  =  II,  (4) 

Subtracting  in  turn  (1),  (2),  and  (3)  from  (4), 

2/2?  =  6,     (6)         xz  =  S,     (6)         xy  =  2.     (7) 
The  solutions  of  equations  (5),  (6),  and  (7)  are  1,  2,  3,  and  —  1,  —  2, 
-8. 

EXEBCISBS  VI. 

Solve  each  of  the  following  syst^ems : 


1. 


7. 


9. 


11. 


18. 


16. 


2. 


'  x^y  =  a, 

x^z  =  6, 

Py/Z  =  c. 
aj2  +  3/2  =  ^2, 

ya  +  «a  =  fta, 
252  +  a;^  =  c\ 


8. 


17. 


xy  =  30, 
yz=-60, 
a:«  =  —  50. 

a;2  4-y0  =  5, 
y2  4.  a:0  =  5, 
z^-\-xy  =  6. 
a;2  +  ary  +  j/2  =  61, 
x^-^xz  +  z'^  =  21, 

y^  +  y«  +  «2  - 13. 
x  +  y 

-^^=-  10 

a;  +  «     2  ***• 

xyz  _6 

3  X  =  6  y, 

a:(«  +  2)  =  y«  +  32,  18. 

.a:(2J-l)  =  (y+l>-.l. 
ac*  =  y2, 

a;  +  y  +  «  =  19,  14. 

x^  +  y^  +  z^  =  133. 
aMJ  =  360, 

y(«  -  10)  =  40,  16. 

a5(«  +  8)  =  400  +  y(«-2). 

x'  +  y«  +  «^  =  29, 

ary  H-  «*  +  y«  =  -  10,  18. 


a;«  +  y«  =  13, 
xa  +  2J2  =  34, 

I  y2  +  «2  =  29. 

'x(y  +  z)=b, 

6.   -  y(x  +  «)=8, 

«(a;  +  y)  =  9. 

«(«  +  y  +  «)  =  o» 

y(a;  +  y +  «)=12, 
I  «(a;  +  y  +  «)=  18. 

xy^; 

?+_5  =  -.(a-c)«. 
xy^; 

lLil«  =  _(6_c)«.  ■ 
xy^r 

'x  +  y  +  «  =  a, 

x(x  +  y)  =  6«, 

«(«  +  y)=c«. 

^(X2  +  y2  +  2,2)  =  13, 

X  +  y  +  «  =  19, 

,x(y  +  «)  =  48. 

y  =  i(x  +  «), 

x2  +  y2  =  458, 
y2  +  «2  -.  730. 

(y  +  «)(a:  +  y  +  «)  =  6, 

(«  +  x)Cx4\|^*^-^> 
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§2.   SIMULTANEOUS  HIGHER  EQUATIONS. 

1.   The  solutions  of  certain  equations  of  higher  degree  than  the  second 
can  be  made  to  depend  upon  the  solutions  of  quadratic  equations. 

Ex.  1.   Solve  the  system  a:'  +  y»  =  9,  (1) 

a;H-y  =  3.  (2) 

Dividing  (1 )  by  (2) ,  x2  -  xy  +  y2  =  3.  (3) 

Subtracting  (3)  from  the  square  of  (2), 

3  ojy  =  6,  or  a^  =  2.  (4) 

The  solutions  of  (2)  and  (4),  and  therefore  of  the  given  system,  are  1, 
2,  and  2,  1. 

Ex.  2.   Solve  the  system  x*  +  y*  =  17,  (1) 

x  +  y  =  3.  (2) 
We  first  find  the  value  of  xy. 

Let  xy  = «.  (3) 

Squaring  (2) ,         x^  +  2  xy  +  y^  =  9,  (4; 

or  x2  +  y2  =  9-2«.  (5] 

Squaring  (6),       x*  +  2  xV  +  y*  =  81  -  36  ^j  +  4  «2,  (6; 

or  X*  +  y*  =  81  -  36  «  +  2  z^.  {T 

Since  x*  +  y*  =  17,  we  have  from  (7), 

2^2 -362? +  81  =  17.  (8 

Whence  z  =  16,  and  2.  (9 

Therefore,  from  (3)  and  (9),    xy  =  16,  (10 

and  xy  =  2.  (11 

The  solutions  of  (2)  and  (10)  and  of  (2)  and  (11)  are  readily  foun( 
and  should  be  checked  by  substitution. 

Ex.  8.   Solve  the  system 

(x2  +  y2)  (x3  +  y8)  =  46,  (: 

xH-y  =  3.  (: 

From  (2)  x2  +  y2  =  9  -  2  xy,  (: 

and  x8  +  y8  =  27  -  3  xy(x  -f  y) 

=  27  —  9  xy,  since  x  +  y  =  3.  ( 

Substituting  in  (1)  for  x2+y2  and  x^+y^  their  values  from  (3)  and  (4 
(9-2xy)(27-9xy)=46, 
or  2  x2y2  -  16  xy  =  -  22.  ( 

Equation  (5)  can  be  80\ved  ^a  ^>  q^u^^x^\>v^  la  xv>  and  the  results  co 
bined  with  equation  (2).    Tk©  iea>i\\a  a\io>i\.^\i^  eaw2MA.\s^  ^sciiweQ^Ui 


i 


2] 
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EXERCISES 
Solve  each  of  the  following  systems : 


1. 


8. 


7. 


9. 


J  X  +  y  =  6, 
I  x8  +  y«  =  36. 

|2(»  +  y)=6, 

f(x-7)»+(6-y)«  =  9, 
a;  —  y  =  6. 

r  »4  +  y4  =  82, 

I  xy  =  3. 

r  X*  +  y*  =  267, 

I  X  -  y  =  3. 


2. 


6. 


8. 


{ 
I 


11. 


18. 


16. 


17. 


{ 


ix^-t/^)(x  +  y)  =  9, 
xy(x  +  y)=6. 
'  X  -  y  =  342, 

x8  +  y^  =  189. 
j^(90-x)-^(9-y)=2, 
I  X  +  y  =  17. 


10. 


12. 


14. 


16. 


18. 


VII. 


'x-y  =  l, 
x8  -  y«  =  7. 

(X  -  1)8  +  (y  -  2)«  =  28, 
X  +  y  =  7. 

X*  —  y*  =  664, 
x2  +  y2  =  34. 

X*  +  y*  =  97, 
X  +  y  =  6. 
'  (X  -  7)*  +  (y  -  3)*  =  267, 
X  -  y  +  1  =  0. 

'(x  +  y)(x2  +  y2)=176, 

(x-y)(x2-y2)=7. 

'  X  +  y  =  30, 

,^(x  +  7)+^(y-9)  =  4. 

'^(x+7)+^(y-6)=3, 
X  +  y  =  15. 
'  X*  +  y*  =  4097, 

.x  +  y  +  >/(«  +  y)=l2. 


EXERCISES  VIII. 
MISCELLANEOUS   EXAMPLES. 

Solve  each  of  the  following  systems  by  the  methods  given  in  this  chap- 


ter, or  by  special  devices : 


1. 


r  X  -  2  y  =  2, 
I  xy  =  12. 


2. 


8. 


f  X  +  y  =  xa, 
3  y  -  X  =  ya. 


-y2  =  8(x-y), 


rxa-y2  =  80 
I  x^  +  ya  =  50. 


6. 


' x—y     x+y 
.  2  x^  -  3  y2  =  24. 

r(5x-8)(3y  +  2)  =  0. 
1  (4x-^6)(2y-3)=0. 


x(7  X  -  8  y)  =  169, 
6  X  +  2  y  =  7. 

x2-ya  =  2(x  +  y), 
x2  +  y3  =  100. 

xa-2ry-|-3ya_l 
3  x3  --  2  xy  +  y«     3* 

x2-3y  =  l. 
I  (2x+3y-7)(x-4y+2^=0^ 


7. 


9. 
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10. 


18. 


14: 


16. 


18. 


80. 


84. 


86. 


88. 


80. 


88. 


84. 


86. 


2aJ»  +  3a;y  +  4x  +  6y  =  0. 

3x2+5y«+4x  +  3y  =  9, 
3x2  +  5y2  +  2x-4y  =  14. 

x»  +  y2^.a.-^y  =  62, 
(X-  +  y2)  («  -  y)  =  61. 

I  2  x2y«  +  2  =  5  xy. 

l(-i)('-a=-r 

t(-i)"-{'-j)'=r 

x8  -  y8  =  26, 
X  —  y  =  2. 
X  +  y  =  19, 

^  ^x  +  ^y  =  4. 

X2w2 


11. 


18. 


16. 


17. 


=  a. 


5^. 


'  x»  +  y*»  =  a*», 
xy  =  &. 

2  x(x2  -  y2)  =  48  y. 
X*  +  xV  +  y*  =  133, 
x2  -  xy  +  y2  =  7. 
X*  -  x2  H-  y*  -  y2  =  84, 
x2  +  xy  +  y2  =  19. 

fx8H-y5H-xy(x  +  y)=65, 
x2y2(a;2  ^  2,2)  _  468. 

f «  +  y  +  V(a;y)  =  14, 
a;2  +  y2  +  xy  =  84. 

y2  =  xz, 

X  +  y  +  5?  =  28, 

ay^  =  612. 


19. 


81. 


88. 


85. 


87. 


89. 


81. 


88. 


85. 


87. 


Z^, 


{ 
{ 
{ 
I 


x«  +  ya  +  6x-9y  =  84, 
x2-y2  +  5x  +  9y  =  84. 

x«  +  y«  =  485, 
x2y2  =  57834  -  5  xy. 

3(x  +  y)2  =  |(x  +  y)+J^ 

2x  +  8y  +  6xy  =  11, 
4aJ8  +  9ya  +  12xy  =  aJ»ya  - : 
40 


x2  +  y2  = 


x  +  y 


( 
{ 


12 
xy  =  - , — 

«  +  y 

x8y2  -  x2y8  =  1152, 
x-y  -  xy2  =  48. 

x-y-V(*-y)  =  2, 
x»  -  y8  =  2044. 

xy     X      3 

x*  +  y*  =  14x2y«, 

X  +  y  =  o. 

(x2  +  y2)(x»+y8)  =  455, 
X  +  y  =  6. 

X*  +  x2y2  +  y*  =  84  x2, 
x^  +  xy  +  y2  =  14x. 
x2  -  x2y2  +  ya  +  23  =  0, 
x-xy  +  y  +  l=0. 

f  (x  +  y)(xy  +  l)=18xy, 
(xHy2)  (x2y2+ 1)  =320  x2y5 

x2  +  y2  +  xy  =  133. 

X  +  y  +  «  =  5, 
x2  +  y2  =  a«, 


I 

{ 
{ 
I 
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40. 


y  +  «  =  14, 

I  a;2  H-  y2  +  «a  +  m2  =  340. 


41. 


xu  :=  yZf 

a;  +  M  =r  7, 
y  +  «  =  6, 
lx*  +  2/*  +  «*  +  w*  =  1894. 


§3.   PROBLEMS. 

1.  Pr.  The  front  wheel  of  a  carriage  makes  6  more  revolu- 
tions than  the  hind  wheel  in  traveling  360  feet.  But  if  the 
circumference  of  each  wheel  were  3  feet  greater,  the  front 
wheel  would  make  only  4  revolutions  more  than  the  hind 
wheel  in  traveling  the  same  distance  as  before.  What  are  the 
circumferences  of  the  two  wheels  ? 

Let  X  stand  for  the  number  of  feet  in  the  circumference  of 
front  wheel,  and  y  for  the  number  of  feet  in  the  circumference  of 
hind  wheel.  Then  in  traveling  360  feet  the  front  wheel  makes 
360         ,  ..  , 360 


X 


revolutions,  and  the  hind  wheel  makes revolutions. 


By  the  first  condition. 


360     360  .  ^ 

= h  b. 

X         y 


y 


(1) 


If  3  feet  were  added  to  the  circumference  of  each  wheel,  the 


front  wheel  would  make 


360 


360 
y  +  3 


revolutions. 


aj4-3 


revolutions,  and  the  hind  wheel 


By  the  second  condition. 


360        360 


+  4. 


(2) 


25  +  3     y  +  3 

Whence  x  =  12,  the  circumference  of  the  front  wheel,  and 
y  =  15,  the  circumference  of  the  hind  wheel. 

EXERCISES   X. 

1.  The  square  of  one  number  increased  by  ten  tiroes  a  second  num- 
ber is  84,  and  is  equal  to  the  square  of  the  second  number  increased  by 
ten  times  the  first. 

2.  The  sum  of  two  numbers  is  20,  and  the  sum  of  the  square  of  the 
one  diminished  by  13  and  the  square  of  the  other  increased  by  13  is  272. 
What  are  the  numbers  ? 

8.   Find  two  numbers  such  that  their  difference  added  to  the  differ- 
ence of  their  squares  shall  be  150,  and  their  aum  aM«d  \a  \}ca  v^s^  ^1>^s^x 
mraaam  aban  be  880. 
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4.  Find  two  numben  whose  sum  is  equal  to  their  product  and  s 
the  difference  of  their  squares. 

6.  The  sum  of  the  fourth  powers  of  two  numbers  is  1921,  ai 
sum  of  their  squares  is  61.     What  are  the  numbers  ? 

6.  If  a  number  of  two  digits  be  multiplied  by  its  tens*  digit,  the 
uct  will  be  390.  If  the  digits  be  interchanged  and  the  resulting  n 
be  multiplied  by  its  tens'  digit,  the  product  will  be  280.  What 
number? 

7.  If  a  number  of  two  digits  be  divided  by  the  product  of  its 
the  quotient  will  be  2.  If  27  be  added  to  the  number,  the  sum  i 
equal  to  the  number  obtained  by  interchanging  the  digits.  What 
number  ? 

8.  The  product  of  the  two  digits  of  a  number  is  equal  to  one- 
the  number.  If  the  number  be  subtracted  from  the  number  obtai 
interchanging  the  digits,  the  remainder  will  be  equal  to  three-ha 
the  product  of  the  digits  of  the  number.     What  is  the  number  ? 

9.  If  the  difference  of  the  squares  of  two  numbers  be  divided 
first  number,  the  quotient  and  the  remainder  will  each  be  5.    If  the 
euce  of  the  squares  be  divided  by  the  second  number,  the  quotient 
13  and  the  remainder  1.    What  are  the  numbers  ? 

10.  The  sum  of  the  three  digits  of  a  number  is  9.  If  the  di 
written  in  reverse  order,  the  resulting  number  will  exceed  the  c 
number  by  396.  The  square  of  the  middle  digit  exceeds  the  pro( 
the  first  and  the  third  digit  by  4.     What  is  the  number  ? 

11.  A  rectangular  field  is  119  yards  long  and  19  yards  wide, 
many  yards  must  be  added  to  its  width  and  how  many  yards  n 
taken  from  its  length,  in  order  that  its  area  may  remain  the  sami 
its  perimeter  is  increased  by  24  yards  ?  - 

12.  The  floor  of  a  room  contains  30J  square  yards,  one  waH  c 
21  square  yards,  and  an  adjacent  wall  contains  13  square  yards, 
are  the  dimensions  of  the  room  ? 

18.  A  merchant  bought  a  number  of  pieces  of  cloth  of  two  d 
kinds.  He  bought  of  each  kind  as  many  pieces  and  paid  for  ea< 
half  as  many  dollars  as  that  kind  contained  yards.  He  bought  alt 
19  pieces  and  paid  for  them  $  921.50.  How  many  pieces  of  each  k 
he  buy  ? 

14.   The  diagonal  of  a  rectangle  is  20|  feet.     If  the  length  of  c 
be  increased  by  14  feet  and  the  length  of  the  other  side  be  diminis 
2f  feet,  the  diagonal  vfIW  be  Vncxe^e^  \i:j  Vi\\ftRX.  '^V^j^.t  we  the 
of  the  aideB  of  the  rectangle  ^ 
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16.  A  certain  number  of  coins  can  be  arranged  in  the  form  of  one 
square,  and  also  in  the  form  of  two  squares.  In  the  first  arrangement 
each  side  of  the  square  contains  29  coins,  and  in  the  second  arrangement 
one  square  contains  41  more  coins  than  the  other.  How  many  coins  are 
there  in  a  side  of  each  square  of  the  second  arrangement  ? 

16.  A  piece  of  cloth  after  being  wet  shrinks  in  length  by  one-eighth  and 
in  breadth  by  one-sixteenth.  The  piece  contains  after  shrinking  3.68 
fewer  square  yards  than  before  shrinking,  and  the  length  and  breadth 
together  shrink  1.7  yards.    What  was  the  length  and  breadth  of  the  piece  ? 

17.  A  merchant  paid  $  125  for  two  kinds  of  goods.  He  sold  the  one 
kind  for  $91  and  the  other  for  $  36.  He  thereby  gained  as  much  per  cent 
on  the  first  kind  as  he  lost  on  the  second.  How  much  did  he  pay  for  each 
kind? 

18.  Two  workmen  can  do  a  piece  of  work  in  6  days.  How  long  will  it 
take  each  of  them  to  do  the  work,  if  it  takes  one  5  days  longer  than  the 
other  P 

19.  Two  men,  A  and  B,  receive  different  wages.  A  earns  $  42,  and  B 
3 40.  If  A  had  received  B's  wages  a  day,  and  B  had  received  A's  wages, 
they  would  have  earned  together  -1^4  more.  How  many  days  does  each 
work,  if  A  works  8  days  more  than  B,  and  what  wages  does  each  receive  ? 

20.  In  8  hours  workmen  remove  a  pile  of  stones  from  one  place  to 
another.'  Had  there  been  8  more  workmen,  and  had  each  one  carried 
6  pounds  less  at  each  trip,  they  would  have  completed  the  work  in  7  hours. 
Had  there  been  8  fewer  workmen  and  had  each  one  carried  11  pounds 
more  at  each  trip,  they  would  have  completed  the  work  in  9  hours.  How 
many  workmen  were  there  and  how  many  pounds  did  each  one  carry  at 
every  trip  ? 

21.  A  man  has  two  square  fields  in  which  he  wishes  to  plant  trees,  the 
outer  rows  to  be  on  the  edges  of  the  fields.  If  he  plants  the  trees  in  the 
first  field  2^  yards  apart,  and  in  the  second  field  2^  yards  apart,  he  will 
need  11,714  trees.  But  if  he  plants  the  trees  in  the  first  field  2|  yards 
apart,  and  in  the  second  field  3  yards  apart,  he  will  need  only  7817  trees. 
How  long  is  a  side  of  each  of  tlie  fields  ? 

22.  A  tank  can  be  filled  by  one  pipe  and  emptied  by  another.  If, 
when  the  tank  is  half  full  of  water,  both  pipes  be  left  open  12  hours,  the 
tank  will  be  emptied.  If  the  pipes  be  made  smaller,  so  that  it  will  take 
the  one  pipe  one  hour  longer  to  fill  the  tank  and  the  other  one  hour  longer 
to  empty  it,  the  tank,  when  half  full  of  water,  will  then  be  emptied  in 
15}  hours.  In  what  time  will  the  empty  tank  be  filled  by  the  one  pipe, 
and  tba  full  tank  be  emptied  by  the  other  ? 


CHAPTER  XXV. 

RATIO,  PROPORTION,  AND  VARIATION. 

§  1.     RATIO. 

1.  The  Ratio  of  one  number  to  another  is  the  relation  be- 
tween the  numbers  which  is  expressed  by  the  quotient  of  the 
first  divided  by  the  second. 

E.g.^  the  ratio  of  6  to  4  is  expressed  by  f ,  =  f . 

The  ratio  of  one  number  to  another  is  frequently  expressed 
by  placing  a  colon  between  them ;  as  5 :  7. 

The  first  number  in  a  ratio  is  called  the  First  Term,  or  the 
Antecedent  of  the  ratio,  and  the  second  number  the  Second 
Term,  or  the  Consequent  of  the  ratio. 

Thus,  in  the  ratio  aib,  a  is  the  first  term^  and  h  the  second. 

2.  Since,  by  definition,  a  ratio  is  a  fraction,  all  the  proper- 
ties of  fractions  are  true  of  ratios ;  as  a :  6  =  ma :  mh, 

3.  The  definition  given  in  Art.  1  has  reference  to  the  ratic 
of  one  number  to  another.  But  it  is  frequently  necessary  t( 
compare  concrete  quantities,  as  the  length  of  one  line  with  th( 
length  of  another  line,  etc. 

If  two  concrete  quantities  of  the  same  kind  can  he  expressed  hi 
two  rational  numbers  in  terms  of  the  same  unit,  then  the  ratio  oj 
the  one  quantity  to  the  other  is  defined  as  the  ratio  of  the  on 
number  to  the  other, 

E.g,y  the  ratio  of  2 J  yards  to  1|  yards  is  2|:  1|,  =?4  =  |^ 

Observe  that  by  this  definition  the  ratio  of  two  concret 
quantities  is  a  number.     Also  that  the  quantities  to  be  con 
pared  must  be  of  the  same  kind.    Dollars  cannot  be  compare 
'  with  poundB,  etc. 
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4.  If  two  concrete  quantities  cannot  be  expressed  by  two 
rational  numbers  in  terms  of  the  same  unit,  they  are  said  to 
be  Incommensurable  one  to  the  other. 

Thus,  if  the  lengths  of  the  two  sides  of  a  right  triangle  be 
equal,  the  length  of  the  hypothenuse  cannot  be  expressed  by  a 
rational  number  in  terms  of  a  side  as  a  unit,  or  any  fraction  of 
a  side  as  a  unit. 

If  a  side  be  taken  as  the  unit,  the  hypothenuse  is  expressed 
by  V^j  ^^  irrational  number.  And  the  ratio  of  the  hypothe- 
nuse to  a  side  is  y2 : 1,  =  ^2,  a  number  comprised  in  the 
number  system.  In  the  following  article  we  will  prove  that  the 
ratio  of  any  two  incommensurable  quantities  can  be  expressed 
as  a  number  comprised  in  the  number  system. 

5.  Let  P  and  Q  be  two  incommensurable  quantities.  We  assume  that 
the  ratio  P :  Q  is  greater  than  the  ratio  P' :  §,  wherein  T*  is  less  than  P 
and  is  commensurable  with  Q,  and  that  the  ratio  P :  Q  is  less  than  the 
ratio  P"  :  §,  wherein  P'  is  greater  than  P  and  is  commensurable  with  Q. 

Let  us  take  -Q  as  the  unit.    Then  we  can  find  two  consecutive 
n        . 
integral  multiples  of  -Q,  which  are  therefore  commensurable  with  Q, 

between  which  P  lies.    Let  —  §  and  HL±-1  q  be  these  multiples.    The 

ratios  of  these  multiples  to  §  are  respectively  —  and  — "^—^    Then  by 

the  hypothesis  ^  ** 

!5<P:§<??L±i. 
n  n 

The  two  rational  numbers  —  and  ^  "^    ,  between  which  the  ratio  P :  O 

n  n 

lies,  have  the  properties  (i.)  and  (ii.),  Art.  6,  Ch.  XVIIL    They  therefore 
define  an  irrational  number. 

EXERCISES  I. 
What  is  the  ratio  of 

1.  6ato96?  2.   fa^&to^aft^?  8.  OJ  x«y  to  7}  a;j/»  ? 

4.   Itol?  5.   ?to^?  6.   — ^to        ^       ^ 


ah  b      d  x-3       (a;-3)a 

7.  Which  is  the  greater  ratio,  a  +  2&:a  +  &ora  +  3&:aH-2&? 

8.  n  ^f  +  ^V  - 10  what  is  the  va\\ie  ol  \ii^  t^Wo  x  \>j'^ 

Si?  — y 
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§2.    PROPORTION. 

1.  A  Proportion  is  an  equation  whose  members  are 
equal  ratios. 

E.g.f  4:3  =  8:6,  read  the  ratio  of  A:  to  ^  is  equal  to  the 
of  Sto6,  OT  A  is  to  3  as  S  is  to  6. 

Instead  of  the  equality  sign  a  double  colon  is  frequ 
used;  as  4:3: :  8:  6. 

2.  Four  numbers  are  said  to  be  in  proportion,  or  to  be 
portionaJf  when  the  first  is  to  the  second  as  the  third  is  t 
fourth. 

E.g.y  the  numbers  4,  3,  8,  6  are  proportional,  since  4:3  = 
The  individual   numbers  are  called  the  Proportionali 
Terms  of  the  proportion. 

The  Extremes  of  a  proportion  are  its  first  and  last  term 
4  and  6  above. 

The  Means  of  a  proportion  are  its  second  and  third  te 
as  3  and  8  above. 

The  Antecedents  and  Consequents  of  a  proportion  are 
antecedents  and  consequents  of  its  two  ratios. 

E.g.,  4  and  8  are  the  antecedents,  and  3  and  6  the  c 
quents  of  the  proportion  4:3  =  8:6. 

PrincipleB  of  ProportionB. 

3.  In  any  proportion  the  product  of  the  extremes  is  eqt 
the  product  of  the  means. 

If  a :  6  =  c :  d,  we  are  to  prove  ad  =  6c. 

By§l,Art.l,  ^  =  ^. 

0     d 

Clearing  of  fractions,       ad  =  be. 

4.  If  the  product  of  tivo  numbers  be  equal  to  the  prodv 
two  other  numbers,  the  four  numbers  are  in  proportion. 

Let  ad=bc. 
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Dividing  hj  bd,  2  =  £^  or  a ;  6  =  c :  d ;  (1) 

0     a 

hj  cdf  -=-,  or  a:  c  =  6:  d;  (2) 

c      a 

by  a6,  -  =  -,  or  d :  6  =  c :  a ;  (3) 

6     a 


by  oc,           -  =  -,  or  d :  c  =  6  :  a. 
c      a 

(4) 

Interchanging  the  ratios  in  (1),  (2),  (3),  (4), 

c:  d  =  a:  6; 

(6) 

6 :  d  =  a :  c ; 

(6) 

c:a  =  c?:6; 

(7) 

6  :  a  =  d  :  c. 

(8) 

Notice  that  the  two  numbers  of  either  product  may  be  taken 
as  the  extremes,  the  other  two  as  the  means.  In  (1)  to  (4),  a  and 
d  are  the  extremes,  c  and  b  the  means ;  in  (5)  to  (8),  d  and 
a  are  the  means,  c  and  b  the  extremes. 

6.  In  Art.  4,  we  may  regard  the  proportions  (2)  to  (8)  as 
being  derived  from  (1),  and  thus  obtain  the  following  proper- 
ties of  a  proportion : 

(i.)    The  means  may  be  interchanged;  as  in  (2), 

(ii.)    The  extremes  may  be  interchanged;  as  in  (3). 

(iii.)  The  means  may  be  interchanged,  and  at  the  same  time 
the  extremes;  as  in  (4). 

(iv.)  The  means  may  be  taken  as  the  extremes,  and  the  ex- 
tremes as  the  means;  as  (8)  from  (1),  (7)  from  (2),  etc. 

6.  If  any  three  terms  of  a  proportion  be  given,  the  remaining 
term  can  be  found. 

Ex.   What  is  the  second  term  of  a  proportion,  whose  first, 
third,  and  fourth  terms  are  10,  16,  and  8  respectively  ? 
Letting  x  stand  for  the  second  term,  we  have 

10;a?=16;8,  orl6x  =  80\  >n\i^\i<c^  x^Ti. 
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7.  The  products^  or  the  quotients,  of  the  corresponding  term 
of  two  proportions  form  again  a  proportion. 

If  a:h  =  c:d,  or5  =  £,  (1) 

0     d 

and  x:y  =  z:u,0T-  =  -9  (2) 

y     u 

we  have,  multiplying  corresponding  members  of  (1)  and  (2), 

—  =  — ;  whence  axihy  ^cz:  du. 
by     du  ^ 

Dividing  the  members  of  (1)  by  the  corresponding  member! 

of  (2),  we  have 

a     c 

X     z        ,  abed 

-  =  - ;   whence  -:-  =  -:-. 
b     d  X  y     z   u 

y     u 

8.  In  any  proportion,  the  sum  of  the  first  two.  terms  is  to  th 
first  (or  the  second)  term  as  the  sum  of  the  last  two  terms  is  i 
the  third  (or  the  fourth)  term. 

Let  a:b  =  cid. 

Then  ?  =  -. 

b     d 

Adding  1  to  both  members,  -  +  1  =  ^  +  1, 

b  d 

a  +  6     c-hd 

b  d 

Whence  a  +  b:b  =  c-\-d:d. 

In  like  manner  it  can  be  proved  that 

a-\-b:  a  =  c  -\-d:c. 

These  two  proportions  are  said  to  be  derived  from  the  gi 
proportion  by  Composition. 

ft  In  any  proportion,  the  difference  of  the  first  two  terms 
thejlrst  (or  the  second)  term  as  the  difference  of  the  last  two  U 
is  to  the  third  (or  the  jTourtK)  term. 
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If  a:b=:c:d, 

then        a  —  b:a=!C  —  d:c,  and  a  —  b:b=iC^d:d. 

The  proof  is  similar  to  that  of  Aii;.  8. 

These  two  proportions  are  said  to  be  derived  from  the  given 
proportion  by  Division. 

10.  In  any  proportion,  the  sum  of  the  first  two  terms  is  to  their 
difference  as  the  sum  of  the  last  two  terms  is  to  tlieir  difference. 

Let  a:b  =  c:d. 

By  Art.  8,  a-\-b:b=:c  +  d:d] 

and  by  Art.  9,  a  —  6:6  =  c  —  d:d. 

Then  by  Art.  7,      5L±|:  i  =  ^i:^:  1 
•^  '      a^b  c-d     ' 


or 


a-^b     c-^d 


a  —  b     c  —  d 
Whence  a-i-6:a  —  6  =  c-fc?:c  —  (Z. 

This  proportion  is  said  to  be  derived  from  the  given  one  by 
Composition  and  Division. 

11.  A  Continued  Proportion  is  one  in  which  the  consequent 
of  each  ratio  is  the  antecedent  of  the  following  ratio ;  as, 

a:b  =  b:c  =  c:d  =  etc. 

12.  In  the  continued  proportion 

a:b  =  b:  c, 
b  is  called  a  Mean  Proportional  between  a  and  c,  and  c  is  called 
the  Third  Proportional  to  a  and  6. 

13.  The  mean  proportional  between  any  two  numbers  is  equal 
to  the  square  root  of  their  product. 

From  a:b  =  b:c, 

we  have,  by  Art.  3,  &'  =  ac ;  whence  b  =  ■y/(ac). 

14.  The  following  examples  are  applications  of  the  preced- 
ing theory : 

Ex.  1.  Find  a  mean  proportional  between  5  and  20. 
Let  X  stand  for  the  required  proportional. 

Then,  by  Art  13,    x  =  y/(p  x  20^  =  10. 
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Ex.  2.  If  a:b=^c:d, 

then  a6  +  C(i:a6  —  cd  =  6*  +  cP:6'  —  (P. 

Let  r  =  3  =  «'- 

b     d 

Then  a=^bx  and  c  =  dx. 

Therefore  oft  -f  cd  =  6*a:  +  cPa?, 

and  oft  —  cd  =  6*a?  —  cPa?. 

We  then  have 

oft  4-  cd_  6*a?  -h  c^a?_  y  4-  <P. 
a6  -  cd  "  6«aj  -  cfaj     6«-d«' 

Whence      a6  +  cd:a6  —  cd[  =  6' 4-d*:6*  —  cP. 

Ex.  3.  Solve  the  equation 

V(2  +  a;)  +  V(2-a?)_g  ^2 

V(2  4-a:)-V(2-«)        '      1* 
By  composition  and  division, 

V(2+a;)_3 
V(2-a5)""l' 
Squaring  and  clearing  of  fractions, 

24-i»  =  18  —  9a;;  whence  a  =  f . 

EXERCISES  II. 

Verify  each  of  the  following  proportions : 

1.    2i:lJ  =  li:f  2.    14}:4|  =  200:€ 

3       4a6     .  a^  +  b^  _    2ab    ,        1 
'   a^-b^'  a-b      a*-6*'2a-26* 

Form  proportions  from  each  of  the  following  products,  in  eight  diffe 
ways : 
4.   2x  =  Sy.  5.   m2  =  n2.  6.   a^  -  &»  =  x^ - 

Find  a  fourth  proportional  to 
7.    1,  2,  and  8.  8.   |,  |,  and  f.  9.   a&,  ac^  and  &. 

Find  a  third  proportional  to 
10.   2  and  6.  11.   J  and  J.  12.   a  and  b. 

Find  a  mean  proportional  between 
18.   2  and  18.  14.   J  and  }.  15.   a^b  and  afe^. 

iA    ^±*  and  «l:iJ!!.  U.  «^±i  and  ^a^  -  1). 

ar-d  ally!  a'^-\         *^  ^ 
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Find  a  value  of  x  to  satisfy  each  of  the  following  proportions : 
18.   X  :  2  =  12  : 8.  19.  J  +  V«  •  J  -  «  =  « •  V«  -  2  a. 

80.   a  +  0  -\ :  -^^ — ■ — - —  1  =  X  :  a  —  6. 

a  —  b       2ab 

If  a  :  6  =  c  :  (f,  prove  that 

21.   a  +  c:6  +  (i  =  a«(i:&^c.  22.   d^ -{- b^  :  a^  ^  b^  -  c^  +  d^ :  (^ -•  OK 

28.    ia±by:ab=(c±d)^:cd. 

24.  2a  +  36:4a  +  66  =  2c  +  3(i:4c  +  6<f. 

25.  a  +  b:c-^  d  =  y/{a^  +  &«)  :  ^(jfl  +  d^), 

28.  V(«^  +  &^)  •  >/(c*  +  ^^)  =  v'C^'  +  &')  '  Vi^  +  cP)=  a  :  c. 
If  6  be  a  mean  proportional  between  a  and  c,  prove  that 

27.   a2±&«:62±c2  =  a:c.  28.  a^ftvf-i  +  l  4-^:^  =  a«  +  6«  +  A 

If  a:6  =  6:c  =  c:^,  prove  that 

29.  (6  +  c)(6  +  (i)  =  (a  +  c)(c  +  d). 

80.  (a2  +  62  ^  c2)(/>2  +  c2  +  (P)  =  (a6  +  6c  +  cd)^. 

If  a  :  6  =  c  :  (i  =  c  :/,  prove  that 

81.  a2.62  =  c€:(?/.  82.   c^  +  (P  :  e^ +/a  =  cd:  ^. 
88.   a2  +  c2  +  e2  :  62  4.  <i2  ^_y^  =  c2  :  (P. 

34    If  a|^:j^  =  c£-a£^6^^-cj^^^j^^^^^^^^^^^^^^ 
c  6  a 

Solve  each  of  the  following  equations : 

85.    Vn^a;)  +  V(l-x)^3^  33^    V(a  +  x) -  V(a  ~  x)  ^ _!,, 

V(l  +  x)-v(l-«)  V(a  +  x)  +  v(«-a;)      V^ 

87.  Find  two  numbers  whose  ratio  is  7  :  5,  and  the  difference  of  whose 
squares  is  06. 

88.  A  works  6  days  with  2  hoi*ses,  and  B  works  5  days  with  3  horses. 
Wliat  is  the  ratio  of  A's  work  to  B's  work  ? 

89.  The  ratio  of  a  father's  age  to  his  son's  age  is  9  :  6.  If  the  father  is 
28  years  older  than  the  son,  how  old  is  each  ? 

40.  Find  three  numbers  in  a  continued  proportion  whose  sum  is  30, 
and  whose  product  is  721. 

41.  Find  two  nunjbers  such  that  if  1  be  added  to  the  first  and  8  to  the 
second,  the  suras  will  be  in  the  ratio  1  :  2,  Jind  if  1  be  subtracted  from 
each  numbtT,  the  remainders  will  be  in  the  ratio  2  : 3. 

42.  What  is  the  ratio  of  the  numerator  of  a  fraction  to  its  denominator, 
if  tlie  fraction  be  unchanged  when  a  is  added  to  its  numerator  and  6  to  its 
denominator  ? 

48.  The  sum  of  the  means  of  a  proportion  is  7,  the  sum  of  the  extremes 
is  8,  and  the  sum  of  the  squares  of  all  the  terms  is  05.  What  is  the 
proportion  ? 
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§  8.    VARIATION. 

1.  Frequently  two  numbers  or  quantities  are  so  related  to 
each  other  that  a  change  in  the  value  of  one  produces  a  corre- 
sponding change  in  the  value  of  the  other. 

Thus,  the  distance  a  train  runs  in  one  hour  depends  upon  its 
speed,  and  increases  or  decreases  when  its  speed  increases  or 
decreases. 

The  illumination  made  by  a  light  depends  upon  the  intensity 
of  the  light,  and  varies  when  the  intensity  varies. 

The  value  of  y  given  by  the  equation  y  =  2x  —  S  depends 
upon  the  value  of  x  and  vaiies  when  the  value  of  x  varies. 

Thus,  if  05  =  1,  2/  =  —  1 ;   if  «  =  2,  y  =  1,  etc. 

We  shall  in  this  chapter  consider  only  the  simplest  kinds  o: 
variation. 

2.  Direct  Variation.  —  Two  quantities  are  said  to  vary  directh 
one  as  the  other,  when  their  ratio  is  constant. 

Thus,  if  X  varies  directly  as  y,  then  -  =  A:,  a  constant. 

For  example,  if  a  train  runs  at  a  uniform  speed,  the  numb 
of  miles  it  runs  varies  directly  as  the  number  of  hours.  If 
runs  at  the  rate  of  30  miles  an  hour,  in  1  hour  it  will  run  . 
miles,  in  2  hours  60  miles,  in  3  hours  90  miles,  and  so  on ;  a 
the  ratios  1  :.30,  2  :  60,  3  :  90,  etc.,  are  equal. 

The  symbol  of  direct  variation,  oc,  is  read  varies  directly  a 

The  word  directly  is  frequently  omitted. 

If  y  =  3  oj,  then  yccx  (read  y  varies  as  x),  since  -  =  3 

constant. 

3.  Inverse  Variation.  — One  quantity  is  said  to  vary  inver 

as  another  when  the  first  varies  as  the  reciprocal  of  the  secc 

1 

Thus,  if  x  varies  inversely  as  y,  then  xcc  — 

if 
X 

Therefore,  ^  =  fc,  a  constant ;  whence  xy=:k. 

y 
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That  is,  if  one  quantity  varies  inversely  as  another,  the 
product  of  the  quantities  is  constant. 

If  6  men  can  do  a  piece  of  work  in  12  hours,  3  men  can  do 
the  same  work  in  24  hours,  and  1  man  in  72  hours,  and  the 
products  6  X  12,  3  X  24,  1  X  72  are  equal.     That  is,  the  num- 
ber of  hours  varies  inversely  as  the  number  of  men  working. 
3 

If  y  =  -,  y  varies  inversely  as  x,  since  a^  =  3. 

4.  Joint  Variation. — One  quantity  is  said  to  vary  as  two 
others  jointly,  when  it  varies  as  the  product  of  the  others. 

Thus,  if  X  varies  as  y  and  z  jointly,  then  —  =  A:,  a  constant. 

For  example,  the  number  of  miles  a  train  runs  varies  as 
the  number  of  hours  and  the  number  of  miles  it  runs  an  hour 
jointly.  It  will  run  40  miles  in  2  hours  at  a  rate  of  20  miles 
an  hour,  90  miles  in  3  hours  at  the  rate  of  30  miles  an  hour, 

40  90  120 


and 


2  X  20     3  X  30     6  X  24 


6.  One  quantity  is  said  to  vary  directly  as  a  second  and  in- 
versely as  a  third,  when  it  varies  as  the  second  and  the  recip- 
rocal of  the  third  jointly. 

Thus,  if  X  varies  directly  as  y  and  inversely  as  z,  then 


X  xz 

=  A:,  a  constant ;  or  —  =  A;. 


1       ' " '  ^'   y 

^   z 

6.  In  all  the  preceding  cases  of  variation,  the  constant  can 
be  determined  when  any  set  of  corresponding  values  of  the 
quantities  is  known. 

Ex.  1.  li  xccy,  and  a?  =  3  when  y  =  5,  what  is  the  value  of 
the  constant  ? 

We  have  -  =  k,  ot  x=^ky. 

y      '  ^ 

Therefore,  when  05  =  3  and  y  =  5, 

3  =  5  A:,  whence  A:  =  |. 
CoDseg  nentlj  a?  s  1 1/. 
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Ex.  2.  If  X  varies  inversely  as  y,  and  if  y  =  4  when  a?  =  7, 
find  the  value  of  x  when  y  =  12. 

From  xy  =  k,we  obtain  k  =  28. 

Therefore  xy  =  28. 

Consequently,  when      y  =  12, 12  a?  =  28 ;  whence  x  =  2^. 

Ex.  3.  The  volume  of  a  gas  varies  inversely  as  the  pressure 
when  the  temperature  is  constant.  When  the  pressure  is  15, 
the  volume  is  20 ;  what  is  the  volume  when  the  pressure  is  20? 

Let  V  stand  for  the  volume  and  p  for  the  pressure. 

Then  from  pv  =  A;  we  obtain  k  =  300. 
Therefore  pv  =  300. 

Consequently,  when  p  =  20,  20  v  =  300 ;  whence  v  =  15. 

EXERCISES  III. 
If  X  X  y,  what  is  the  expression  for  x  in  terms  of  y, 
1.   If  X  =  10  when  y  =  J?  2.   Ifa5  =  a  when  y  =z2a? 

8.   If  X  X  j/2,  and  x  =  6  when  y  =  7,  what  is  the  expression  for  x  in 
terms  of  y? 

4.  If  X  X  ^y,  and  x  =  3(a«  +  b^)  when  y  =  26(a2  +  2  a6  +  b^),  what 
is  the  expression  for  y  in  terms  of  x  ? 

If  XX-,  what  is  the  expression  for  x  in  terms  of  y, 

5.  If  x  =  10  when  2/  =  J?  6.   If  x  =  3^  when  y  =  }J? 

7.  If  X  X  — ,  and  x  =  4 J  when  y  =  i,  what  is  the  expression  for  y  in 
terms  of  x  ?    ^ 

8.  If  X  X  — ,  and  x  =  4  when  y  =  25,  what  is  the  expression  for  x  in 

terms  of  y?    ^^ 

9.  If  XX  y,  and  x  =  10  when  y  =  5,  what  is  the  value  of  x  wher 
y  =  12i? 

10.  If  X  X  J/,  and  x  =  a  when  y  =  f  a^,  what  is  the  value  of  y  wher 
x  =  a2ft? 

11.  If  X  X  y^,  and  x  =  5  when  y  =  —  3,  what  is  the  value  of  x  wher 
y=15? 

12.  If  X  X  y/y,  and  x  =  a  -f  m  when  y  =  (a  —  m)^,  what  is  the  value  o 
X  when  y  =  (a  +  m)*  ?  i*^ 

15.  If  aj  X  -,  and  x  =  5^  when  d  =  \,  ^\i.^\. \^ ^Cckfc^^wA  ^1  x ^hen  y  =  4j 
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14.  The  circumference  of  a  circle  whose  radius  is  6  feet  is  87.7  feet. 
What  is  the  circumference  of  a  circle  whose  radius  is  0.6  feet,  if  it  be 
known  that  the  circumference  varies  as  the  radius  ? 

16.  An  ox  is  tied  by  a  rope  20  yards  long  in  the  center  of  a  field,  and 
eats  all  the  grass  within  his  reach  in  2}  days.  How  many  days  would  it 
have  taken  the  ox  to  eat  all  the  grass  within  his  reach  if  the  rope  had 
been  10  yards  longer  ? 

16.  The  volume  of  a  sphere  whose  radius  is  7  inches  is  1437.3  cubic 
inches.  What  is  the  volume  of  a  sphere  whose  radius  is  10  inches,  if  it 
be  known  that  the  volume  varies  as  the  cube  of  the  radius  ? 

It  has  been  found  by  experiment  that  the  distance  a  body  falls  from 
rest  varies  as  the  square  of  the  time. 

17.  If  a  body  falls  256  feet  in  4  seconds,  how  far  will  it  fall  in  10 
seconds? 

18.  From  what  height  must  a  body  fall  to  reach  the  earth  after  15 
seconds  ? 

It  has  been  found  by  experiment  that  the  velocity  acquired  by  a  body 
falling  from  rest  varies  as  the  time. 

19.  If  the  velocity  of  a  falling  body  is  160  feet  after  6  seconds,  what 
will  be  the  velocity  after  8  seconds  ? 

80.  How  long  must  a  body  have  been  falling  to  have  acquired  a 
velocity  of  256  feet? 

81.  The  surface  of  a  cube  whose  edge  is  5  inches  is  150  square  inches. 
What  is  the  surface  of  a  cube  whose  edge  is  9  inches,  if  it  be  known  that 
the  surface  varies  as  the  square  of  its  edge  ? 

88.  It  has  been  found  by  experiment  that  the  weight  of  a  body  varies 
Inversely  as  the  square  of  its  distance  from  the  center  of  the  earth.  If  a 
body  weighs  30  pounds  on  the  surface  of  the  earth  (approximately  4000 
miles  from  the  center),  what  would  be  its  weight  at  a  distance  of  24,000 
miles  from  the  surface  of  the  earth  ? 

It  has  been  found  by  experiment  that  the  illumination  of  an  object 
varies  inversely  as  the  square  of  its  distance  from  the  source  of  light. 

88.  If  the  illumination  of  an  object  at  a  distance  of  10  feet  from  a 
source  of  light  is  2,  what  is  the  illumination  at  a  distance  of  40  feet  ? 

84.  To  what  distance  must  an  object  which  is  now  10  feet  from  a 
source  of  light  be  removed  in  order  that  it  shall  receive  only  one-half  as 
much  light? 

85.  At  what  distance  will  a  light  of  intensity  10  give  the  same  llluml< 
nation  as  a  Mgbt  ot  UiteDBity  8  gives  at  a  di&laxice  ol  lA  I'^'V.'^ 


CHAPTER  XXVI. 

DOCTRINE    OF   EXPONENTS. 

1.  We  have  already  abbreviated  such  products  as 

aa,  aaa,  aaaa,  •••,  aaa^'n  factors^ 

by  a\  0*,  a\  •••,  a%  respectively,  and  called  them  the  secondy 
thirdy  fourth,  •••,  nth,  powers  of  a.  This  definition  of  the  sym- 
bol a"  requires  the  exponent  n  to  be  a  positive  integer. 

Thus  2*  means  the  product  of  5  factors,  each  equal  to  2. 
But  2^  has,  as  yet,  no  meaning,  since  2  cannot  be  taken  0  times 
as  a  factor.  For  a  similar  reason,  2"*,  2%  2^^,  and  2^~^,  are,  as 
yet,  meaningless. 

2.  Nevertheless,  having  introduced  into  Algebra  the  symbol 
a**,  it  is  natural  to  inquire  what  it  may  mean  when  w  is  0,  a 
rationed  negative  or  fractional  number,  an  irrational  number,  etc. 

We  shall  find  that,  by  enlarging  our  conception  of  powers, 
quite  clear  and  definite  meanings  can  be  given  to  such  expres- 
sions as  2^  3-2,  4*,  5v^^  6>^-\ 

3.  The  discussion  of  powers,  in  general,  therefore  naturally 
divides  itself  into  six  cases. 

(1)  Powers  with  positive  integral  exponents. 

(2)  Powers  with  zero  exponents. 

(3)  Powers  with  negative  integral  exponents. 

(4)  Powers  with  fractional  (positive  or  negative)  exponents. 

(5)  Powers  with  irrational  exponents. 

(6)  Powers  with  imaginary  exponents. 

The  consideration  of  powers  with  imaginary  exponents  wi 
be  given  in  Part  II.,  Text-liooV  ol  K\^^\^ 
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Positive  Integral  Powers. 

4.  The  principles  upon  which  operations  with  positive  inte- 
gral powers  depend  have  been  proved  in  the  preceding  chapters. 

For  the  sake  of  emphasis,  and  for  convenience  of  reference 
in  enlarging  our  conceptions  of  powers,  we  restate  them  here : 

(i.)  a^'a"  =  a'"+", 

(ii.)         —  =  a*"-",  when  m  >  w :   —  =  1,  when  m==ni 


QUI 

0^ 

1 

when  m<n. 

(iii.)  (a 

my ., 

=  a'"'». 

(iv.)   (ab)'" 

zsa'^b^. 

(▼■) 

/Q\m      Qftt 

\bj      b'"' 

2eroth  Powers. 

&  The  meaning  of  a  symbol  may  be  defined  by  assuming 
that  it  stands  for  the  result  of  a  definite  operation,  as  was  done 
in  letting 

a*  =  a  •  a  •  a  •  •••  n  factors ; 

or  by  enlarging  the  meaning  of  some  operation  or  law  which 
was  previously  restricted  in  its  application. 

In  the  latter  way,  negative  numbers  were  introduced  by 
extending  the  meaning  of  subtraction. 

6.  We  now  enlarge  the  meaning  of  powers  by  assuming  that 

the  principle 

a*       „ 

a" 
holds  also  when  m=:n. 

We  then  have  —  =  a***  =  a\ 

a* 

But  since  —  =  1, 

a* 

it  follows  that  a^  =  l. 

That  is,  tJie  zeroth  power  of  any  base,  except  0,  is  equal  to  1. 
Mf.,    l^^l,  ff^l,  99*«1,  {p,\'Mf^\^^ 
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7.  Thus,  by  the  assumption  that  the  stated  law  holds  when 
m  =  n,  a  definite  value  of  the  zeroth  power  of  a  number  is 
obtained.  Nevertheless,  it  will  doubtless  seem  strange  to  the 
student  that  all  numbers  to  the  zeroth  power  have  one  and  the 

same  value,  namely  1.     But  it  should  be  distinctly  noted  that 

fit** 
a®  is  by  definition  a  symbol  for  — ;  i.e.,  for  the  quotient  of  two 

a* 

like  powers  of  the  same  base.    Thus, 

2«  =  ?'  =  ?*  =  ?^  =  1 
28     2*     2"'       ' 

Negative  Integral  Powers. 

8.  We  now  still  further  enlarge  the  meaning  of  powers  by 
assuming  that  the  principle 

a"*       «  « 
a" 

holds  not  only  when  m>n  and  m  —  n,  but  also  when  m<n 
In  this  case,  m  —  w  is  a  negative  number. 
Since  m  <  n,  we  may  assume  n  =  m-\-k. 


Then 

a"* 
a- 

But 

a"*           1          1 

Qm+k        Qm+k—m        qU 

Therefore 

That  is,  a  power  with  a  negative  exponent  is  equal  to  1  divid( 
by  a  power  of  the  same  base  with  a  positive  exponent  of  the  san 
absolute  value  as  the  given  exponent 

Observe  that  the  words  negative  integral  refer  only  to  t! 
exponent,  and  not  to  the  value  of  the  power. 

We  are  thus  led  to  a  quite  definite  and  intelligible  meani: 
of  fiegative  powers  by  eiLteudlng  still  further  the  applicati 
of  the  stated  law  to  tiie  ca.a^  Vo.  ^\aa\L  m  <u. 


DOCTRINE  OF  EXPONENTS.  369 

9.  From  the  result  of  the  preceding  article  we  derive  the 
following : 


fa  \*     a^     a* 
\b)       6* 


That  is,  a  negative  integral  power  of  any  base  is  equal  to  a 
positive  power  of  the  reciprocal  of  the  base,  the  exponents  of  the 
powers  halving  the  same  absolute  value;  and  vice  versa. 

This  reciprocal  relation  between  positive  and  negative  powers 
is  useful  in  reductions  which  involve  negative  powers. 

E-g.,  (I)-'  =  (f )'  =  |. 

10.  We  also  have         — r  =  —  =  a*. 

a"*     1^ 

a* 

This  relation  and  the  relation  which  defined  a  negative 
integral  power  may  be  stated  thus: 

Any  power  of  a  number  may  be  transferred  from  the  denomi- 
nator to  the  numerator,  or  from  the  numerator  to  the  denominator, 
of  a  fraction,  if  the  sign  of  its  exponent  be  reversed. 

^'9-^        -Z-^  =  a^'a^  =  a''',   ^ '—  =  — ri^-,' 

a^  a  a(—  ay     a* 

U.   A  negative  integral  power  of  zero  is  equal  to  infinity. 

For  0-"  =  — =  1  =  00. 

0«     0 

EXERCISES  I. 
Find  the  value  of  each  of  the  following  expressions  : 
1.   2-8.  2.   3-2.  8.    (j)-i.  4.    (3})-«. 

5.    (})-«.  6.   -1-.  7.   -i-.  8.    (20-«. 

vs/  25-*  .2-6  ^    ^ 

Change  each  of  the  following  expressions  into  an  equivalent  expression 
in  which  all  the  exponents  are  positive : 

9.   x^y*.  10.   2c'*d,  11.   S'^aH'^.  13.   6x-V'. 

18.  22^.  14.    -?^.  15.    A«^.  16.   '1^:^ 

a-»6«  4a-«c  7'^b'^c  ^h-^ 
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In  each  of  the  followmg  expressions  transfer  the  factors  from  the 
denominator  to  the  numerator : 

19.   ^  30.    1^.  8X.  ^^  S2.    ^. 

23.   -^—  24.   ii^±4!.  25.      ^«(^^+^)   . 

26-82.   In  the  examples  19-25  transfer  the  factors  from  the  numerators 
to  the  denominatoi-s. 


Fractional  (Positive  or  Negative)  Powers. 

12.  The  meaning  of  a  fractional  power  in  which  the  ex- 
ponent is  the  reciprocal  of  a  positive  integer  will  be  determined 
first,  then  that  of  any  fractional  power.     The  word  fractional 

refers  to  the  exponent  of  the  power  and  not  to  its  value. 

1 

13.  We  will  define,  i.e.,  fix  the  meaning  of,  the  power  a%  in 

which  9  is  a  positive  integer,  by  assuming  that  it  must  obey 
the  first  law  of  exponents,  namely, 

1 
In  other   words,   whatever  meaning  a^  may  have  must  be 

derived  by  an  application  of  this  law. 
By  this  law,         a"^  »  a^  =  a^"^^  z=za^z=:a. 

But,  since  a^  *  a^  =(a^y,  by  definition  of  positive  Integra 
power  of  any  base,  we  have 

(a^y  =  a. 

That  is,  a2  is  a  number  whose  square  is  a,  or  ai  =  -y/a. 

In  general, 

111  111.^  1 

a'  •  a* .  a' ...  g  factors  =  a«  «  »  =  a   « =  a. 

Ill  1 

But,  since   a^  •  a^  •  a' ...  g  factors  =  (a'V,  by  definition 

1 

positive  integral  power,  we  have  (a^Y  =  a. 
1 

That  is,  a'  is  a  number  whose  qth  power  is  a, 
or  tf  =\/a. 
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We  are  thus  led,  by  the  definition  of  the  fractional  power, 
1 

a^,  to  the  operation  that  is  inverse  to  that  of  raising  a  number 
to  a  positive  integral  power,  i.e.,  to  the  operation  of  finding  a 
root. 

Thus,  9^  and  V^;  (-  243)*  and  ^-  243,  a»  and  ^%  are 
only  different  ways  of  representing  the  same  numbers.     • 

Notice  that  the  index  of  the  root  is  the  denominator  of  the 
exponent  of  the  fractional  power,  and  the  radicand  is  the  base, 

14.  From  the  definition  of  a  fractional  power  we  have 

(9i)2  =  (V9)'  =  9,    [(-  25)*]3  =  (^-  25)«  =  -  25. 

1 
In  general,  (a')»  =  (^a)'  =  a.  (1) 

Also,  from  Ch.  XVI.,  §  1,  Art.  10,  (a')»  =  ^a«  =  a, 

if  only  principal  roots  be  considered. 

1  1 

Therefore  (ay  =  (0.^, 

for  the  principal  root. 

15.  Meaning  of  a*,  wherein  —  is  a  positive  or  a  negative 

fraction.     We  may  always  assume  q  to  be  positive  and  p  to 

have  the  sign  of  the  fraction. 

p 
Whatever  meaning  a'  may  have   must  be  derived  by  an 

application  of  the  law 

a"^ '  a''=:i  a"*"*"". 

By  this  law,         5*  •  5*  •  5*  =  S^*-"*  =  5». 

But,  since  5'  •  5'  •  5^  =(5*)^  we  have  (5*)'  =  5'. 

That  is,  5*  is  a  number  whose  cube  is  5^ ;  or  5»  =  ^51 
In  general, 

s        s        s  n     J.  J+J+f+—.»  terms  f? 

a«.  a»«  a«  "-^factors  =  a»  «  «  =  a   »,   =  a'. 

p     p     p  p  p 

But,  since  a^ '  a^  -  a^  "-  q  factors  =(a')*,  we  have  (a*)*  =  a', 
p 

That  is,  a'  is  a  number  whose  qth  power  is  a' ; 
or  a'=^tf. 
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Notice  that  a  fractional  power  is  a  root  of  an  integral  power. 
The  numerator  of  the  fractional  exponent  is  the  index  of  the 
root,  and  the  denominator  is  the  exponent  of  the  power. 

E,g.,  23^  =  ■</23* ;  (-  19)*  =  ^(-  19)^ ;  2'^  =  ^2"*  =  ^\, 

16.  Since  fractional  powers  simply  afford  another  way  of 
indicating  roots,  all  the  principles  relating  to  roots  which  were 
proved  in  Chapters  XVI.  and  X1X.-XX.  hold  for  such  powers. 

EXERCISES  II. 

Write  each  of  the  following  expressions  as  an  equivalent  expression 
with  radical  signs : 

1.   a*.  2.    6"*  8.   a*.  4.   3yi. 

5.   4x"^yi  6.   2a6"^c.  7.   2^x^2/».  8.   2a"6~ff. 


3n* 


(!)'■        ■»■  (If)-'-      »■ 

Find  the  value  of  each  of  the  following  expressions : 


9.  f^js.  10.   f^r^-  11.   ^-^.  12.   ""J 

xy  ♦ 


13.  4^  14.  169*.  15.  16"i.  16.  144"*. 

17.  27*.  18.  27~*.  19.  16*.  20.  81"i. 

21.  49^  22.  512^  23.  216"i  24.  32~*. 

25.  643.  26.  64^  27.  .09^.  28.  (3f)"*. 

Write  each  of  the  following  expressions  as  an  equivalent  expressioi 
with  fractional  exponents : 

29.    y/a.  80.    y/a^.  81.    y/{a'^W).  82.    y/(2xy'^) 

33.    ^a2.  34.    ^(2a;-i2/2).        85.    </(5»-2y6).        86.    ^{Za-'^b^ 

87.    ^(3a2).       38.    </(3a-»).  89.    ^[(a  +  6)2(x  -  y)-^]. 

Simplify  each  of  the  following  expressions : 

40.    36*  +  8^  -  625  75.  41.    .16-5  -  (If^^J)*  +  64~* 

42.   2  a"?  -  .4  a*  +  2.5  a"  -  5  a-^. 

17.  The  consideration  of  Irrational  Powers  is  reserved  foj 
subsequent  chapter. 

18.  Having  thus  determined  definite  meanings  for  zero 
negative,  and  fractional  powevs,  it  remains  to  prove  that  tl 

obey  all  the  principles  oiposiX.iN^vaX.^^Y^^o^'et'^. 
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Products  of  Powers. 

(I.)  a'^a"  =  0*"+", 

for  all  rational  values  of  m  and  n. 

Ex.  1.  a^ar^  =  aj^<-^>  =  x"''  =  x-^  =  i. 

or 

Ex,  2.  aVi  X  a-%*  =  aH^"^  =  a'^ft"^  =  ^. 

a* 

(i.)  m  positive  and  n  negative,  and  the  absolute  value  of  m  less  than 
the  absolute  value  of  n. 

Let  n  =  —  Ml,  so  that  ni  is  positive.    Then 

QftQit  —  (i"*(|-i«i  =  sum  =  — i —  = ± =  o»»»+(-wi)  =  (r»+». 

In  a  similar  vray  the  principle  can  be  proved  for  other  cases  in  which 
the  exponents  are  0  or  negative. 

That  the  principle  holds  when  the  exponents,  either  or  both,  are  frac- 
tions, follows  from  the  definition  of  a  fractional  power. 

BXEBCISBS  in. 
Simplify  each  of  the  following  expressions : 
1.   yW.  8.  z'^sfi,  8.   a-^cfi.  4.   m"8w-«. 

5.   a*aK  6.   ahK  7.   b'^b^.  8.   c'h'^ 

9.   6  a-«  X  3  0*.  10.    -  f  ft-^  x  l§  ft-a.        11.   3}  x«  +  2|  a"i. 

12.  a«6-2xaM.  18.   3  a"^y*  x  2  a;-«y~i.      14.   2  a'^ft-^c*  x  6  a«c"^. 

m     p  I      p  I         p 


15.   a"»6-*«  X  a-'b*.  16.   asyi*  x  x**y  '.  17.   a'"-''^*  x  a'"+"6  *. 

18.   12ai«x^.  19.   7c-«^35_a:l.  20.   ^I^!:^ ^ -^^ 

n-2       9n8  3a8        6c^  ic         a-*»6-2» 

21.    (a*  +  a;-2)(a*  -  x'^).  22.   (a*  +  a~*)(ai  -  a"*). 

28.    Ca*-aM  +  6*)(a*  +  6*).  24.    {x^y^ -^-xy"^ +  l)(xy'^ -I). 

25.   (a*+a*fei+6')(ai-aV+6i).    26.    (a*+6*  +  (i"^6)(a6'^-a*  +  6b' 

27.  ((|-^  +  a-*-a-*)(a7  +  aS  +  a»). 

28.  (x«-a;-8-2a-«  +  6)(10x-7  +  x-i-6x-*). 

28.   (1  a-«x-»  +  J  a  -«*  -  a-«x-«-)  (J  a^xP  -  4  a-*x'-»-*'  +  a-»acF+*). 
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81.  (a*  +  0^  -  a^  -  a"i)  (a*  +  a"^  +  1). 

82.  (x*  +  2 x«  +  3 a;i  +  2  X*  +  l)(xi  -  2  x*  +  1). 
88.    (a-»-^  +  6-i« -  a-7«6-8) (a- "  +  6 -8). 

84.    (If  a  «x^i  +  2  a*  +  J  x»-8  +  6  ax*)  (a*  -  3  x*  +  {  x^V^). 

QuotientB  of  Powers. 

(II.)  ^=«'«-, 

for  all  rational  values  of  m  and  w. 

Ex.  1.  — ,  =  ar^-(-8)  =  ar^-^8  =  «». 

Ex.  2.  ^  =  a-i-ift^i  =  a'ib"^  =  ^. 

We  have  ~  =  a^a-^  =  a^+^-^J  =  a"•-^ 

a" 

EXERCISES  IV} 
Simplify  each  of  the  following  expressions : 

1.   JL.  2.   ~  8.   — .  4.   — .  5.   —'  6 

a-i  x-2  6-8  ^i  x"5 

7.   £_.  8.    «_.  9.   J^.        10.   ?!!^.     11.    *li.       12 

^-J  a-2  x-"  X-"  x«-i 

18.    (1^6-8)^(3  62).         14.   i^(ja5-i).         15.   (3^a«6-*)-f-( 

16.   12  a-i6-ix-i  .  1^.  17.   |^  x  ^. 

x-i  2«'^^-*      7x8,* 

18.    (a^-6^)-^(ai+6i).  19.    (x  -  t/)--(xi  -  y*). 

20.   (x-i  +  y-i)  -^  (x"i  +  tf^).  21.    (x-*  —  j/"*)  -4-  (x-i  +  3 

22.    (x+x^2/^+2/)H-(xi+x^2/^  +  yb'        23.    (a^"  -  ar2)-r-(a2  —  < 

24.  [(a  -  l)-2  -  1]  -  [(a  -  l)-i  -  1]. 

25.  (3  a-i^  +  a5  -  4  a-«)  ^  (2  a'^  +  a^  +  3  a-«). 
;3a    (2x-8-3x-i--'2x-^-4r-2~x)-^(x-i  +  l). 

27.    («-i-3x^ -V-a-Sx^  Jt-^x^-r(^x^-^x-^-v£^-' 
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.  (2  a^  -  3  a«  -  23  a'l  +  16  a"*  +  9  a-«)  -f-  (a*  +  2  -  3  a-*)- 

.  (6xi  +  9a"i-2a;-i-13)-5-(3ai  +  2a;"*-6). 

80.  (a;*  -xy^  +  x^y  -  y*)  -^  (x^  -  yi). 

81.  (x*  H-  aW  +  a*)  -^ (a*  +  a^x*  +  a*). 

82.  (a^  -  a^fti  -  ah^  +  6^)  -^  (a*  -  ah^  +  a*6  -  6*). 

88.    (6x*-7x-19xi  +  2xi  +  8xi)-^(2a;*-3x*-4xi). 

Powers  of  Powers. 

(III.)  (a'")"  =  a'"", 

for  all  rational  values  of  m  and  n. 

Ex.1.  (a^-»  =  aj2(-8)  =  »-« =  i. 

ar 

Ex.M1024V*  =  1024-A  =  _^^ 

Ex.  3.  (a-*ar^z/-*)"*  =  (a"*)"*(ar')"kr*r*  =  «*^"¥  =  ^• 

(i. )  m  and  n  both  negative  integers. 

Let  m  =  —  mi  and  n  =  —  ni,  so  that  mi  and  ni  are  positive. 

We  have 

(a'")'»=  (a-*!)-"!  =( -^  )  ***  =  (a"*!)"!  =  «*"i'*»  =  a(-"S>(-»h>  =  a"»». 

In  a  similar  manner  the  principle  can  be  proved  for  other  cases  in 
which  the  exponents  are  0  or  negative  integers. 

(ii. )  m  a  fraction,  and  n  a  positive  or  a  negative  integer,  or  0. 

Let  m  =  -,  wherein  g  is  a  positive  integer  and  p  is  a  positive  or  a 

negative  integer. 

P  1  1  ^      p^  . 

We  then  have  (a'")*=(a^)'»  =  [(a»)p]'»  =  (a»)P''=  a«  =  a«   =  a""*. 

In  a  similar  manner  the  principle  can  be  proved  when  m  is  an  integer 
and  n  is  a  fraction. 

(iii.)  m  and  n  both  fractions. 

Let  m  =  -  and  n  =  -,  wherein  q  and  s  are  positive  integers,  and  p  and 
^  are  positive  or  negative  integers. 
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U  (a*  )*  be  raised  to  the  qsth,  =  sqth  power,  we  have 

p   r  p  r  p  p 

[(a«)']*'  =  {[(««)•]'}•  =  [(«')'']'  =[(«0']''  =  («")'  =  «''• 

Consequently  (a«  )•  is  the  qs  root  of  a*"" ;  or,  by  definition  of  a  frac- 
tional power, 

P  r  pr  p    r 

(a«)*  =  a«*  =0**  •. 

BXEBCISBS  V. 
Simplify  each  of  the  following  expressions : 
1.    (a2)-a.  2.    (a8)i  8.    [(-x)*]^.         4.    (x"«)*. 

5.    (a;"*)i«.  6.    (a"')*.  7.    (68)"*.  8.    (a;-2)-6 

11  _£  -* 

8.    (x  «)  ».  10.   (a»»)-«.  11.    (a-"»)-8.  12.    (a  «)  "• 

18.    (^a-2)4.  14.    (Va)"**.  15.    (^a;*)"f         16.    «/a— )"•. 

17.    (ai-a"*)2.  18.    (1-x"*)^.  19.    (J-\-a'^y. 

Powers  of  Products. 

(IV.)      (ab)'"  =  a'"6'",  for  all  rational  values  of  m. 

Ex.l.   (2x)-'  =  2-'x-^  =  l^. 

Ex.  2.  (3a!-i2/»)-'  =  3-Vr'  =  g^- 

(i.)   ma  negative  integer.     Let  wi  =  —  wii,  so  that  mi  is  positive. 

Then    (a6)"»  =  (a6)-"»i  =  — - —  =  — - —  =  a-'^ft-'"!  =  a"»6« 

(aft)"*!     a^Hfe™! 

P 
(ii. )   m  a  fraction.    Let  m  =  — ,  where  p  is  a  positive  or  negative  in 

ger,  and  5  is  a  positive  integer. 

p 
If  (a6)^  be  raised  to  the  qth.  power,  we  have 

p 
liab)^y  =(aby,  since  q  is  an  integer, 

=  aPbP,  by  (i.). 

p  p  p       p 

But  (a»6»)*  =  (a^)«(6^)«  =  aPbP. 

p  V  V  p         p  p 

Therefore     "    [(a5)«'\*»  =  Qa'b'V  \  N^\i«iic^  VpX)>i^  =  o?li«. 
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Powers  of  Quotients. 
(V.)         [^  j  =?->  for  all  rational  values  of  m. 

Ex.  1.  r^V'  =  ^=4.  Ex.  2.  f^VL-iL  =  8-. 

We  have  (-Y  =  (aft-^)*"  =  <»"'&""'  =  — 

EXERCISES  VI. 
Simplify  each  of  the  following  expressions  : 

I.    (aix-i)-2.  2.    (J  a)"*.  8.    (8a-«)i 

L    (a-i6-«)-*.  5.    (2a*x)*.  6.    (aVi)-^ 

r.    (AarW)"*.  8.   (a-26ic"*)-«.  9.    (2a-^a;)-a. 

^(^)"*-    "•(^)"'-     "(s^)-- 

'■^i^)T  "■[&]'■  '■■[{^y'r 

8.    (aVa-l)2.  29.    (a"i6-i  +  a6*)2.        80.    (a-«6*  -  c'*)». 

BXBBOISES  VII. 
MISCELLANEOUS   EXAMPLES. 

Simplify  each  of  the  following  expressions : 
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8.   -2^+_JL_,.  4.   -«^+       ^* 


a  -  6       a*  -  ^i 


g      a  —  aj         a  +  x 


1    a^x^  +  aM       a-x  oX^  +  l  1 

7. •   — — .  5, 


a^  +  x^        a^  +  x^  x  +  xi  +  1     ^^"^-^ 


8.      ■       \         +  ' 


ai 


a^  +  a^  +  1     a^  -  a^  +  1     a^  -  a^  +  1 

Find  the  square  root  of  each  of  the  following  expressions : 

10.   xi  +  x~i  +  2.  11.  a-'x  +  2  a"'x"*  +  ax-*. 

12.  4x-*-12x-«+13x-2-6x-Hl.         18.   9xH10x-2-4x-Hx"«-l 

14.  a2-}a*-}a*  +  lia  +  l. 

15.  J  x»  -  6  x%^  +  ^4^  x'^y  -  f  x*y'  +  ^  X2/2. 

Find  the  cube  root  of  each  of  the  following  expressions : 
18.  x-e  -  6  x-6  +  12  X"*  -  8  x'K  17.   8  x  -  36  x^  -  27  x*  +  64  x 

18.  8  x-8  +  12  x-2  -  30  x-i  -  35  +  45  X  +  27  x2  -  27  x^. 

19.  x^  -  3  x^  +  3  x^  +  2  X  +  3  x^  -  3  x^  -  6  x^^  +  3  x^'i  +  x* 

20.  8  xV^  +  13  x^  f  y^  +  12  x^i/"i  +  18  x2y"^  +  9  xy*  +  3  x^ 

Solve  each  of  the  following  equations : 
21.   2x-2-x-i-l=0.  22.   a;-2  +  5x-i- V^  =  0. 

23.  3x-«-2x-8-l  =0.  24.  6x- 2x^-16  =  0. 

25.  3  x^  -  2  xi  -  4  =  0.  26.  5  x~*  -  2  x"i  -  3  =  0. 

27.  x*+ 3x^-10  =  0.  28.  7  x"^  -  3x"5  -  4  =  0. 

29.  5  x^  -  3  x*  -  14  =  0.  80.  2  x"^  +  5  x"^  -  7  =  0. 


CHAPTER  XXVII. 

PROGRESSIONS. 

§1. 

1.  A  Series  is  a  succession  of  numbers,  each  formed  accord- 
ing to  some  definite  law.  The  single  numbers  are  called  the 
Terms  of  the  series. 

The  law  may  specify  that  each  term  shall  be  formed  from 

the  immediately  preceding  term  in  a  prescribed  way. 

E.g.,  in  the  series 

1  +  3  +  5  +  7  +  9  +  ...  (1) 

each  term  after  the  first  is  formed  by  adding  2  to  the  preced- 
ing term. 

In  the  series  1  +  2  +  4  +  8  +  .. •  (2) 

each  term  after  the  first  is  formed  by  multiplying  the  preced- 
ing term  by  2. 

Or  the  law  may  state  a  definite  relation  between  each  term 
and  the  number  of  its  place  in  the  series. 

J5;..7.,  in  the  series    |  +  ^  +  J  +  J  +  ...  (3) 

each  term  is  the  reciprocal  of  its  number. 

2.  The  number  of  terms  in  a  series  may  be  either  limited  or 
unlimited, 

A  Finite  series  is  one  of  a  limited  number  of  terms. 
An  Infinite  series  is  one  of  an  unlimited  number  of  terms. 
In  this  chapter  a  few  simple  and  yet  very  important  series 
will  be  discussed. 

§2.     ARITHMETICAL   PROGRESSION. 

1.  An  Arithmetical  Series,  or  as  it  is  more  commonly  called 
an  Arithmetical  Progression  (A.  l\),  is  a  series  in  ^kvck  ^^ji\^ 
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term,  after  the  first,  is  formed  by  adding  a  constant  i 
the  preceding  term.     See  §  1,  Art.  1,  (1). 

Evidently  this  definition  is  equivalent  to  the  stater 
the  difference  between  any  two  consecutive  terms  is  ( 

E.g.,  in  the  series 

1  +  3  +  5  +  7+  ••• 
we  have  3  — 1  =  5  —  3  =  7  —  5  =  '" 

For  this  reason  the  constant  number  of  the  first  de 
called  the  Common  Difference  of  the  series. 

2.  Let      tti  stand  for  the  first  term  of  the  series, 

a^  for  the  nth  (any)  term  of  the  series, 

d  for  the  common  difference, 

and  S„  for  the  sum  of  n  terms  of  the  series. 

The  five  numbers  aj,  a^  d,  n,  S^  are  called  the  El 
the  progression. 

3b  The  common  difference  may  be  either  positive  oi 

If  d  be  positive,  each  term  is  greater  than  the  prec( 

the  series  is  called  a  rising,  or  an  increasing  progressi 

E.g.,  1  +  2  +  3  +  4H ,  wherein  d  =  l. 

If  d  be  negative,  each  term  is  less  than  the  prec€ 
the  series  is  called  a  falling,  or  a  decreasing  progressic 
E.g.,  1  —  1—3  —  5  —  •••,  wherein  d  =  —  2. 

4.  In  an  arithmetical  progression  any  term  is  equal 
term  plus  the  product  of  the  common  difference  and  a  n 
less  than  the  number  of  the  required  term,  i.e., 

a„  =  ai-\-(n  —  l)d. 

By  the  definition  of  an  arithmetical  progression 

ttj  =  tti,    tta  =  tti  +  d,    ttg  =  a2  +  c?  =  ai  +  2  d,  € 

The  law  expressed  by  the  formulae  for  these  first  tl: 
18  evidently  general,  and  since  the  coefficient  of  d  i 
one  less  than  the  uumbei  ol  \\i^  ctc^Yx^sigonding  term, 
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Ex.  1.  Find  the  15th  term  of  the  progression 

1  +  3  +  5  +  7+-- 
we  have  cti  =  1,  d  =  2,  w  =  15 ; 

therefore  a,5  =  1  +  (15  - 1)  2  =  1  +  28  =  29. 

This  formula  may  be  used  not  only  to  find  a„,  when  «!,  d, 
and  n  are  given,  but  also  to  find  any  one  of  the  four  numbers 
involved  when  the  other  three  are  given. 

Ex.  2.  If  a^  =  3  (ti  =  5),  and  ai  =  1,  we  have  3  =  1  +  4  d ; 
whence  d  =  ^. 

5.  In  any  arithmetical  progression,  the  sum  of  n  terms  is  equal 
to  one-half  the  product  of  the  number  of  terms  and  the  sum  of  the 
first  and  the  nth  term,  i.e., 

S.  =  ^(ai  +  an).  (II.) 

Since  the  successive  terms  in  an  arithmetical  progression, 
from  the  first  to  the  nth  inclusive,  may  be  obtained  either  by 
repeated  additions  of  the  common  difference  beginning  with 
the  first  term,  or  by  repeated  subtractions  of  the  common  dif- 
ference beginning  with  the  nth  term,  we  may  express  the  sum 
of  n  terms  in  two  equivalent  ways : 


a 


5,=ai+(ai4-<0  +  («i+2d)+  — 4-(ai+n-2.d)+(ai4-n— 1-d), 

5»=a»+(a«-cr)  +  (a„-2d)  +  -  +  (a„-ir=^.d)+(a,-ir^.d)- 
Whence,  by  addition, 

28^  =  («!  H-  a^)  H-  (ai  +  a^)  -f  —  +  (a^  +«*)  +  {a^  +  a„), 
"Wherein  there  are  n  binomials  ai  +  a«. 

Therefore,  2  aS',  =  n  (ai  +  a,),  or  S^  =  ^(aj  +  a„). 

6.  If  the  value  of  a^  given  in  (I.),  be  substituted  for  a^  in 
^I.),  we  obtain 

*n  =  ^[2ai  +  (/i-l)rf].  an.) 

:       Formula  (II.)  is  used  when  Oi,  a^  and  n  are  given;   and 
On.)  when  aj,  d,  and  n  are  given. 
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7.  Ex.  1.  If  ai  =  1,  a^  =  3,  then  /S's  =  f  (1  +  3)  =  10. 
Ex.  2.  If  ai  =  -  4,  d  =  2,  w  =  12, 

then  aS'is  =  ^/  [2(-.  4)  +  11  x  2]  =  84. 

Either  (II.)  or  (III.)  can  be  used  to  determine  any  one 
the  live  elements  a,,  a„,  d,  ??,  iSn,  when  the  three  others  invo] 
in  the  formula  are  known. 

Ex.  3.  Given  a,  =  —  3,  d  =  2,  aS'^  =  12,  to  find  n. 

From  (III.),  12  =  ^[-6  +  2(71-  1)], 

or  w*  —  4  n  =  12 ;    whence  w  =  6  and  —  2.  . 

The  result  6  gives  the  series  —3—1+1+3  4-5  +  7,  = 

Since  the  number  of  terms  must  be  positive,  the  negj 

result,    —2,   is  not  admissible.      But  its    meaning  ma^ 

assumed  to  be  that  two  terms,  beginning  with  the  last 

counting  toward  the  first,  are  to  be  taken. 

8.  Formulae  (I.)  and  (II.),  or  (I.)  and  (III.),  may  be 
simultaneously  to  determine  any  two  of  the  five  numbei 
a,,,  cZ,  aS,,,  71,  when  the  three  others  are  given. 

Ex.  1.   Given  d  =  J,  ti  =  9,  a^  =  5,  to  find  a^  and  8^ 
From  (I.),         5  =  ai  +  8  •  ^,  w^hence  ai  =  1. 
From  (II.),  using  the  value  of  a^  just  found, 

,S,  =  f(l  +  5)  =  27. 

Ex.  2.  Given  ai  =  3,  n  =  13,  Si^  =  13,  to  find  d  and  a^a. 
From  (II.),  13  =  J/  (3  +  ajg),  whence  aja  =  —  1. 
From  (I.),  —  1  =  3  +  12  d,  whence  d  =  —  ^. 

Ex.  3.   Given  cZ  =  —  2,  a„  =  — 16,  aS'„  =  —  60,  to  find  ai  a 
From  (I.),  - 16  =  ai  -  2  (/I  - 1), 

and  from  (II.),  -  60  =  ^  (ai  - 16). 

Solving  (1)  and  (2),  ^Ci  cAil^m  u=:12,  ai  =  6;    and  i 
Qj  =  -8. 
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The  two  series  are : 

6  +  4  +  2  +  0-2-4-6-8-10-12-14-16, 

and  -8-10-12-14-16, 

both  of  which  have  d  =  —  2,  a„  =  — 16,  S^  =  —  60. 

Notice  that  in  this  example  the  sum  of  the  terms  which  are 
not  common  to  the  two  series  is  0. 

Ex.  4.  Given  aj  =  1,  d  =  2,  a,^  =  18,  to  find  n. 
From  (I.),  18  =  1  +  2  (n  - 1),  whence  n  =  ^^, 

This  result  is  inadmissible. 

A  glance  at  the  data  will  reveal  the  meaning?  of  this  result. 
Since  the  first  term  is  odd  and  the  common  difference  even, 
the  last  term  cannot  be  even. 

This  example  also  illustrates  the  fact  that,  although  one  of 
the  formulae  determines  one  of  the  elements -when  the  other 
three  elements  are  given,  yet  these  three  elements  cannot  be 
ai'bitrarily  assumed. 

9.  In  many  examples  the  elements  necessary  for  determin- 
ing the  required  element  or  elements  directly  from  (I.)-(III.) 
are  not  given,  but  in  their  place  equivalent  data. 

Ex.  1.  Given  Og  =  17,  an  =  32,  to  find  a,  and  d. 

From  (I.),      17  =  ai  +  5  d,  and  32  =  a^  + 10  d. 

Solving  these  equations,  aj  =  2,  d  =  3. 

Or,  we  could  have  regarded  17  as  the  first  term  and  32  as 
the  last  term  of  a  progression  of  6  terms.  Then,  by  (I.), 
32  =  17  +  5  d,  whence  d  =  3. 

By  (I.)  again,  17  =  a^  +  5  x  3 ;  whence  ai  =■  2,  as  above. 

Ex.  2.  Given  S^  =  80,  S^  =  168 ;  find  Oj  and  d. 

From  (III.),  80  =  }  (2  ai  +  7  d),  and  168  =  V  (2  a^  +  11  d). 

From  these  equations;  ai  s  3,  d =2. 
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BXBBCISBS  I. 

Find  the  last  term,  and  the  sum  of  the  terms,  of  each  of  the  following 
arithmetical  progressions : 

1.   2  +  6  +  •••  to  10  terms.  2.  3  +  1  —  •••  to  13  terms. 

8.  —  6  —  2  +  •••  to  21  terms.  4.    13  +  H  +  ***  to  25  terms. 

6.  3  +  IJ  +  ...  to  40  terms.  6.   4  +  1}  —  ...  to  31  terms. 

7.  9+ 11  +  ...  to  »  terms.  8.    1  +  f +•..  to  n  terms. 

9.  n  +  2  n  +  •••  to  16  terms,  to  m  terms. 

10.  a  +  (a  4-  6)  H —  to  20  terms,  to  n  terms. 

11.  X  4-  (3  X  —  2  y)  4-  •••  to  16  terms,  to  n  terms. 

12.  (m  +  2)  -f  (4  wn-  5)  +  •••  to  40  terms,  to  n  terms. 

18.  ^-^  +  ^^  +  —  to  30  terms,  to  n  terms. 

a  a 

14.  «^l^  +  ^a-^b  +  ...  to  32  terms,  to  n  terms. 
a-{-  b        a  +  b 

«,2  4.  1 

16.   n  —  1  H — — f- ...  to  11  terms,  to  x  terms. 

16.  Find  the  sum  of  the  series 

(e*+i  -  e*  +  1)  +  (e*+i  +  e«  -  1)  +  —  4-  (e*+i  4- 19  c*  -  19). 

In  each  of  the  following  arithmetical  progressions  find  the  values  0 
the  two  elements  not  given  : 

17.  ai  =  4,  (Z  =  5,  n  =  10.  18.   ai  =  1.2,  d  =  -  3,  n  =  16. 

19.  a„  =  -  4,  d  =  .3,  n  =  10.         20.   a^  =  16,  d  =  2,  n  =  9. 

21.  ai  =  -  5,  n  =  72,  a„  =  37f.  22.  ai  =  2J,  n  =  5,  a„  =  -  1.9. 

23.  d  =6,n  =  10,  Sn  =  340.  24.  d  =-  4.8,  n  =  3,  iS„  =  28.6. 

25.  ai  =  3,  n  =  15,  Sn  =  90.  26.  an  =  13,  n  =  8,  Sn  =  100. 

27.  ai  =  4i,  n  =  10,  Sn  =  73^.  28.  a„  =  2J,  n  =  12,  /S;  =  -  7. 

29.  ai  =  9,  d  =  - 1,  a„=  6.  30.  ai  =  7,  d  =  5,  a„  =  227. 

81.  ai  =-7.5,  a„=  10.5, /S^,  =  15.  82.  ai  =  22^,  a„  =  -  19f , /S™  =  20. 

38.  ai  =  2,  d  =  5,  Sn  =  245.  84.  ai  =  -  J,  d  =  f ,  ;S'„  =  282i. 

86.  an  =  56,  d  =  5,  Sn  =  324.  36.  a„  =  4i,  d  =  -  J,  Sn  =  69^. 

Arithmetical  Means. 

10.  The  Arithmetical  Mean  between  two  numbers  is  a  th 
number,  in  value  between  ^i\Le  ^^^o^-^liich  forms  with  them 
arztlinietical  progresBioii. 
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E,g,y  2  is  an  arithmetical  mean  between  1  and  3. 

Let  A  stand  for  the  arithmetical  mean  between  a  and  b] 
then  by  the  definition  of  an  arithmetical  progression, 

A  —  a  =  b  —  A, 

whence  A  =  ^-^ — 

2 

That  is,  the  arithmetical  mean  between  two  numbers  is  half 

their  sum, 

11.  Arithmetical  Means  between  two  numbers  are  numbers,  in 
value  between  the  two,  which  form  with  them  an  arithmetical 
progression. 

E.g.,  2, 3,  and  4  are  three  arithmetical  means  between  1  and  5. 

Ex.   Insert  four  arithmetical  means  between  —  2  and  9. 
We  have  w  =  6,  %  =  —  2,  a^  =  9. 

From  (I.),  9  =  —  2  +  5  d,  whence  d  =  ^. 
The  required  means  are  \,  J^,  ^,  ^. 

12.  If  n  arithmetical  means  be  inserted  between  a  and  &,  we  have  an 
arithmetical  progression  of  n  +  2  terms,  the  first  term  being  a  and  the 
last  b. 

Therefore,  from  (I.),  b  =  a  +(n  +  2  —  1)(?, 

whence  d  =  • 

n+  1 

The  resulting  series  is  therefore 

^  ^  \  b  —  a    „  i  nb  —  a    „  i  ob  —  a  «,. 

n+l  n+1  n+1 

^   na  +  b    (n-l)a  +  26    (n  -  2)  a  +  3  6  ;, 

or  a,  — ;i— ,  i^ ^-— ^- — ,   i^ ^-— ,  — ,  0. 

n+l  n+l  n+l 

BXBBCISBS  II. 
Insert  an  arithmetical  mean  between 
1.   45  and  31.  2.    17|  and  14|.  3.   2  a  and -2  5. 

4.  ±=-k  and  £±^.  6.  ^  and  -^. 

0  +  6  a-6  x-1  ac»-l 

6.   Insert  0  arithmetical  means  between  7  and  36. 

7«  JoMort  12  Aritbmetical  means  between  ^1  axk^  —  ^. 
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8.  Insert  9  arithmetical  means  between  I  and  12. 

9.  Insert  5  aritlimetical  means  between  17}  and  1}. 

10.  Insert  20  arithmetical  means  between  —  16  and  26. 

11.  Insert  6  arithmetical  means  between  a  +  &  and  8  a  —  13  &. 

Problems. 

13.  Pr.  1.  The  sum  of  four  numbers  in  arithmetical  pro- 
gression is  16,  and  their  product  is  105.  What  are  the 
numbers  ? 

We  can  express  the  four  required  numbers  in  terms  of  two 
unknown  numbers. 

Let  X  —  3d,  X  —  d,  x  +  d,  x-^Sd  be  the  four  required  num- 
bers.    Then,  by  the  first  condition, 

(«- 3d)  +  (a;- d)  4- («  +  cZ)  +  (a?  +  3d)  =  16; 

whence  a;  =  4. 

By  the  second  condition, 

(x-3d)(x-d)(x  +  d)(x-{-3d)  =  105, 
or  (ar^  -  9  d^)  (a?2  -  d2)  =  105. 

Substituting  4  for  x  and  reducing,  9  d*  —  160  d^  =  —  151. 

From  this  equation  we  obtain  d  =  ±  1,  and  ±  ^^^151. 

The  corresponding  numbers  are, 
when  d  =  1 :  1,  3,  5,  7 ;  when  d  =  —  1 :  7,  5,  3,  1 ; 
when  d  =  ^ V^^^  • 

4  -  V151,  4  -  i  V151,  4  +  i  V151,  4  4-  V151 ; 
when  d  =  —  J V^51 : 

4  -4-  V151.  4  +  W^51,  4  -  i  Vl^l.  4  -  V151- 
Notice  the  advantage  of  assuming  the  required  numbers  i 
in  the  above  example.  Had  we  assumed  x,  oj  +  d,  a: +  2 
a;  +  3  d  as  the  required  numbers,  the  solution  would  ha^ 
involved  an  equation  of  the  fourth  degree  which  could  n 
have  been  solved  as  a  quadratic. 

Pr.  2.  Find  the  sum  of  all  the  numbers  of  three  digits  whi 
are  multiples  of  7.  \ 

The  numbers  of  three  dibits  which  are  multiples  of  7  are 
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Their  sum  is         7  (15  +  16  +  •  •  •  + 142). 

The  series  within  the  parentheses  is  an  arithmetical  progres- 
sion, in  which  Oi  =  15,  d  =  1,  n  =  128,  and  aiog  =  142. 

Therefore  S^ss  =  10,048. 

The  required  sum  is  therefore  7  x  10,048,  =  70,336. 

EXERCISES  III. 

1.  Find  the  sixth  term,  and  the  sum  of  eleven  terms,  of  an  A.  P. 
whose  eighth  term  is  11  and  whose  fourth  term  is  —  1. 

2.  The  sixteenth  term  of  an  A.  P.  is  —  5,  and  the  forty-first  term  is 
46.     What  is  the  first  term,  and  the  sum  of  twenty  terms  ? 

8.   Find  the  sum  of  all  the  even  numbers  from  2  to  50  inclusive. 

.  4.  Find  the  sum  of  thirty  consecutive  odd  numbers,  of  which  the  last 
is  127. 

6.  The  sum  of  the  eighth  and  fourth  terms  of  an  A.  P.  of  twenty 
terms  is  24,  and  the  sum  of  the  fifteenth  and  nineteenth  terms  is  08. 
What  are  the  elements  of  the  progression  ? 

6.  The  product  of  the  first  and  fifth  terms  of  an  A.  P.  of  ten  terms 
is  85,  and  the  product  of  the  first  and  third  terms  is  55.  What  are  the 
elements  of  the  progression  ? 

7.  The  first  term  of  an  A.  P.  of  thirty  terms  is  100,  and  the  sum  of 
the  first  six  terms  is  five  times  the  sum  of  the  six  following  terms.  What 
are  the  elements  of  the  progression  ? 

8.  The  sum  of  the  second  and  twentieth  terms  of  an  A.  P.  is  10,  and 
their  product  is  23|}.     What  is  the  sum  of  sixteen  terms  ? 

9.  The  sixth  term  of  an  A.  P.  is  30,  and  the  sum  of  the  first  thirteen 
tei*ms  is  455.     What  is  the  sum  of  the  first  thirty  terms  ? 

10.  What  value  of  x  will  make  the  arithmetical  mean  between  aca  and  x* 
equal  to  6  ? 

11.  Find  the  sum  of  all  even  numbers  of  two  digits. 

12.  How  many  consecutive  odd  numbers  begiiming  with  7  must  be 
taken  to  give  a  sum  775? 

18.  Insert  between  0  and  0  a  number  of  arithmetical  means  so  that 
the  sum  of  the  terms  of  the  resulting  A.  P.  shall  be  39. 

14.  Find  the  number  of  arithmetical  means  between  1  and  19,  if  the 
first  mean  is  to  the  last  mean  as  1  to  7. 

16.  The  sum  of  the  terms  of  an  A.  P.  of  six  terms  is  06,  and  the  sum 
of  the  squares  of  the  terms  is  1006.  What  are  the  elements  of  th» 
progression  ? 
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16.  The  sum  of  the  terms  of  an  A.  P.  of  twelve  terms  is  364,  and  the 
sum  of  the  even  terms  is  to  the  sum  of  the  odd  terms  as  32  to  27.  What 
is  the  common  difference  ? 

17.  How  many  positive  integers  of  three  digits  are  there  which  are 
divisible  by  9  ?    Find  their  sum. 

18.  If  the  sum  of  m  terms  of  an  A.  P.  is  n,  and  the  sum  of  n  terms  is 
m,  what  is  the  sum  of  m  +  m  terms  ?    Ofm  —  n  terms  ? 

19.  Show  that  the  sum  of  2  n  +  I  consecutive  integers  is  divisible  by 
2n  +  l. 

20.  Prove  that  if  the  same  number  be  added  to  each  term  of  an  A.  P., 
the  resulting  series  will  be  an  A.  P. 

21.  Prove  that  if  each  term  of  an  A.  P.  be  multiplied  by  the  same 
number,  the  resulting  series  will  be  an  A.  P. 

22.  Prove  that  if  in  the  equation  y  =  ox  +  6,  we  substitute  c,  c-{-d, 
c  -f  2  d,  ..-,  in  turn  for  x,  the  resulting  values  of  y  will  form  an  A.  P. 

28.   Prove  that  if  a^,  b^,  c^  form  an  A.  P.,  then 

— —1  — — »   form  an  A.  P. 

64-c    c  +  a    a  -hb 

24.  If  a,  6,  c  form  an  A.  P.,  then 

|(a  +  6  +  c)3  =  a\b  +  c)  +  b\a  +  c)  +  C^ia  +  6). 

25.  A  laborer  agreed  to  dig  a  well  on  the  following  conditions :  for  the 
first  yard  he  was  to  receive  $2,  for  the  second  $2.50,  for  the  third  $3, 
and  so  on.     If  he  received  $42.50  for  his  work,  how  deep  was  the  well  ? 

26.  On  a  certain  day  the  temperature  rose  J°  hourly  from  5  to  11  a.m., 
and  the  average  temperature  for  that  period  was  8°.  What  was  the  tem- 
perature at  8  A.M.  ? 

27.  Twenty-five  trees  are  planted  in  a  straight  line  at  intervals  of  5  feet. 
To  water  them,  the  gardener  must  bring  water  for  each  tree  separately 
from  a  well  which  is  10  feet  from  the  first  tree  and  in  line  with  the  trees. 
How  far  has  the  gardener  walked  when  he  has  watered  all  the  trees  ? 

28.  Two  bodies,  A  and  B,  start  at  the  same  time  from  two  points,  C 
and  Z>,  which  are  75  feet  apart,  and  move  in  the  same  direction.  A  moves 
1  foot  the  first  second,  3  feet  the  second,  5  feet  the  third,  etc. ;  B  moves  3 
feet  the  first  second,  4  feet  the  second,  5  feet  the  third,  etc.  How  long 
will  it  take  A  to  overtake  B  ? 

29.  A  number  of  equal  balls  are  placed  in  the  form  of  a  solid  equi- 
lateral triangle  in  the  following  way :  one  ball  is  placed  at  the  vertex, 
under  this  are  placed  two  balls,  under  these  two  are  placed  three  balls, 
and  so  on.  If  the  number  of  balls  is  increased  by  4,  they  can  be  place<j 
in  the  form  of  a  solid  rectangle  whose  base  is  equal  to  the  base  of  the  tri 

angle,  and  whose  altitude  \b  ^  b^W^.^itiorter  than  the  base.     How  man^ 
ballB  are  in  the  triangle  ? 


A 
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§3.     GEOMETRICAL  PROGRESSION. 

1.  A  Geometrical  Series,  or  as  it  is  more  commonly  called 
a  Geometrical  Progression  (G.  P.),  is  a  series  in  which  each  term 
after  the  first  is  formed  by  multiplying  the  preceding  term  by 
a  constant  number.     See  §  1,  Art.  1,  (2). 

Evidently  this  definition  is  equivalent  to  the  statement  that 
the  ratio  of  any  term  to  the  preceding  is  constant. 

For  this  reason  the  constant  multiplier  of  the  first  definition 
is  called  the  Ratio  of  the  progression. 

Let  tti  stand  for  the  first  term  of  the  series, 

a„  for  the  nth  (any)  term, 
r  for  the  ratio, 
and  Sn  for  the  sum  of  n  terms. 

The  five  numbers  ai,  a„,  r,  Sn)  n,  are  called  the  Elements  of 
the  progression. 

2. "  The  ratio  may  be  either  larger  or  smaller  than  1 ;  in  the 
former  case  the  progression  is  called  a  rising  or  ascending  pro- 
gression; in  the  latter  si.  falling  or  descending  progression. 

E,g,,  1+14-14-^+...,  in  which  r  =  f, 

and  ^  —  1  -1-  2  —  4  +  8 •••,  in  which  r  =  —  2, 

are  ascending  progressions ;  while 

l  +  i  +  i+t+  •••,  in  which  r  =  ^, 

and  1  "-  i  +  ^  —  YT  H y^^  which  r  =  —  J, 

are  descending  progressions. 

If  the  terms  are  all  positive,  the  words  increasing  and  decreas- 
ing may  be  used  for  ascending  and  descending,  respectively. 

3,  In  a  geometrical  progression  any  term  is  equal  to  the  first 
term  multiplied  by  a  power  of  the  ratio  whose  exponent  is  one  less 
than  the  number  of  the  required  term,  i.e., 

an  =  a,r^-\  (I.) 

By  the  definition  of  a  geometrical  progression 

ajsroj,  ai=:air,  a,  =  o^r  =  a^i*,  a^^a^^o;^,  ^^*^* 
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The  law  expressed  by  the  relations  for  these  first  four  terms 
is  evidently  general,  and  since  the  exponent  of  r  is  one  less 
than  the  number  of  the  corresponding  term,  we  have 

Ex.  1.  If        tti  =  ^,  r  =  3,  n  =  5,  then  a^  =  ^  •  3*  =  ^^. 

This  relation  may  also  be  used  to  find  not  only  a„  when  ai, 
r,  and  n  are  given,  but  also  to  find  the  value  of  any  one  of  the 
four  numbers  when  the  other  three  are  given. 

Ex.  2.  If  «!  =  4,  ae  =  |,  n  =  6,  then  |  =  4  r*,  whence  r  =  ^. 

It  is  important  to  notice  that,  while  ai,  a^,  and  r  may  be  posi- 
tive or  negative,  integral  or  fractional,  n  must  be  a  positive 
integer.     Consequently  a^,  a„,  r  cannot  be  assumed  arbitrarily. 

As  yet  the  value  of  n  can  be  determined  from  (I.)  only  by 
inspection. 

4.  In  a  geometrical  progression 

or  Sn  =  V^^^  =  ?^?^^^.  (III.) 

1  — /•         r  —  1 

We  have  ^S^  =  aj  +  a^r  -f  aj/^  H h  a^r**"^  +  air**"^,  (1) 

and  r/S'„  =  air  -f  ai?-*  H 1-  aif~^  +  air""^  -f  ajr**.  (2) 

Consequently,  subtracting  (2)  from  (1), 

^nO-  -r)=  ai  -  a^r^, 

whence  S^  =  <}  "  "")  =  ^"^  -  ^). 

1 —r  r — 1 

Substituting  a„  for  a^r""*  in  (II.),  we  have 

o  _  ^1  "•  ^n^  _  ct„r  —  ai 
1  —  r         r  —  1 

The  first  forms  of  (II.)  and  (III.)  are  to  be  used  when  r  <  1, 
the  second  when  r  >  1. 

5.  Ex.  1.   Given  aj  =  3,  r  =  2,  n  =  6,  to  find  Sq. 
From  (II.),  S, =?^-^ =m. 
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Formulae  (II.)  and  (III.)  may  be  used  not  only  to  find  S^ 
when  Oi,  r,  and  n,  or  ai,  an,  and  r  are  given,  but  also  to  find  the 
value  of  any  one  of  the  four  elements  when  the  other  three 
are  given. 

Ex.  2.  Given  S^  =  -  63^,  Oi  =  - 1,  a„  =  -  32,  to  find  r. 
By  (III.),     -  63^  =  "1  +  ^^^  whence  r  =  2. 

6.  Formulae  (I.)  and  (II.)>  or  (I.)  and  (III.),  may  be  used 
simultaneously  to  determine  any  two  of  the  five  elements, 
Oj,  a„,  r,  S^  n,  when  the  three  other  elements  are  given. 

Ex.  1.  Given  r  =  —  ^,  ?i  =  5,  aj  =  —  J,  to  find  ai  and  S^, 
From  '(I.),         —  i  =  (hi—  iYf  whence  a^  =  —  4 ; 
and  from  (II.),  using  the  value  of  aj  just  found, 

4[l-(-ffl_      11 

Ex.  2.  Given  r  =  2,  a„  =  16,  S^  =  31^,  to  find  ai  and  n. 
From  (III.),  31^  =  -^^^  ^7^,  whence  a,  =  ^. 

From  (I.),        10  =  ^  .  2""^  whence  ?i  =  6. 

Ex.  3.  Given  n  =  7,  O;  =  16,  Sj  =  31|,  to  find  r  and  ai- 
From  (I.),  16  =  a/, 

and  from  (II.),  31 1  =  ^'^}  ""  ^> 

1  —  r 

Eliminating  ai  between  these  two  equations,  we  obtain 

63 1^  -  127  ;^  =  -  64. 

Thus  this  example  leads  to  an  equation  of  the  seventh  degree, 
which  cannot  be  solved.  The  value  of  r  in  such  equations  can 
often  he  found  by  inspection.  In  the  above  equation  r  =  2. 
We  then  have  Oi  =  \. 

7.  In  many  examples  the  elements  necessary  for  determin- 
ing tlie  element  or  elements  directly  from  (I.)-(IIL)  are  not 
given^  but  in  their  place  eipiivaleut  d;\itau 
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Ex.  1.   Given  a^  =  48,  Og  =  384,  to  find  ai  and  r. 

From  (I.),  48  =  ai?^  and  384  =  air' ; 

whence  r*  =  8,  or  r  =  2.    Therefore  a^  =  3. 

Or,  we  could  have  regarded  48  as  the  first  term  and  384  as 
the  last  term  of  a  progression  of  four  terms.  Then  by  (I.), 
384  =  48  r",  whence  r  =  2,  as  before. 

Ex.  2.  Given  Se  =  63,  S^  =  511,  to  find  aj  and  r. 

From  (II.),     63  =  ^'^^~/),  and  511  =  ^'^^  ""^  ^)  ;  (1) 

r  —  1  r  —  1 

1..  ..  »^-l     511  ^    r^-fr^  +  l     511 

whence  - — -  =  -— -,  or  — ^ — j —  =  -— -• 

r«~l      63'  r^  +  l  63 

Therefore  63  j-*'  -  448  r»  =  448 ; 

whence    r^  =  S,  and  —  f ;  and  r  =  2,  and  —  f -^3. 

We  then  have  from  (1)  :  aj  =  1,  when  r  =  2 ; 
and  tti  =  100 iV  (2^3  +  3),  when  r  ==  - 1^3. 

Such  examples  as  the  last  in  general  lead  to  equations  of 
higher  degree  than  the  second. 

EXERCISES   IV. 

Find  the  last  term  and  the  sum  of  the  terms  of  each  of  the  following 
geometrical  progressions : 

1.    3  +  6  + -.-to  0  terms.  2.   2  —  4  +  •••  to  10  terms. 

8.  32  -  16  -f  ...  to  7  terms.  4.    If  +  2}  +  •••  to  6  terms. 

6.   2  —  22 -f  ...to  11  terms.  6. f-i+ —to  n  terms. 

V2     2 

7.  1  4-  (1  +«)+•••  to  4  terms,  to  n  terms. 

8.  aP  -\-  aP+«  4-  ..•  to  7  terms,  to  n  terms. 

In  each  of  the  following  geometrical  progressions  find  the  values  of  the 
elements  not  given : 

9.  ai  =  1,  r  =  4,  n  =  5.  10.    ai  =  2J,  r  =  —  2,  n  =  6. 
11.   a„  =  10,  r  =  2,  n  =  4.  12.   a„  =  1.2,  r  =  -  .2,  w  =  5. 

13.    r  =  2,  n  =  6,  Sn  =  62.  14.   r  =  10,  n  =  7,  Sn  =  3,333,333. 

13.   ai=6f  n  =  9,  a„  =  327,680.        16.   ai  =  74f,  n  =  6,  a,  =  2J. 
17.   an  =  96,  n  =  4,  /Sfn  =  127.5.         IV  an=n,  u-^.  ^t.-<5&^^%7. 
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19.  ai  =  1,  r  =  2,  a»  =  64.  20.  ai  =  7,  r  =  10,  a„  =  700. 

21.  01  =  74J,  a»  =  2},  Sn  =  147.  22.  ai  =  1,  a„  =  612,  Sn  =  1023. 

.  a«  =  44,  r  =  4,  Si,  =  56.  24.  a,»  =  3125,  r  =  6,  z^,,  =  3905. 

.  ai=40,  r  =  l,  /^,  =  76.  26.  ai  =  4,  r  =  3,  iS^n  =  118,096. 

27.  ai  =  3,  n  =  3,  /^h  =  1953.  28.  ai  =  100,  n  =  3,  Sn  =  700. 

Sum  of  an  Infinite  Geometrical  ProgresBion. 

8.   When  r  is  less  than  1,  the  term  air"  in  the  formula 

o__gi  —  oir** 
1-r 

decreases  as  n  increases.    As  n  grows  indefinitely  large,  air**  becomes 
indefinitely  small.    For,  as  in  Ch.  XVII.,  Art.  16,  we  have 

a»+i  >  6»+i  4.  (n  +  1) (a  -  b)b\ 

Now  let  a  =  1,  6  =  1  —  d,  wherein  d  is  a  positive  proper  fraction.    Then 

l>(l-<f)»+i4.(n  +  l)d(l-d)-;  or,  1  >(1  -  d)-(l  +  nd). 

Therefore  (1  -  d)*<      ^ 


1  +nd 


Evidently, can  be  made  less  than  any  assigned  number,  however 

1  +  nd 

small,  by  increasing  n  indefinitely.    Therefore,  (1  -  d)»,  which  may  rep- 
resent any  proper  fraction,  say  r,  can  be  made  less  than  any  assigned 
number,  however  small.    That  is,  when  n  =  oo,  air»  =  0. 
We  therefore  have,  when  r  <  1  and  n  =  00, 

1  —  r 
Ex.  1.  Find  the  sum  of  the  infinite  series 

1  +  1  +  J  +  J4-  •••!  in  which  r  =  J. 

We  have  ^,  =  — —  =  2. 

The  meaning  of  this  result  is  that  the  sum  of  the  given  series  approaches 
the  finite  value  2  more  and  more  nearly  as  more  and  more  terms  are 
included  in  the  sum,  and  that  the  sum  can  be  made  to  differ  from  2  by  as 
little  as  we  please,  by  taking  a  sufiicient  number  of  terms.  The  exact 
sum  2,  however,  can  never  be  obtained. 

This  theory  can  be  applied  to  find  the  value  of  a  repeating  (recurring) 
decimal. 
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Ex.  2.  Verify  that  .6  =  f 

We  have  .666 ...  =  ^  +  tJtt  +  tt/W  +  -» 

a  geometrical  progression  whose  first  term  is  ^  and  whose  ratio  is  ^. 
Consequently 

BXEBCISES  V. 

Find  the  sum  of  the  following  infinite  geometrical  progressions : 
1.   6  +  4  +  •••.  2.   60-1-15-1-  ....  8.    10-6-1- ..-. 

4.   l-|-i+---.  ^    1-J-l-....  6.   6-i  +  .... 

10.    1 -\-x-\-x^  ■{-'",  yfhen  x<l,         11.    1 -I---I-  — 4- •••,  when  x>l. 

X     x^ 

Find  the  value  of  each  of  the  following  repeating  decimals  : 
12.    .44....  18.    .99....  14.    .2727...  15.    .016015  ... 

16.   .199....         17.   1.0909....         18.    .122323....        19.    .201475476.... 

Verify  each  of  the  following  identities  : 
20.   v'-44— =.66....  21.   V- 6^44.. .  =  .833  .... 

Geometrical  Means. 

9.  A  Geometrical  Mean  between  two  numbers  is  a  number,  in 
value  between  the  two,  which  forms  with  them  a  geometrical 
progression. 

E.g.,  -f  2,  or  —  2,  is  a  geometrical  mean  between  1  and  4. 
Let  G  be  the  geometrical  mean  between  a  and  b. 
Then  by  definition  of  a  geometrical  progression, 

^  =  ^;  whence  G  =  ± -^(ah), 
a      G 

That  iSj  the  geometrical  mean  between  two  numbers  is  the 

square  root  of  their  product. 

Ex.   Find  the  geometrical  mean  between  1  and  J.     We  have 

(^=±vaxf)=±-|. 

10.  Geometrical  Means  between  two  numbers  are  numbers,  ii 
value  between  the  two,  vf\ac\v  ioxm  with  them  a  geometrica 

progresaion.     E.g.,,  4  and  KS  a.ic^  ^"^^  ^^Qm^\,\\^^  ^^'WNSi\«^^^ee3 


.< 

« 
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1  and  64 ;  and  2, 4,  8, 16, 32  are  five  geometrical  means  between 
1  and  64. 

Ex.   Insert  five  geometrical  means  between  2  and  11. 
We  have  11  =  2  r*,  whence  r  =  -^^^ 

The  required  means  are 

2^Y.  2^(W,  2^(W,  2</(W,  2</(W- 

11.  If  n  geometrical  means  be  inserted  between  a  and  b,  we  have  a 
geometrical  progression  of  n  +  2  terms. 

Consequently,  by  (I.), 

b  =  ar^+\  or  r  =  **  -%/— 

Ma 

The  progression  is  therefore, 

«'«^    ^-,  ax    VU)'«x    iU^-^^ 
or  a,  -+^(a"6),  *»+i^(a»-i62),  «+J/(a»-268)^  ...^. 

EXERCISES  VI. 
Insert  a  geometrical  mean  between 
1.   2  and  8.  2.   12  and  3.  8.   }  and  t^. 

4.    y/a  and  ^(2  a).  6.    75  m^  and  3  mn^.  6.  -  and  -. 

7.    (a  -  6)«  and  (a  +  6)2.  8.    (a^  +  l)(o2- l)-i  and  J(a*  -  1). 

9.   Insert  5  geometrical  means  between  2  and  1468. 

10.  Insert  7  geometrical  means  between  2  and  512. 

11.  Insert  6  geometrical  means  between  3  and  —  384. 

12.  Insert  6  geometrical  means  between  5  and  —  640. 
18.   Insert  8  geometrical  means  between  4  and  —  ^f }}'. 
14.   Insert  0  geometrical  means  between  1  and  ^^^. 

Problems. 

12.  Pr.  The  sum  of  the  terms  of  a  geometrical  progression 
of  five  terms  is  484 ;  the  sum  of  the  second  and  fourth  terms 
is  120.    What  is  the  progression  ? 

Let  -^  ~,  Of,  aw,  icr*  be  the  required  terms. 
r  r 
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/}•  Of* 

By  the  first  condition,       — H \- x -^  xr -{- xi^  =  484        (1) 

IT      r 

X 

By  the  second  condition,  --{-xr  =  120.  '  (2) 

Subtracting  (2)  from  (1),  ^  +  a  +  a^  =  364.  (3) 

Dividing  by  x,  and  adding  1  to  both  members, 

l  +  2  +  r»  =  ^  +  l.  (4) 

7"^  X 


Squaring  (2),  x'fl-{-2-^A=  14400, 


(5) 


1,0,0     14400  //.x 

or  ^4-2-{-r^  =  ——-'  (6) 

r-*  ar 

Equating  second  members  of  (4)  and  (6), 

364  ,  .      14400  /7X 

x  ar 

whence  x  =  36,  and  —  400. 

Substituting  36  for  x  in  (2),  we  obtain 

r  =  3,  and  ^. 

The  value,  —  400,  of  x  gives  imaginary  values  of  r,  and  there- 
fore must  be  rejected. 

When  a?  =  36  and  r  =  3,  the  series  is  4,  12,  36,  108,  324- 
when  a?  =  36  and  r  =  \,  the  series  is  324, 108,  36, 12,  4. 


EXERCISES  VII. 

1.  The  first  term  of  a  G.  P.  of  six  terms  is  768,  and  the  last  term  is 
one-sixteenth  of  the  fourth  term.  What  is  the  sum  of  the  six  terms  of 
the  progression  ? 

2.  The  first  term  of  a  G.  P.  of  ten  terms  is  3,  and  the  sum  of  the  first 
three  terms  is  one-eighth  of  the  sum  of  the  next  three  terms.  Find  the 
elements  of  the  progression. 

3.  The  twelfth  term  of  a  G.  P.  is  1536,  and  the  fourth  term  is  6. 
What  is  the  ratio,  and  the  sum  of  the  first  eleven  terms  ? 

4.  The  sura  of  the  first  and  fourth  terms  of  a  G.  P.  of  ten  terms  is  456, 
and  the  sum  of  the  second  and  lYiVtd  \.etxQa  S&  \^Q.    What  are  the  elements 

of  tAe  progression  ? 
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5.  In  a  G.  P.  of  eight  terms,  the  sum  of  the  first  seven  terms  is  444 1, 
and  is  to  the  sum  of  the  last  seven  terms  as  1  to  2.  Find  the  elements  of 
the  progression. 

6.  The  sum  of  the  first  four  terms  of  a  G.  P.  is  15,  and  the  sum  of  the 
terms  from  the  second  to  the  fifth  inclusive  is  30.  What  is  the  first  term, 
and  the  ratio  ? 

7.  Find  the  elements  of  a  G.  P.  of  six  terms  whose  first  term  is  1,  and 
the  sum  of  whose  first  six  terms  is  twenty-eight  times  the  sum  of  the  first 
three  terms. 

8.  The  sum  of  the  first  three  terms  of  a  G.  P.  is  21,  and  the  sum  of 
their  squares  is  189.    What  is  the  first  term  ? 

9.  The  product  of  the  first  and  third  terms  of  a  G.  P.  of  seven  terms  is 
64,  and  the  sum  of  the  fourth  and  sixth  terms  is  6.  What  are  the  ele- 
ments of  the  progression  ? 

10.  The  product  of  the  first  three  terms  of  a  G.  P.  is  216,  and  the  sum 
of  their  cubes  is  1971.     What  is  the  first  term,  and  the  ratio  ? 

11.  Find  the  mth  and  the  nth  terms  of  a  geometrical  progression  whose 
(m  +  w)th  tenn  is  Jfc,  and  (m  —  w)th  term  is  L 

12.  If  the  numbers  1,  1,  3,  9  be  added  to  the  first  four  terms  of  an 
A.  P.,  respectively,  the  resulting  terms  will  form  a  G.  P.  What  is  the 
first  term,  and  the  common  difference  of  the  A.  P.  ? 

18.  A  G.  P.  and  an  A.  P.  have  a  common  first  .term  3,  the  difference 
between  their  second  terms  is  6,  and  their  third  terms  are  equal.  What 
is  the  ratio  of  the  G.  P.,  and  the  common  difference  of  the  A.  P.  ? 

14.  The  sum  of  the  eight  terms  of  an  A.  P.,  whose  first  term  is  1,  is 
3,204,176.  The  first  and  last  terms  of  a  G.  P.  of  eight  terms  are  equal  to 
the  corresponding  terms  of  the  A.  P.    Find  the  fifth  term  of  the  G*.  P. 

15.  The  first  and  last  terms  of  an  A.  P.  of  fifteen  terms  are  equal  to 
the  corresponding  terms  of  a  G.  P.  of  fifteen  terms,  and  the  ninth  term 
of  the  A.  P.  is  equal  to  the  eighth  term  of  the  G.  P.  What  is  the  ratio  of 
the  G.  P.  ? 

16.  The  ratios  of  two  geometrical  progressions  having  the  same  number 
of  terms  are  ^  and  J  respectively,  and  their  first  terms  are  equal.  The 
last  term  of  the  first  progression  is  243,  and  the  last  term  of  the  second  is 
32.     Find  the  elements  of  each  progression. 

17.  Show  that,  if  all  the  terms  of  a  G.  P.  be  multiplied  by  the  same 
number,  the  resulting  series  will  form  a  G.  P. 

18.  Show  that  the  series  whose  terms  are  the  reciprocals  of  the  terms 
of  a  G.  P.  is  a  G.  P. 

19.  Show  that  the  product  of  the  first  and  last  terms  of  a  G.  P.  is  equal 
to  the  product  of  any  two  terms  which  are  equally  distant  from  the  flrit 
and  last  temw  respecUyely. 


898  ALGEBRA.  [Ch.  XXVH 

20.  If  the  numbers  a,  &,  c,  d  form  a  G.  P.,  show  that 

(a~d)2  =  (6-c)2+  (c  -  a)2  +  (<i -  &)*. 

21.  A  merchant's  investment  yields  him  each  year  after  the  first,  three 
times  as  much  as  the  preceding  year.  If  his  investment  paid  him  $  9720 
in  four  years,  how  much  did  he  realize  the  first  year  and  the  fourth  year  ? 

22.  On  one  of  the  sides  of  an  acute  angle  a  point  is  taken  a  feet  from 
the  vertex  ;  from  this  point  a  perpendicular  is  let  fall  on  the  second  side, 
cutting  off  b  feet  from  the  vertex.  From  the  foot  of  this  perpendicular 
a  perpendicular  is  let  fall  on  the  first  side,  and  from  the  foot  of  this  per- 
pendicular a  third  perpendicular  is  let  fall  on  the  second  side,  and  so  on 
indefinitely.     Find  the  sum  of  all  the  perpendiculars. 

23.  Given  a  square  whose  side  is  2  a.  The  middle  points  of  its  adja- 
cent sides  are  joined  by  lines  forming  a  second  square  inscribed  in  the 
first.  In  the  same  manner  a  third  square  is  inscribed  in  the  second,  a 
fourth  in  the  third,  and  so  on  indefinitely.  Find  the  sum  of  the  perimeters 
of  all  the  squares. 

§4.    IIARMONICAL  PROGRESSION. 

1.  A  Harmonical  Progression  (H.  P.)  is  a  series  the  recipro- 
cals of  whose  terms  form  an  arithmetical  progression. 

E.g.,  l  +  iH-i4-i  +  - 

is  a  harmonical  progression,  since 

H-2  +  3  4-4  4--- 
is  an  arithmetical  progression. 

Consequently  to  every  harmonical  progression  there  corre- 
sponds an  arithmetical  progression,  and  vice  versa. 

2.  If  three  numbers  be  in  hai^monical  progression,  the  ratio  of 
the  difference  between  the  first  and  second  terms  to  the  difference 
between  the  second  and  third  terms  is  equal  to  the  ratio  of  the 
first  term  to  the  third  term. 

Let  the  three  numbers  a,  6,  c  be  in  harmonical  progression 
By  the  definition  of  a  harmonical  progression, 

111 
a    b    c 
are  in  arithmetical  progression.     Consequently 
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3.  Any  term  of  a  harmonical  progression  is'  obtained  by 
finding  the  same  term  of  the  corresponding  arithmetical  pro- 
gression and  taking  its  reciprocal. 

Ex.   Find  the  eleventh  term  of  the  harmonical  progression 

^)  ^f  I)  •••• 

The  corresponding  arithmetical  progression  is 

h  h  h  •••> 
and  its  eleventh  term  is  ^. 

Therefore  the  eleventh  term  of  the  given  progression  is  ^. 

4.  No  formula  has  been  derived  for  the  sum  of  n  terms  of  a 
harmonical  progression. 

5.  A  Harmonical  Mean  between  two  numbers  is  a  number,  in 
value  between  the  two,  which  forms  with  them  a  harmonical 
progression. 

E.g.,  f  is  a  harmonical  mean  between  ^  and  —  f . 

Let  H  stand  for  the  harmonical  mean  between  a  and  h,  then 

-—  is  an  arithmetical  mean  between  -  and  -.     Consequently 
Jj  ah 

1      a     b         „      2ab 
_  =  __.  or^=^-p^. 

Ex.   Insert  a  harmonical  mean  between  2  and  5. 

We  have  ^^2x2x5^20, 

2  +  5  7 

6.  Harmonical  Means  between  two  numbers  are  numbers,  in 
value  between  the  two,  which  form  with  them  a  harmonical 
progression. 

^9}  h  Ij  J>  f)  i  are  five  harmonical  means  between  3  and  ^. 
Ex.   Insert  four  harmonical  means  between  1  and  10. 

We  have  first  to  insert  four  arithmetical  means  between  1 
and  ^y  and  obtain 

ih  ih  H>  H- 

The  required  harmonical  means  are  therefore 

«.  M.  Vk>  tt- 
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7.  To  insertrn  harmonical  means  between  a  and  &,  we  insert  n  arith- 
metical means  between  -  and  -,  and  take  their  reciprocals.    The  n 

a  b 

arithmetical  means  are 

nl  +  1     (n-l)l  +  2l     (n-.2)l  +  3l 
a     0  a       0  a       0 

^  y  y        •••• 

n  +  1  n  +  l  n  +  1 

or  a-^nb   ^    2a+(n--l)6^    3a+(n-2)&    ... 

(n  +  l)a6'       (n  +  l)a6    '       (n  +  l)ab 

Consequently  the  required  harmonical  means  are 

(n-f  l)ab        (n  +  l)ab  (n  +  l)ab 

a-\-nb   '    2a+(»-l)6'    3a+(n-2)6* 

Problems. 

8.  Pr.  1.  The  geometrical  mean  between  two  numbers  is  ^, 
and  the  harmonical  mean  is  f .    What  are  the  numbers  ? 

Let  X  and  y  represent  the  two  numbers. 

Then  y/{xy)  =  ^,  or  icy  =  ^ ;  (1) 

and  -^^3L  =  %  ov  5xy  =  x  +  y,  (2) 

x  +  y     5 

Solving  (1)  and  (2),  we  obtain  a;  =  1,  y  =  i?  and  x  =  \,  y  =  1. 

Pr.  2.  If  to  each  of  three  numbers  in  geometrical  progression 
the  second  number  be  added,  the  resulting  series  will  form  a 
harmonical  progression.     What  are  the  numbers  ? 

Let  -,  a,  ar  represent  the  three  numbers. 
r 

Then  we  are  to  prove  that 

a  r^ 

--^a,  2  ay  ar-{-  a 

r 

is  a  harmonical  progression ;  that  is,  that 

r  1  1 


a(l  +  r)     2a    a(l-f-r) 
is  an  arithmetical  progression. 


W.  i,a™         .Jl±D^<iiA.^, 
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1                                                                         r 
'hat  is,  -—  is  an  arithmetical  mean  between  -— and 

2  a  a(l-l-r) 

1  (1 

-•    Consequently,  -  4-  a,  2  a,  ar  +  a  is  a  harmonical  pro- 

+  r)  r 

jsion. 

EXERCISES  VIII. 

ind  the  last  term  of  each  of  the  following  harmonical  progressions : 

1.  1  +  i  + i  +  •••  to  8  terms.        2.   J  +  J  +  t^+ •••  to  15  terms. 
8.   2  -  2  -  J  -  ...  to  11  terms.       4.  -  8  -  f  -  ^^ to  16  terms. 

5.   i  +  r^  + J-+ ..•  to26  terms. 
a     2a     3a 

B.   —  +  — - —  +  — - — +  ...  toSOterms. 
V2-    1+V2     2+v/2 

ind  the  harmonical  mean  between 

7.   2  and  4.  8.-3  and  4.  9.   ^  and  I. 

0.  _L-  and  -  -L.,  11.  «ZL^  and  «±-^. 

X  —  1  x-\- 1  a  +  6  a  —  6 

2.  Insert  5  harmonical  means  between  5  and  \. 

3.  Insert  10  harmonical'means  between  3  and  \, 
i.   Insert  4  harmonical  means  between  —  7  and  }. 

5.   If  x^,  2^,  2^  be  in  A.  P.,  prove  that  y+2,  2+x,  and  x+y  are  in  H.  P. 
S.  If  y  be  the  harmonical  mean  between  x  and  z^  prove  that 

1  +^=1+1. 


y  —  X     y  —  z     X     z 

7.   The  arithmetical  mean  between  two  numbers  is  6,  and  the  har- 
ical  mean  is  ^.    What  are  the  numbers  ? 

B.  If  one  number  exceeds  another  by  two,  and  if  the  arithmetical 
n  exceeds  the  harmonical  mean  by  ^.  what  are  the  numbers  ? 

9.   The  seventh  term  of  a  harmonical   progression  is  ^^  and  the 
fth  term  is  ^.    What  is  the  twentieth  term  ? 

9.   The  tenth  term  of  a  harmonical  progression  is  |,  and  the  twentieth 
1  is  }^,    What  is  the  first  term  ? 


CHAPTER  XXVIII. 

THE   BINOMIAL    THEOREM    FOR    POSITIVE    INTEGRAL 


1.  The  expansions  of  the  powers  of  a  binomial,  from  the  first 
to  the  sixth  inclusive,  were  given  in  Ch.  VI.,  §  1,  Art.  8,  and 
the  laws  governing  the  expansions  of  these  powers  were  stated. 

As  yet,  however,  we  cannot  infer  that  these  laws  hold  for 
the  seventh  power  without  multiplying  the  expansion  of  the 
sixth  power  by  a  -f  6 ;  nor  for  the  eighth  power  without  next 
multiplying  the  expansion  of  the  seventh  power  by  a +  6; 
and  so  on. 

If,  however,  we  prove  that,  provided  the  laws  hold  for  any 
particular  power,  they  hold  for  the  next  higher  power,  we  can 
infer,  without  further  proof,  that  because  the  laws  bold  for  the 
sixth  power,  they  hold  also  for  the  seventh ;  then  that  because 
they  hold  for  the  seventh,  they  hold  also  for  the  eighth,  and  so 
on  to  any  higher  power. 

2.  If  the  laws  (i.)-(vi.)  hold  for  the  rth  power,  we  have 

iL '  2  1  •  2  •  3 

Notice  that  only  the  first  four  terms  of  the  expansion  are 
written.  But  it  is  often  necessary  to  write  any  term  (the  ^•th, 
say)  without  having  written  all  the  preceding  terms. 

To  derive  this  term,  observe  that  the  following  laws  hold  for 
each  term  of  the  expansion  : 

(i.)  The  exponent  of  b  is  one  less  than  the  number  of  the  tern 
(counting  from  the  left). 

Thus,  in  the  first  term  ^^  \v^Nfe  b''-^  ="^  =\\  \w  the  second, 
6^'^  =  ^ ;  in  the  tentVi,  b^^"^  =  b*  \  ?)jcL^*m^^ Ae^\Kt:«L.,\3r'^. 


BINOMIAL  THEOREM.  403 

(ii.)  The  eoBponent  of  a  is  equal  to  the  binomial  exponent  less 
the  exponent  of  b. 

Thus,  in  the  first  term  we  have  a*"~®  =  a** ;  in  the  second, 
a*^';  in  the  tenth,  a**"*j  and  in  the  kth  term,  a*"~^*~^^,  =  a*"~*+^ 

(iii.)  The  number  of  factors  (beginning  with  1  and  increasing 
by  1)  in  the  denominator  of  each  coefficient,  and  the  number  of 
favors  (beginning  with  r  and  decreasing  by  1)  in  the  numerator 
of  each  coefficient,  is  equal  to  the  exponent  of  b  in  that  term. 

Thus,  in  the  coefficient  of  the  second  term  the  denominator 
is  1  and  the  numerator  is  r;  in  that  of  the  second  term  the 
denominator  is  1  •  2  and  the  numerator  is  r(r  —  1) ;  in  th'e 
tenth  term  the  denominator  is  1  •  2  •  •  •  9  and  the  numerator  is 
r(r  —  l)»«»(r--8);  and  in  the  A;th  term  the  denominator  is 
1 . 2  •  3  •••  (A;  —  1),  and  the  numerator  is 

r(r -  1) ...  [r  -(k-  2)],  =  r (r  -  1)  ...  (r  -  A;  +  2). 

Therefore  the  fcth  term  in  the  expansion  of  (a  -f  by  is 

r(r^l)(r^2)...(r-k  +  2)  _, 

1.2.3...(A;-1)  • 

In  like  manner,  any  other  term  can  be  written. 
Thus,  the  (Jc  —  l)th  term  is 

r(r-l)(r-2)...(r-A:  +  3)  _, 

1.2.  3. ..(A; -2) 

3.  We  can  now  prove  that,  if  the  laws  (i.)-(vi.)  hold  for  (o  +  by, 
they  also  hold  for  (a  -\-  6)»"+> ;  that  is,  if  they  hold  for  any  power  they 
hold  for  the  next  higher  power.  Assuming,  then,  that  the  laws  hold  for 
(a  +  6)",  we  have 

(o  -I-  6)"  =  or  +  ra^-^b  +  ~~:P-a^-^b^  +  ... 

1  •  is 

r(_r -^l)(r  -  2) ...  (r  -  k  +  S)     ^.^^i,,,^ 
^  1.2.;5...(*-2) 

r(r~l)(r  -^)  ^.  (r  -  A:  +  3)(r-A:  +  2)  , 

^  1.2.3...(A;-2)(A;~1)  ^ 

The  first  three  terms  of  the  expansion  are  written^  then  all  tenns  are 
omitted,  except  the  (k  -  l)th  and  the  kOu 
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Multiplying  the  expansion  of  (a  +  by  by  (a  +  6),  we  obtain 
(a  +  b)^^  = 

«^i + ,0.5 + rcr^or-ift^ + ... + !:(^^ 

=  er+1  +  (r  +  l)a'6  +  [^^^^^  +  r]<r"-i6«  +  ... 

^L        1.2...(*-1)         ^         1.2...(*-2)        J"         o-     i-    • 

But  y(r-l)  i^-r  +  2r^(r+l)r. 

1.2  1.2  1.2      ' 

and  r(r-l)...(r-fe  +  2)     r(r  -  1)  ...  (r  -  A;  +  3) 

1.2...  (ik-1)         ■*■        1.2...(A;-2) 

_  r(r  -  1) ...  (r  -  A;  +  2)  +  r(r  -  1)  ...  (r  -  A;  +  3)(A;  -  1) 

1.2...  (A; -1) 

_  r(r  -  1)  ...  (r  -  A:  +  3)(r  -  A;  +  2  +  A;  -  1) 

1.2...(A;-1) 

_  (r  +  l)r(r  -  1)  ...  (r  -  A:  +  3) 

"  1.2...(A;-1) 

Therefore, 

(a  +  by+^  =  a'-+i  +  (r  +  l)a^b  +  ^^."^  P^  a»-i63  +  ... 

(r+l)r(r-l)...(r-A:4-3)     ^ 
^  1.2...  (A;- 1)  ^     ^     • 

The  laws  (i.)-(vi.)  hold  for  the  above  expansion  of  (a  +  by+K  We 
therefore  conclude  that  if  the  expansion  holds  for  (a  +  by,  it  also  holds 
for  (o  +  by+\    ' 

Consequently,  since  the  expansion  holds  for  the  sixth  power,  it  hold* 
for  the  seventh,  and  so  on  to  any  positive  integral  power. 

The  method  of  proof  employed  in  this  article  is  called  Proof  by  Mathe- 
matical Induction. 

4.  We  may  now  write  the  expansion  of  (a  +  by,  wherein  n 
is  any  positive  integer : 

(a  +  by  =  a"  4-  na"-'b -^-"^""^^^  a"-^'  +  .... 

1  * « 

In  particular,  if  a  =  1, 

(1  +  6)"  =  1  +  nb  ^"\~^^  tf  -V  --. 
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5.  The  expansion  of  (a  —  by  can  be  at  once  written  from 
that  of  (a  4-  by. 

We  have  (a  -  &)»  =  [a  -f-  (  -  &)]" 

=  a-  4-  na^-\-  6)4-K^  ""  ^)a"-X-  6)«  +  ... 

1  •  2 

=  a-  -  nc8"-'6  +  "('^~^)a"-'&' . 

Observe  that  the  signs  of  the  terms  alternate,  4-  and  — , 
beginning  with  the  first,  or  that  the  terms  containing  even 
powers  of  b  are  positive,  and  those  containing  odd  powers  of  b 
are  negative, 

6.  Ex.  1.  Find  the  seventh  term  in  (2  a;  -f  3  y)". 

In  the  seventh  term  the  exponent  of  3y(=6)  is  6;  the 
exponent  of  2x(=a)  is  11  —  6,  =6.  The  denominator  of 
the  coefficient  contains  six  factors  beginning  with  1,  and  the 
numerator  contains  six  factors  beginning  with  11.  Therefore 
the  seventh  term  is 

Ex.  2.  Find  the  first  Jive  terms  of  (a"i  -  2  6"*)". 
We  have  (a"* -2  6"')" 

=  (a-i)u  _  ll(a-l)»(2  b-')+^^(a^y>(2  b-y 

1  ■  2 

=a^-22  a-*6-«4-220  a"*&-^-1320  a-*6-«+6280  a-^6-» . 


Ex.  3.  Write  the  term  containing  x 


10 


,.(2^-1)". 


Let  k  stand  for  the  number  of  the  required  term.    Then, 
neglecting  the  coefficient,  we  have  (2a^""*'^V-— j     • 

The  power  of  x  obtained  from  this  expression  is 
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In  order  that  this  power  of  x  may  be  equal  to  a?^®,  we  must 

have 

32} -2^  A;  =  10; 

whence  A:  =  9,  the  number  of  the  required  term. 
We  now  have 

=  13  .  11 .  5  .  9  .  2' .  3V». 

7.   The  coefiBcients  in  the  expansion  of  (a  +  6)**  are  called  Binomial 
Coefficients.    They  may  be  represented  by  the  following  abbreviations : 

n     fn\     n(n  —  1)     fn\     n(n  — l)(n  — 2)      fn\ 
"=l  =  ll>        1:2      =U]'  1.2.3       '=[&)' 

n(n-  1)"«  (n~  A;  +  2)  _/    n    \ 
1.2.3...(A;-1)  U-1/* 

Observe  that  in  the  symbolic  notation  the  upper  number  is  the  bi- 
nomial exponent  and  the  lower  number  is  the  number  of  factors  in 
numerator  and  denominator. 

Fa  /7\_7.6.5.4 

^•^•'  UJ"1.2.3.4- 

The  binomial  expansion  may  now  be  written 
(a  +  6)**  =  a»  +  h\a^-^b  +  (^\a''-^b^  +  .-. 

The  terms  beginning  at  the  right-hand  end  of  the  expansion  are 
determined  from  the  principle  that  the  lower  number  in  any  binomial 
coefficient  is  equal  to  the  exponent  of  b  in  that  term. 

EXERCISES. 
Write  the  expansion  of  each  of  the  following  powers : 
1.    (5a6-3a2)4.  2.    (a*  +  2  a**"!)*.  8.    (x-y/-3yy. 

4.    (4a-2-5x)5.  6.    (iJ  +  ^x^y.  6.    (V«  +  V&)^ 

7-    C^-iY'  8-    C«2  +  2  a-2a;)«.  9.   (3  n*  -  J  nV^)^- 
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13.  (V-24-2a;~?)7. 

16.  (a-V-«)®- 

19.  (x2-V-«)^- 

22.  ^  +  ^y.  23 

25.  [V(«  +  l)-V(«-l)]*- 


14.    (a^-^xy. 
17.    (x-i-x)9. 
20.    (x2-l)io. 


■  (V^Vl)' 


16.    (^a  4-^6)8. 
18.    (ab-^-b^x)^. 
21.    (a^ft  +  6-8)10. 

-  ('-IT- 

26.    [^(a+ 6) +  >/(«-&)]«. 


Simplify  each  of  the  following  expressions : 
27.    (1 +V-«)H(l-V-aj)^.  28.    (x+V-3)^-(aJ-V-3)®- 

Write  the  expansion  of  each  of  the  following  powers : 
29.    (1  -  X  +  x2)».  30.    (1  4-  a^  -  a-2)8. 

31.    (2  -  3  X  +  x2)*.  82.    (1  -  Xy/2  +  xV^)*. 

Write  the 
83.   3d  term  of  (a  +  b)^.  84.   6th  term  of  (a  -  by^. 

35.   3d  term  of  (x*  +  })".  86.   8th  term  of  (a2  _  ^2)12. 

87.   6th  term  of  (a*  +  b^y^  88.   7th  term  of  (a«  -  a-«)i*. 

89.   6th  term  of  ( l^m  — ?-^Y^.  40.    15th  term  of  f «»  +  -V^- 

41.   12th  term  of  (x  -  V-  «)^^-  42.   9th  term  of  ( ^x  -  ax^y^. 

48.   9th  term  of  [1  -  V(l  -  V^)]^^. 

44.  Write  the  middle  terra  of  (x^x  —  1)*. 

45.  Write  the  middle  terms  of  (a'  +  x^)^. 

46.  Write  the  term  of  (  5  x^ —  \  which  contains  x^^. 

v         2x2y 

47.  Write  the  term  of  (2  a"^  —  27  a^y^  which  contains  a"**» 


CHAPTER  XXIX. 

PERMUTATIONS  AND  COMBINATIONS. 

§  1.     DEFINITIONS. 

1.  The  following  examples  will  illustrate  the  character  of 
an  important  class  of  problems. 

Pr.  1.   Write  the  numbers  of  two  figures  each  which  can  be 
formed  from  the  three  figures,  4,  5,  6. 
We  have  45,  54,  46,  64,  56,  65, 

Pr.  2.  What  committees  of  two  persons  each  can  be  ap- 
pointed from  the  three  persons.  A,  B,  C? 

The  committees  may  consist  of  A,  B ;  A,  C ;  or  B,  C. 

These  problems  make  clear  the  difference  between  groups  of 
things,  selected  from  a  given  number  of  things,  in  which  the 
order  is  taken  into  account,  as  in  Pr.  1,  and  in  which  the  order 
is  not  taken  into  account,  as  in  Pr.  2. 

2.  We  are  thus  naturally  led  to  the  following  definitions: 

A  Permutation  of  any  number  of  things  is  a  group  of  some 
or  all  of  them,  arranged  in  a  definite  order, 

A  Combination  of  any  number  of  things  is  a  group  of  some  or 
all  of  them,  ivithout  reference  to  order. 

3.  It  follows  from  these  definitions  that  two  permutations 
are  different  when  some  or  all  of  the  things  in  them  are 
different,  or  when  their  order  of  arrangement  is  different; 
and  that  two  combinations  are  different  only  when  at  least 

one  thing  in  one  is  not  contained  in  the  other. 
Thus,  ab  and  6a  axe  diftei^ivt  ^^^\sv\\.\a.Nk^^^  Wt  tlie  same 
combinsLtioji, 

1 
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§2.    PERMUTATIONS. 

1.  The  permutations  of  a,  6,  c,  d  are : 


a 


( aJbd 


ad 


ca 


I 
I 


ado 

cab 
cad 


( cdb 


4 

a6cd 
a6dc 

acdb 

adbc 
adcb 

cabd 
cadb 

cbad 
cbda 

cdab 
cdb 


d 


,     ( bca 

\bdc 

[dac 

db  \  ^^« 
\dbc 

\dcb 


4 

bacd 
bade 

bead 
bcda 

bdac 
bdca 

dabc 
dacb 

dbac 
dbca 

dcab 
dcba 


The  permutations  two  at  a  time  are  formed  from  those  one 
at  a  time,  by  annexing  to  each  of  the  latter  each  remaining 
letter  in  turn  ;  those  three  at  a  time  from  those  two  at  a  time 
in  like  manner ;  and  so  on.  Evidently  the  permutations  thus 
formed  are  all  different. 

Of  four  things,  only  four  permutations  one  at  a  time  can  be 
formed.  And  since  the  permutations  two  at  a  time  are 
formed  from  those  one  at  a  time,  none  of  the  former  are  omit- 
ted. For  a  similar  reason,  none  of  those  three  and  four  at  a 
time  are  omitted.  Therefore  the  above  representation  includes 
all  permutations  of  the  four  letters,  one,  two,  three,  and  four 
at  a  time. 

2.   The  number  of  permutations  of  n  things  taken  r  at  a 
time  is  denoted  by  the  symbol  ,P^ 
Then  from  the  enumeration  of  the  preceding  article,  we  have 


,P,  =  4,  4P,=  12,  4?.=  ^,  .P.^"^ 
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3.  When  the  number  of  things  is  large,  the  preceding 
method  of  enumeration  becomes  laborious. 

The  following  example  illustrates  a  method  of  deriving  a 
general  formula  for  ^P^ 

We  have  4P1  =  4. 

Each  permutation  one  at  a  time  gives  as  many  permutations 
two  at  a  time  as  there  are  things  remaining  to  annex  to  it  in 
turn,  in  this  case  three. 

Therefore  4P2  =  3  4P1  =  4  x  3. 

Each  permutation  two  at  a  time  gives  as  many  permutations 
three  at  a  time  as  there  are  things  remaining  to  annex  to  it  in 
turn,  in  this  case  two. 

Therefore  4P3  =  2  4P2  =  4  x  3  x  2. 

In  like  manner,    4P4  =  4P3  =  4  x  3  x  2  x  1. 

In  general,  „Pr  =  n(n  —  1)  (/i  —  2)  •••  (/i  —  /•  + 1), 

when  the  n  things  are  all  different. 

Evidently  nPi  =  n,  (1) 

From  each  permutation  of  n  things  one  at  a  time  we  obtain,  by  annex- 
ing to  it  each  of  the  n  —  1  remaining  things  in  turn,  n  —  1  permutations 
two  at  a  time. 

Therefore  nPz  =  (n  -  l)«Pi  =  nin  -  1).  (2) 

Again,  from  each  permutation  of  n  things  two  at  a  time  we  obtain,  by 
annexing  to  it  each  of  the  w  —  2  remaining  things  in  turn,  n  —  2  permuta- 
tions three  at  a  time. 

Therefore  nPz  =  (n  -  2)nP2  =  n{n  - 1)  (n  -  2).  (3) 

In  like  manner, 

nP4  =  (n  -  3)„P8  =  n(n  - 1)  (n  -  2)  (n  -  3).  (4) 

The  method  is  evidently  general.    The  number  subtracted  from  n  ir 
the  last  factor  in  (l)-(4)  is  one  less  than  the  number  0/  things  t<iken  at  i 
time.    Therefore, 
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4.  Observe  that  the  number  of  factors  in  the  formula  for 
^P^  is  equal  to  the  number  of  things  taken  at  a  time. 

E.g.j  8P5  =  8x7  x6x5x4  =  6720. 

5.  K  all  the  things  are  taken  at  a  time,  i.e.,  if  r  =  n,  we  have 
,P,  =  ri(n-l)(n-2)...(n-nH-l)  =  n(n-l)(n-2)...3x2xl. 

E,g,,  5P5  =  5x4x3x2x1  =  120. 

6.  The  continued  product 

n(n-l)(n~2)... 3x2x1 

is  called  Factorial-n,  and  is  denoted  by  the  symbol  |  n  or  n ! 
Therefore  the  formula  of  the  preceding  article  may  be  written 

nPn  =\n. 

E.g.y     7P7  =  [7,  or  7 !,  =  7  x  6  x  5  x  4  x  3  x  2  x  1. 

7.  In  many  applications  the  things  considered  are  not  all  different. 
We  will  now  derive  a  formula  for  the  number  of  permutations  of  n  things, 
taken  all  at  a  time^  when  some  of  them  are  alike. 

Let  p  of  the  n  things  be  alike,  and  suppose  the  i)ermutations  n  at  a 
time  to  be  formed.  In  any  one  of  these  permutations,  let  tlie  p  like  things 
be  replaced  by  p  unlike  things,  different  from  all  the  rest.  Then  by 
changing  the  order  of  these />  new  things  only,  we  can  form  \p  permutations 
from  the  one  permutation.  In  like  manner,  \p  permutations  can  be  formed 
from  each  of  the  given  permutations.    Therefore 

„Pn  (all  different)  =  \p  nPn  (p  alike), 

ur  nPn  (p  alike)  =  —  =  i^. 

In  like  manner,  it  can  be  proved  that 

nPn  {p  alike,  q  alike,  — )  = 


[9X[9X... 


E.g.,  sPs  (8  aUke)  =  —  =  ftl^. 
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BXBBCISBS  L 

# 

Find  the  values  of 

I.  isP^'  2.    iS-Ps*  3.    lO-PlO-  4.    12^9-  6.    20^5- 

6.     n+lPS'  7.    Sn+1^6-  8.    n+lPn-l.  9.    n+A^ic  10.    m+n^n^n* 

Find  the  value  of  n, 

II.  When  nP*  =  3  nPs-  12.    „P6  =  20„P4.         18.    n+2P4  =  15«P8. 

14.    When„+iP4=30,^iP2.     16.  „+4P8=8„+8Pa.    16.  2n+iP4=H0«P8. 

Find  the  value  of  k, 

17.   WhenioP*+6=3ioP*+5.    18.  7P*+i=12  7P*-i.    19.  i2P*=20i2P*-a. 

20.  How  many  numbers  of  4  figures  can  be  formed  with  1,  2,  3, 
4,  6,  6,  7  ? 

21.  How  many  numbers  of  4  figures  can  be  formed  with  0,  1,  2, 
8,  4,  6,  6,  7  ? 

22.  How  many  even  numbers  of    4  figures  can    be    formed  with 
4,  6,  3,  2  ? 

28.   In  how  many  ways  can  6  pupils  be  seated  in  10  seats  ? 

24.   In  how  many  ways  can  4  tickets  be  placed  in  6  different  boxes, 
so  that  no  box  shall  contain  more  than  1  ticket  ? 

26.   How  many  numbers  of  6  figures  can  be  formed  with  1,  2,  3,  4,  5, 
6,  7,  8,  9,  if  the  figure  7  be  in  the  middle  of  each  number  ? 

26.  If  the  permutations  of  1,  2,  3,  4,  taken  all  at  a  time,  be  arranged 
in  a  column,  how  many  times  is  each  figure  found  in  each  column  ? 

27.  How  many  permutations  can  be  formed  with  the  letters  in  the 
word  Philippine^ 

28.  How  many  permutations  can  be  formed  with  the  letters  in  the 
word  lloilo  9 

29.  In  how  many  ways  can  7  men  be  seated  at  a  round  table  ? 

30.  In  how  many  ways  can  a  bracelet  be  made  by  stringing  together 
7  pearls  of  different  shades  ? 

§3.    COMBINATIONS. 

1.  The  formula  for  the  number  of  combinations  of  n  things 
rata  time,  which  is  denoted  by  „(7^,  is  most  readily  obtained  bj 
deriving  a  relation  between  JP^^xA  ^0^   TV^  method  will  b 
illustrated  by  a  particulaT  e3L2JHi^\^. 
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The  combinations  of  the  four  letters  a,  5,  c,  d,  taken  three  at 
a  time,  evidently  are :  abc,  abd,  acd,  bed.  From  the  combina- 
tion abc  we  obtain,  by  changing  the  order  of  the  letters  in  all 
possible  ways,  [3  permutations.  In  like  manner,  each  of  the 
combinations  gives  [3  permutations. 

Therefore 

,Ps  =  \SA,  or  ,(73  =  ij^  =  t2<3x_2. 

[3  [3 

In  general, 

wherein  the  n  things  are  all  different 

For  from  each  combination  that  contams  r  things  can  be  formed  [r 
permutations,  by  changing  the  order  of  the  things  in  all  possible  ways. 
Therefore 

nPr  =  Lr  nCr,  OX  M  =  --^=  n^(;^-  l)(n  -  2)^^(n_- r+J), 
E.g.f  gCs  = j— =  B6, 

2.  The  formula  for  „Cv  can  be  put  in  a  more  convenient 
form  for  purposes  of  theory. 
We  have 

C  =  ^(^— I)  •"  (n  — r -f  1)  X  (n  —  rXn  —  r—  1)  '»'3  x  2  x  1 
••  '"■  |r  X(n-r)(u-r-l)...3x2  xl 


[r\n-r 


\n 
3.    We  have  „C;=       ^— 


and  «C,_,  = 


\r\n  —  r 

\n  \n 


n  -'  n— r 


'^ "Li*  I  y^  —  (^  —  ^)     |w  ■—  r  [r ' 
therefore,  „C,  =  „C„.,. 
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That  is,  the  number  of  combiJiations  of  n  dissimilar  things  r 
aJt  a  time  is  equal  to  the  number  of  combinations  of  the  n  things 
n  —  r  al  a  time. 

This  relation  is  also  evident  from  the  definition  of  a  com- 
bination. For,  every  time  that  r  things  are  taken  from  the  n 
things  to  form  a  combination,  there  is  left  a  combination  of 
n  —  r  things. 

E.g,y  100C98  =  100C2  =  -r: ^  =  4950. 

J.  X  ^ 

This  relation  is  thus  useful  in  computing  the  number  of  com- 
binations when  the  number  of  things  taken  at  a  time  is  large. 

EXERCI8BS  II. 
Find  the  values  of 

1.     11  Cs.         2.     \^C^.         8.     2^(^20-         4.    98^95*         5.    nCn-6» 

Find  the  value  of  n, 

6.    When2nC6  =  9„_2C6.  7.  When  SnCs  =  10n-2C2. 

8.   When4n+iC4  =  16„_i<78.  9.  When  n+iP*  =  112  n-iCj 

10.    When„+iP6  =  84„_iC8.  11.  When  nP4  =  24  nC„-i. 

Find  the  value  of  k  : 

12.  8P*  =  24  8C*.  18.    6P*+i  =  486C».  14.    loP*  =  144  loC*. 

16.     Prove  that  nCr-\-  nCr-l  =  n+lCr- 

16.  In  how  many  ways  can  a  committee  of  4  men  be  appointed  fr 
26  men  ? 

17.  In  how  many  ways  can  3  books  be  selected  from  16  books  ? 

18.  In  a  plane  are  20  points,  no  3  of  which  are  in  the  same  stra 
line.  How  many  triangles  can  be  formed  with  3  of  the  points  as  verti 
How  many  quadrilaterals,  with  4  of  the  points  as  vertices  ?  How  r 
hexagons,  with  6  of  the  points  as  vertices  ? 

19.  How  many  triangles  are  formed  by  7  straight  lines  in  a  pla 
no  2  are  parallel  and  no  3  intersect  in  a  common  point  ?    How 
by  10  lines  ?    How  many  by  n  lines  ? 

§4.    TWO   IMPORTANT  PRINCIPLES. 

1.  The  following  example  illustrates  an  important  prir 
Pr.   Between  two  cities  A  and  B  there  are  five  railroad 

In  how  many  "ways  can  a  man  go  from  A  to  B  and  retur 

different  road? 
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He  can  go  to  B  in  either  of  five  ways. 

With  each  of  these  five  ways  he  has  a  choice  of  four  ways  of 
returning.  Hence  he  can  make  the  round  trip  in  5  x  4,.=  20, 
ways. 

Evidently,  if  he  were  not  required  to  return  by  a  different 
road,  he  could  make  the  trip  in  5  x  5,  =  25,  ways. 

The  general  principle  is : 

If  one  thing  can  be  done  in  a  ways,  and  another  thing  can  be 
done  in  b  ways,  and  the  doing  of  the  first  thing  does  not  interfere 
with  the  doing  of  the  second,  the  two  things  can  be  done  in  ab  ways. 

The  truth  of  the  principle  is  evident. 

2.  The  following  relation  will  be  useful  in  subsequent  work : 

m-\-nCr~mCr-\-mCr-i  nCi-\-mCr—2 nC2-\r  "" •\- mCt nCr-%-\-mC\  nCr—i-^r nCr^  (1) 
in  which  m  >  or  =  r,  n  >  or  =  r. 

The  namber  of  combinations  of  the  m  -\-  n  things  r  at  a  time  is 
evidently  the  sum  of: 

The  number  of  combinations  of  m  things  taken  r  at  a  time,  or  ^CU 
The  number  of  combinations  of  m  things  taken  r  —  1  at  a  time,  multi- 
plied by  the  number  of  combinations  of  n  things  taken  one  at  a  time,  or 

And  so  on. 

This  relation  may  be  written 

3.  The  relation  of  the  preceding  article  requires  m,  9i,  and  r  to  be 
integers.  Evidently,  however,  the  second  member  of  (2)  could  be 
made  identical  with  the  first  member  by  ordinary  reduction.  We,  there- 
fore, conclude  that  this  relation  holds  for  all  rational  values  of  m  and  n, 
provided  r  is  a  positive  integer. 

§  6.     PROBLEMS. 

1.  Pr.  1.  In  how  many  ways  can  a  committee  of  3  Repub- 
r  licans  and  4  Democrats  be  appointed  from  18  Eepublicans  and 
X2  Democrats? 

The  3  Republicans  can  be  chosen  in  isCj,  =  816,  ways,  and 
tlie  4  Democrats  in  i^C^  =  495,  ways.    Since  a.\\^  S  V?L<^>^^^3c^^^i^i^^». 


416  ALGEBRA.  [Ch.  XXIX 

can  be  associated  with  any  4  Democrats  to  form  the  committee, 
the  required  number  of  ways  is  .816  x  495,  =  403,920. 

Pr.  2.  A  box  contains  20  balls  numbered  1  to  20.  In  how 
many  ways  can  7  balls  be  selected,  if  1  be  included,  and  2, 3 
be  excluded  ? 

We  first  set  aside  1  to  be  included,  and  2,  3  to  be  excluded, 
and  from  the  remaining  17  balls  select  6  balls.  Then  1  may 
be  combined  with  each  of  the  latter  in  one  way,  giving  a  com- 
bination of  7  letters.  Therefore  the  problem  is  equivalent  to 
determining  the  number  of  combinations  of  17  things,  6  at 
a  time. 

wonno        n     17'16»15»14-13-12       .^q^^ 
Hence      ,,(7,==__^-^-^-^__,  =  123^6, 

is  the  required  number  of  ways. 

EXERCISES  III. 

1.  A  man  has  3  coate,  4  vests,  and  5  pair  of  trousers.  In  how  many 
ways  can  he  dress  ? 

2.  In  how  many  ways  can  4  white  balls,  3  black  balls,  and  2  red  balls 
be  selected  from  8  white  balls,  7  black  balls,  and  6  red  balls  ? 

8.  In  how  many  ways  can  permutations  be  formed,  with  10  con- 
sonants and  4  vowels,  each  one  to  contain  5  consonants  and  2  vowels  ? 

4.  In  how  many  ways  can  4  hearts,  3  diamonds,  2  clubs,  and  1  spade 
be  drawn  from  a  pack  containing  13  cards  of  each  kind  ? 

6.  In  how  many  ways  can  7  pears,  5  apples,  and  4  oranges  be  given 
to  16  children,  each  child  to  receive  a  piece  of  fruit  ? 

6.  How  many  numbers  of  7  figures  can  be  formed  with  1,  2,  3,  4,  5, 
G,  7,  if  the  figures  4,  5,  6  be  kept  together  ? 

7.  In  a  company  are  10  men,  12  women,  and  15  children.  In  how 
many  ways  can  a  party  be  formed,  consisting  of  4  men,  6  women,  and  10 
children  ? 

8.  How  many  permutations  of  10  letters  can  be  formed  from  6  con- 
sonants and  5  vowels,  if  no  two  consonants  be  adjacent  ? 

9.  How  many  permutations  of  9  letters  can  be  formed  from  6  conso- 
Danta  and  4  vowels,  if  each'voweWie^X^^^Xi^Xwi^^^^^Q  consonants? 
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10.  In  how  many  ways  can  a  committee  of  5  men  be  appointed  from 
20  men,  if  there  be  no  restriction  in  the  choice  ?  In  how  many  ways,  if 
a  particular  man  be  always  chosen  ?  In  how  many  ways,  if  a  particular 
man  be  always  excluded  ? 

11.  In  a  school  are  90  pupils.  In  how  many  ways  can  a  teacher  divide 
them  into  sections  of  12  ? 

12.  In  how  many  ways  can  4  ladies  and  4  gentlemen  be  seated  at  a 
square  table,  so  that  a  gentleman  and  a  lady  shall  be  seated  at  each  side  ? 

18.  How  many  throws  can  be  made  with  2  dice,  if  such  throws  as  1,  2 
and  ^,  1  be  regarded  as  the  same  ?    How  many  with  3  dice  ? 

14.  In  how  many  ways  can  the  sum  10  be  thrown  with  2  dice  ?  With 
3  dice  ? 

15.  In  how  many  ways  can  52  cards  be  divided  into  4  sets  of  13  cards 
each? 

16.  A  box  contains  15  balls,  numbered  1  to  15.  In  how  many  ways 
can  5  balls  be  selected,  if  1,  2,  3  be  included  ?  In  how- many  ways,  if  1,  2 
be  included,  and  3  excluded  ?  In  how  many  ways,  if  any  two  of  the 
numbers  1,  2,  3  be  included,  the  other  excluded  ? 

17.  In  how  many  ways  can  10  different  coins  be  arranged  in  a  row,  if 
the  faces  of  each  coin  are  distinct?  In  how  many  ways  can  they  be 
arranged  in  a  circle  ? 

18.  In  how  many  ways  can  a  number  of  6  figures  be  formed  with  1,  1, 
1,  2,  2,  3,  the  first  and  last  figure  of  each  number  to  be  an  even  digit  ? 

19.  A  man  can  go  to  his  office  in  3  ways.  In  how  many  ways  can  he 
arrange  to  go  to  his  office  for  6  days  ? 

90.  In  how  many  ways  can  7  gentlemen  and  10  ladies  arrange  a  game 
of  lawn  tennis,  each  side  to  consist  of  1  lady  and  1  gentleman  ? 


CHAPTER  XXX. 

VARIABLES  AND  LZBOTS. 

§  1.    VARIABLES. 

1.  A  Variable  is  a  number  that  may  have  a  series  of  different 
values  in  the  same  investigation  or  problem. 

A  Constant  is  a  number  that  has  a  fixed  value  in  an  investi 
gation  or  problem. 

Thus,  if  d  stand  for  the  distance  a  body  has  fallen  from  rest 
in  s  seconds,  it  has  been  shown  by  experiment  that 

As  the  body  falls,  the  distance  d  and  the  time  s  are  variables, 
and  16  is  a  constant. 

Again,  time  measured  from  a  past  date  is  a  variable,  while 
time  measured  between  two  fixed  dates  is  a  constant. 

2.  The  constants  in  a  mathematical  investigation  are,  as  a 
rule,  general  numbers,  and  are  represented  by  the  first  letters 
of  the  alphabet,  a,  6,  c,  etc. ;  variables  are  usually  represented 
by  the  last  letters,  aj,  y,  z,  etc. 

3.  A  variable  which  has  a  definite  value,  or  set  of  values, 
corresponding  to  a  value  of  a  second  variable,  is  called  a  Func- 
tion of  the  latter. 

Thus,  16  a^f  ±  y/{o?  —  x^),  etc.,  are  functions  of  X]  correspond- 
ing to  any  value  of  x,  the  first  function  has  one  value,  the 
second  has  two  values. 
Again,  the  area  of  a  circle  is  a  function  of  its  radius ;  the 
distance  a  train  runs  is  a  ivmc\>\ow  oi  'C^aa  \i\xcife  ^xi^^^^ed. 

4\^ 


I 
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4.  Much  simplicity  is  introduced  into  mathematical  investi- 
gations by  employing  special  symbols  for  functions. 

The  symbol  f(x)j  read  function  of  x,  is  very  commonly  used 
to  denote  a  function  of  x, 

Thus,/(aj)  may  denote  oi? -\-lm  one  investigation,  aa?-\-hx-{'C 
in  another. 

5.  The  result  of  substituting  a  particular  value  for  the 
variable  in  a  given  expression  may  be  indicated  by  substi- 
tuting the  same  value  for  the  variable  in  the  functional 
symbol. 

Thus,  if  f{x)  =  y^-\'l,  then  /(a)  =  a^ -f- 1,  /(2)  =  2*-f- 1  =  5, 
/(0)  =  0-hl  =  l. 

EXERCISES  I. 

1.  Given  /(x)  =  6  «2  _  3  X  +  2  ;  fin(i/(4),  /(3),  /(O),  /(  -  4),  /(x^). 

2.  Given  /(x)  =  a-  ;  find  /(O) ,  /(4) ,  /(  -  6),  /(x^) ,  /(a) . 

8.   Given/(m)  =  l-Hmx  +  ^^\~^)xH'>S  find/(6),/(i),/(-3),/(0). 

§  2.     LIMITS. 

1.  When  the  difference  between  a  variable  and  a  constant 
may  become  and  remain  less  than  any  assigned  positive  num- 
ber, however  small,  the  constant  is  called  the  Limit  of  the 
variable. 

Let  the  point  P  move  from  A  towards  B  (Fig.  4)  in  the  fol- 
lowing way  :  First  to  Pi,  one-half  of  the  distance  from  ^  to  -B 
next  from  P^  to  P^  one-half  of  the  distance  from  Pi  to  ^ 
then  from  Pj  to  P^  one-half  of  the  distance  from  P,  to  B 
and  so  on. 

A  A  r,       p,  A  B 

o  o  o o— o^-o 

Fio.  4. 

Evidently,  as  P  thus  moves  from  A  to  J3,  its  dista 
A  becomes  more  and  more  nearly  equal  to  ABj  and  t 
ence  between  AP  and  AB  can  be  made  less  than  any 
distance,  however  small,  by  continuing  indefinitely  tb 
of  P.     Therefore  AB  is  the  limit  of  AP. 
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If  we  call  the  distance  from  Ato  B  unity,  we  have 

Hence, 

But,  by  Ch.  XXVII.,  §  3,  Art.  7,  the  sum  of  the  series  on 
the  right  approaches  1  as  a  limit.     That  is, 

limit  of  (APi  H-  P^P^  H-  ^PPs  +  AA  +  -)  =  ^B, 

Again,  1  H-  -  becomes  more  and  more  nearly  equal  to  1,  as 

n  increases  indefinitely,  and  ( 1  H-  -  ]  —  1,  =  -,  will  become  and 

\       nj  n 

remain  less  than  any  assigned  positive  number,  however  small. 

2.  It  follows  from  the  definition  of  a  limit  that  the  variable 
may  be  always  greater,  or  always  less,  or  sometimes  greater 
and  sometimes  less  than  its  limit. 

Thus,  by  Ch.  XXVII.,  §  3,  Art.  8,  we  have 

limit  (l-^-J-^-...)  =  0,  (1) 

limit  (1+^-f  1+1 +...)  =  2,  (2) 

limit  (l_^  +  i-^+...)  =  f  (3) 

And  in  (1),      S,  =  1,  S,  =  i,  S,  =  \,  S,=    i,  ... ;             (4) 

in  (2),      S,  =  l,  >S,  =  f,  ^3  =  1,  S,  =  ^,  ...;             (5) 

in  (3),      S^  =  1,  S,  =  i  >Ss  =  I,  S,  =   I,  ....              (6) 

3.  The  symbol,  =,  read  approaches  as  a  limit,  or  simply 
approaches,  is  placed  between  a  variable  and  its  limit. 

The  word  limit  may  be  abbreviated  to  lim. 

Thus,  a;  ^^1  (I  —  ^)  =  0,  read  the  limit  ofl  —  x,asx  approaches 
1,  is  0. 

4.  The  difference  between  a  variable  and  its  limit  is  evi- 
dently  0.     That  is, 

if  lim  X  =  a,  ^ii^exv  \\m(^x  —  ^^)=^» 
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5.  If  the  limit  of  a  variable  be  0,  the  limit  of  the  product 
of  the  variable  and  any  finite  number  is  0.     That  is, 

if  limjr  =  0,  and  a  be  any  finite  number,  limajr  =  0. 

Let  k  be  any  number,  however  small.    Then  x  can  be  made  less 

numerically  than  -,  and,  therefore,  ax  less  than  k.     Hence,  lim  ax  =  0. 

a 

Fundamental  Principles  of  Limits. 

6.  (i.)  If  two  variables  he  always  equal,  and  one  of  them 
approach  a  limit,  the  other  approaches  the  same  limit.    That  is, 

if  X  =/,  and  x  =  a,  then  /  =  a. 

(ii.)  If  two  variables  be  always  equal  as  they  approach  their 
limits,  their  limits  are  equal.     That  is, 

if  lim  X  =  a,  Umy  =  b,  and  x  =/,  then   =  ab. 

(iii.)  The  limit  of  the  algebraical  sum  of  a  finite  number  of 
variables  is  the  sum  of  their  limits.     That  is, 

if  limjr  =  a,  lim/ =  6,  •••,  then  lim(jr  4-/4-  •••)=  a  +  6+  •••. 

(iv.)  The  limit  of  the  product  of  a  finite  member  of  variables 
is* the  product  of  their  limits.     That  is, 

if  limjr  =  a,  lim/  =  6,  •••,  then  lim(jr^---)=a6  •••. 

(v.)  The  limit  of  the  quotient  of  two  variables  is  the  quotient 
of  their  limits.     That  is,    • 

if  limjr  =  a,  lim/ =  6,  then  lim[-]  =  ^' 

The  proofs  follow : 

(i.)  We  have  x  =  a  +  x',  wherein,  by  Art.  4,  x'  is  a  variable  whose 
limit  is  0.  Then,  since  y  =  x  always,  we  have  p  =  a  +  x'.  Hence 
lim  y  =  a. 

(ii.)  This  principle  follows  directly  from  (i.). 

(iii.)  We  have  x  =  a  +  «',  y  =  b-{-y', ...,  wherein,  by  Art.  4,  x',  y'  .•• 
are  variables  whose  limits  are  0,  and  which  can  thorefore  be  made  numer- 
ically less  than  any  assigned  number,  bowevf^t  %m^V\. 

Then  ar  -f  y  -f  -.  =(a  +  ft  4  ...)  -V  {v^  -V  \|'  -V  --^^ 
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Let  k  be  any  assigned  number,  however  small.     Then  each  of  the 

z. 

variables  x',  y',  •••  can  be  made  less  than  -,  wherein  n  is  the  number  of 

n 

variables.    Therefore,  x'  +  y'  +  •••  can  be  made  less  than  A.    Consequently 
lim  (x  +  y  •••)  =  a  +  6  -f  •••. 

(iv.)  We  have  «  =  a  +  x',  y  =  6  +  y', ...,  wherein  x',  y\  ...  are  vari- 
ables whose  limits  are  0. 

Then  xy  •.•  =  a6  +  &x'  +  ay'  +  a  finite  number  of  terms  each  of  which 
has  one  or  more  of  the  factors  x',  yS  •*.. 

Therefore,  by  (iii.), 

lim  (xy  ...)  =  lira  (a6  +  6x')  +  lim  hx'  +  lim  ay'  +  ... 
=  a6,  since  lim  6x'  =  0,  •..,  by  Art  6. 

(v.)   Let  -  =  g.  or  x  =  yg. 

y 

Then,  by  (iv.),  lim  x  =  lim  y  lim  q. 

Therefore  lim  g  =  ^p^,  or  lim  ?  =  ^^. 

lim  y  y     lim  y 

InfinlteBimalB  and  InHnites. 

7.  A  variable  which  may  becojne  and  remain  numerically 
less  than  any  assigned  positive  number,  however  small,  is 
called  an  Infinitesimal. 

A  variable  which  may  become  and  remain  numerically 
greater  than  any  assigned  positive  number,  however  great,  is 
called  an  Infinite  Number,  or  simply  an  Infinite. 

It  is  important  to  keep  in  mind  that  both  infinitesimals  and 
infinites  are  variable. 

8.  The  conclusions  reached  in  Ch.  III.,  §  4,  Art.  14,  may 
be  restated  thus : 

N  N 

—  =  00,  as  aj  =  0 ;  and  —  =  0,  as  aj  =  oo. 

X  X 

Indeterminate  Fractions. 

9.  The  fraction  becomes  -  when  a?  =  3,  and  has  no 

aj  — 3  0 

deGnite  value.  But  so  long  as  x4=S,  however  little  it  maj 
differ  from  3,  we  may  peTioxm  >iJCife  m$iAfta.\fc^  <i\vlaioii.  W 
therefore  have 
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x-3 


=  x-\-3,  when  x^S, 


Now,  since  the  limit  of  the  fraction  depends  upon  values  of 
X  which  differ  from  3,  however  little,  we  have 

lim   05*  —  9        lim  /^  i   q\      a 
:«  =  3^33=x  =  3(^  +  ^)  =  ^- 

Although  the  given  fraction  is  indeterminate,  it  is  ctearly 
desirable  that  it  shall  have  a  definite  value.      We  therefore 

assign  to the  value  6,  when  a?  =  3. 

x  —  S 

That  is,  we  define  an  indeterminate  fraction  to  be  the  limit 
of  the  fraction  as  the  variable  approaches  that  value  which 
renders  it  indeterminate. 

EXBRCISES  II. 
Find  the  limiting  values  of  the  following  fractions 

1.    ^'-^^^^-'^  when  x  =  b. 

«.   ^'-^^  +  ^  when  x  =  2, 
x2  +  X  -  6 

8.   ^^^l«^Zll^,  whena=-}6. 
4.  i^^^?5^ILL25j^,  whenx  =  Jy. 

ar2  4-  x  -  2 

x«-3x  +  2    ^^^^  ^  ^  J 
xa_0x  +  6 

7.  ^'-^^-^^  when  x  =  1. 
x«  -  2  a;  +  2* 

8. -,  when  x  =  0. 

2  aft  -  a«  -  62  _j.  c* 

10.   4±li3LLS?llL£!,^Yi«vx  =  -'         ^ 

««  +  2  at*  -  V*  -V  «* 


CHAPTER    XXXI. 

CONVEROENT   AND  DIVZSROENT  SXiRIBS. 

1.  In  this  chapter  we  shall  briefly  discuss  the  nature  of 
infinite  series. 

It  follows  from  Ch.  XXVII.,  §  3,  Art.  8,  that  the  sum  of  n 
terms  of  the  decreasing  geometrical  progression 

a  +  ar  4-a)'*4-  ••-  4-  clt^  4-  •••  9 

wherein  r  is  numerically  less  than  1,  approaches as  a 

limit,  as  n  increases  indefinitely.  ^ 

Let  s  =  l-i  +  i^i+^-'". 

We  then  have  S  = = =  -> 

1-r     1-hi     3 

and    S,  =  l,  S2  =  h  ^3  =  1,  ^f=f,  S6  =  H,  >^6  =  li,-. 

Evidently  these  sums  approach  ^  more  and  more  nearly,  as 
more  and  more  terms  are  included. 

This  infinite  series  may  therefore  be  regarded  as  having  the 
finite  sum  f . 

But  the  sum  of  the  series 

1  +  2 +  4-1-84- ••• 

increases  beyond  any  finite  number,  as  the  number  of  terms 
increases  indefinitely. 

2.  The  examples  of  the  preceding  article  illustrate  the  fol- 
lowing definitions : 

An  infinite  series  is  said  to  be  Convergent,  when  the  sum  of 
the  first  71  terms  approaches  a  definite  finite  limit,  as  n  increases 
indefinitely. 
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An  infinite  series  is  said  to  be  Divergent  when  the  sum  of  the 
irst  n  terms  increases  numerically  beyond  any  assigned  num- 
ber, however  great,  as  n  increases  indefinitely. 

3.   Infinite  series  arise  in  connection  with  many  mathematical 

•perations.     Thus,  for  example,  if  the  division  of  1  by  1  —  a; 

►e  continued  indefinitely,  we  obtain  as  a  quotient  the  infinite 

eries 

l-|-aj-f-a^4-a^+---4-aJ**H . 

This  series  is,  by  Art.  1,  convergent  when  x  is  numerically 
ess  than  1.  Evidently,  when  x  =  1,  the  series  is  divergent. 
Vhen  a;=— 1,  we  have  1  — 1+1  — iH — .  The  sum  of  n  terms 
►f  this  series  is  4- 1  or  —  1,  according  as  n  is  odd  or  even.  The 
eries  is  said  to  osciUate  and  is  neither  convergent  nor  diver- 
gent.   When  X  is  numerically  greater  than  1,  we  have,  by 

:h.  XXVII.,  §  3,  Art.  4, 

1-a^ 


S«  = 


l-x 


By  taking  n  sufficiently  great  this  expression  can  be  made  to 
3xceed  numerically  any  number,  however  great.  Therefore  the 
series  is  then  divergent. 

It  is  obvious  that  we  can  regard  the  series  as  equivalent  to 

p only  when  it  is  convergent,  that  is,  when  x  is  numeri- 

l  —  X 

••ally  less  than  1.  Thus  it  becomes  important  to  decide  whether 
•  series  which  arises  in  connection  with  a  mathematicid  opera- 
ion  is  convergent  or  divergent. 

4.  In  the  theory  which  follows  we  shall  let  S  stand  for  the 
mit  of  the  sum  of  n  terms  of  the  series 

a  n  increases  indefinitely. 
Also  let  S^  =  Wi  4-  Wj  -|-  •••  -f  ?^„, 

^at  is,  ^Rn  denotes  the  sum  of  m  terms  after  the  first  n  terms. 
Then  S^  +  ^Rn^S^^. 
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5.  Tlie  series  Wi  -f  ^2  4-  •••  +  w»  H is  convergent  if  S^  remain 

Jinite,  and  ^R^  approach  0  /(w*  all  values  of  m,  as  n  increases 
indefinitely;  and,  conversely y  if  the  series  he  convergent,  these  two 
conditions  are  satisfied. 

For,  by  the  first  condition,  the  limit  of  8n  is  fijiite.  By  the  second 
condition, 

lim  {8n^m  -  Sn),  =  lim  ,»J?n,  =  0. 

Therefore  lim  Sn+m  =  lim  Sn*  Hence,  since  Sn  cannot  have  one  finite 
limit  for  one  value  of  n,  and  a  different  finite  limit  for  another  value 
of  n,  the  limit  of  ^„  is  a  definite  finite  number. 

Also,  if  the  series  is  convergent,  Sn  must  be  finite  by  definition ;  and, 
since  lim  Sn-^m  =  lim  Sn',  we  have 

lim  {Sn+m  -  Sn),    =  Um  «i?n,   =  0. 

6.  If  a  seines  be  convergent  when  its  terms  are  all  positive,  it 
is  convergent  when  some  or  all  of  them  are  made  negative. 

For,  if  Sn  is  finite,  and  ,„i?„  approaches  0,  as  n  increases  indefinitely, 
with  greater  reason  Sn  is  finite,  and  ^Bn  approaches  0,  when  some  or  all 
of  the  terms  are  made  negative. 

7.  A  series  which  is  convergent  when  all  its  negative  terms 
are  made  positive  is  said  to  be  Absolutely  Convergent. 

8.  If  the  sum  of  n  terms  of  an  infinite  series  of  positive  terms 
remain  finite,  as  n  increases  indefinitely,  the  series  is  convergent 

For,  since  the  sum  continually  increases,  but  remains  finite,  it  must 
approach  some  finite  number  as  a  limit. 

9.  An  infinite  series  is  convergent  if,  after  some  particular 
term,  the  ratio  of  each  term  to  the  preceding  he  numerically  less 
than  some  fixed  positive  number  which  is  itself  less  than  unity. 

Let  the  series  be  wi  +  W2  +  ws  +  •••  +  w»  +  '"i  and  let  the  ratio  of  each 
term  after  the  A;th  be  numerically  less  than  r,  which  is  itself  less  than  1. 
First,  let  the  terms  be  all  positive. 

rhen,  from  <  r,   <  r,   <  r,  •••, 

Uk  Wft+l  Wjk+2 

we  obtain  m^+i  <  rw*,  ma+2  <  rUk+\  <  r^wj,  uu+z  <  m*+2  <  r^M*,  .... 
Hence 
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« 

Hence,  since  the  sum  of  the  finite  number  of  terms  tti  +  tf2  +  **•  +  t^t  is 
finite,  the  entire  sum  must  be  finite.  Therefore,  by  Art.  8,  the  given 
series  is  convergent  and,  by  Art.  6,  it  is  absolutely  convergent. 

10.  If  an  infinite  series  Oq  4-  aiX  -f-  a^  -f  a^  4-  ••  •  6e  conver- 
gent for  values  of  x  greater  than  0,  the  sum  of  the  series  ap- 
proaches a^f  a^  X  approaches  0. 

Let  oo  +  aix  +  a^x^  +  agjc'  +  ...  =  oo  +  xSu 

wherein  <S'i  =  ai  +  a2X  +  a^fx^  -f  •••• 

Since,  by  the  preceding  article,  the  series  Si  is  convergent  for  all  values 
of  X  for  which  the  given  series  is  convergent,  its  sum  approaches  a  finite 
limit  as  a;  =  0,  and  consequently  xSi  =  0,  when  x  =  0.    Hence 

Oo  +  aix  +  oax*  +  •••,  =  ao  +  xS,  =  ao  when  x  =  0. 

11.  If  two  integral  series,  arranged  to  ascending  powers  of  x, 
be  equal  for  all  values  of  x  which  make  them  both  coiive^yent,  the 
coefficients  of  like  povjers  of  x  are  equal. 

Let  Oo  +  ciix  +  aoX'  +  ...  =  6o  +  bix  +  h^x^  +  ... 

for  all  values  of  x  which  make  the  two  series  convergent. 

Then  the  sums  oi  the  two  series  approach  equal  limits  when  x  =  0.  But, 
by  the  preceding  article,  the  sum  of  the  one  series  approaches  ao,  that  of 
the  other  &o ;  consequently  oq  =  &0) 

and  aix  +  a^x^  -f  •••  =  6ix  -f  ^^x*  -f  ..-. 

Since  these  two  series  are  convergent  for  all  values  of  x  for  which  the 

original  series  are  convergent,  they  are  equal  for  values  of  x  other  than 

zero,  and  the  last  equation  may  be  divided  by  x. 

Hence 

ai  +  (hx  +  a^x^  +  •..  =  6i  +  62a;  +  ftax'  +  ••• ; 

and,  as  before,  a\  =  &i, 

and  a%x  +  agx^  -f  ...  =  b^x  +  ftsx*  +  .... 

In  like  manner,  we  can  prove  as  =  62*  «8  =  ^s.  ^tc. 

12.  Evidently  the  principle  of  the  preceding  article  holds 
with  greater  reason  if  either  or  both  of  the  series  be  finite, 
I.e.  have  a  limited  number  of  terms.  There  is,  in  this  ca&e^ 
DO  question  of  convergence  of  ttie  &el\V  '^5!^aA  ^^cvrr^ 
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must  be  equal  for  all  values  of  x,  if  they  be  both  finite ;  or,  if 
one  be  infinite,  for  all  values  of  x  which  make  that  series  con- 
vergent. 

13.  The  following  application  of  the  principle  of  Art.  9  will 
be  useful  in  the  next  chapter. 
TJie  series 

IS  absolutely  convergent  when  a;  <  1  numerically. 


For 


kk       I    n     \^t_t  k  \    k  I  ' 

\k^\r 


Hence  for  all  values  of  A;  >  n  +  1,  this  ratio  will  be  numerically  less 
than  the  absolute  value  of  x.  Consequently,  when  x  <  1  numerically,  the 
series  is  absolutely  convergent  by  Art.  9. 

EXERCISES. 

Examine  the  following  series  with  respect  to  their  convergency  or 
divergency : 

-     3,3.4,3.4.6^       ^3.4...(n+2), 
44-64.6.8  4.6...  (2n  +  2) 

o    3,3.5,    3.5.7    ,        ,  3.6...  (2n-f  I)  . 
44. 74. 7. 10  4.7...(3n-fl) 

o     1,1.3,1.3.5,       ^  1.3...  (2»-l)  , 
3     3.6     3.6    9  3.6...3W 

4.    1  4-2ic  +  3x2  +  4x8+ ....  6.   x  +  |%^  +  — +-. 

1.2^2.3^3:4^4.5^  ^[2^[3^14^ 

•    V(l  •  2)      VC2  •  3)  "^  V(3  •  4)       ^(4  •  5)      '"• 


CHAPTER   XXXII. 

THE    BINOMIAL    THEOREM. 

§  1.   THE  BINOMIAL  THEOREM  FOR  POSITIVE  INTEGRAL 

EXPONENTS. 

1.  In  Ch.  XXVIII.,  it  was  proved  by  induction  that,  when 
n  is  a  positive  integer, 


( 


We  will  here  give  a  briefer  proof,  based  upon  the  theory  of 
combinations. 

Consider  the  following  continued  product  of  n  factors : 


{a-\-h 
a-\-b 


n  factors  • 


a  +  6 


The  first  term  of  the  product  is  formed  by  taking  an  a  from  each 
factor,  giving  a".  The  second  term  is  formed  by  taking  an  a  from  n  —  1 
factors  and  a  b  from  the  remaining  factor,  giving  a^-^ft.  But  such  a 
term  can  be  formed  in  as  many  ways  as  one  b  can  be  taken  from  n  ft's, 
i.e.,  in  fPi  ways.    Therefore  the  product  so  far  is  a*  +  nC\a^-^b. 

A  third  term  is  formed  by  taking  an  a  from  n  —  2  factors  and  a  b  from 
the  remaining  two  factors,  giving  a^-%^.  But  such  a  term*  can  be  formed 
in  as  many  ways  as  two  5*8  can  be  taken  from  n  &'s,  {.«.,  in  ^d  ways. 
Consequently,  the  product  to  this  point  is  a"  +  nCia'^-^b  +  nCifi'^'^b^- 

In  general,  an  a  can  be  taken  from  each  of  7i  —  X:  +  1  factors  and  a  b 
from  each  of  the  remaining  A;  —  1  factors,  giving  a'»-*+i6*-^  But  such 
a  term  can  evidently  be  formed  in  nCk-i  ways. 

We  thus  obtain 

(a  +  6)"  =  a«  +  „Cia*-*6  +  »C«o*-*iy*  -V  —  -V  ^Gx-\o^-^^^>>-^  -V  --^- 
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But        »C.=  (;),.C.=  («),.C.=  (»),.C..=  (^:^). 

Therefore,  (a  +  6)-  =  a"  ■\-(^\a^-^b  +  (Mo*-*^^  "^(  s)^""*^ 


■■■-U-.) 


+  •••+(,      -  U»»-*+i6*-i  +  .... 


2.  The  i(lh  term,  counting  from  the  beginning  of  the  expansion,  con- 
tains b^~\  and  is  »C»-ia»-*+^6*-^.  The  ifeth  term,  counting  from  the 
end,  contains  a*  ^  and  therefore  6"-*+i,  and  is  nCn-*+ia*-*6»-*+i.  But, 
by  Ch.  XXIX.,  §  3,  Art.  3,  we  have  nC*_i  =  nCn^k+i*  We  therefore  con- 
clude : 

In  the  expansion  of  (a  -f  by,  wherein  n  is  a  positive  integer, 
the  coefficients  of  terms  equally  distant  from  the  beginning  and 
end  of  the  expansion  are  equal. 

§2.     BINOMIAL  THEOREM  FOR  ANY  RATIONAL  EXPONENT. 

1.  From  Ch.  XXVIII.,  Art.  4,  we  have 

(H.a,)n  =  l  +  (^)a.  +  g)aj«+...,  (1) 

when  n  is  a  positive  integer.  In  this  case  the  expansion  ends 
with  the  71 -f- 1th  term,  since  the  coefficients  of  the  n4-2th 
and  all  succeeding  terms  contain  n  —  n,  or  0,  as  a  factor.  But 
if  n  be  not  a  positive  integer,  the  expression  on  the  right  of  (1) 
will  continue  without  end,  since  no  factor  of  the  form  n  —  k-\-l 
can  reduce  to  0.  Therefore  this  series  will  have  no  meaning 
unless  it  be  convergent. 

2.  In  Oh.  XXXI.,  Art.  13,  it  was  proved  that  the  series 

is  convergent  when  x  lies  between  —  1  and  +1.     It  remams 
to  be  proved,  thereioTe,  ^i\v?i\.  m  \Xv\^  c^&e  the  above  series  rep- 
resents (1  +  aj)",  wT[ieii  n  \a  ^.  iic^Xivsysv  ort  ^^fc^v^i^. 
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3.  Since  the  reasoning  will  turn  upon  the  value  of  n,  we  shall  call  the 
expression 

a  function  of  n,  and  abbreviate  it  hyf(n),for  all  rational  values  of  n.  To 
understand  the  following  reasoning,  the  student  should  notice  that  for  all 
positive  integral  values  of  n,  (1  +  «)"  =/(w),  as,  (1  +  «)'  =/(3)  ;  and 
that  it  remains  to  prove  that  (1  -f  x)*»=/(n),  when  n  is  a  fraction  or 
negative,  as,  for  example,  that  (1  +  x)'  =/(}). 

4.  We  now  have 

for  real  values  of  x  between  —  1  and  +  1.  • 

We  will  tentatively  assume,  what  will  be  proved  in  Part  II.,  Text- 
Book  of  Algebra,  that  the  product 

/wx/(«)=i.[(T)+(»)>4('»)+(T)(»)+(»)>-.... 

+  (2)(.-3)-(T)a^V(.-x)>-- 
is  convergent.    But 

(T)+(")=C"t">  (:)-(T)w-K)=("'r)' 

and  by  Ch.  XXIX.,  §  4,  'Art.  2, 

ther^ore  /(w»)x/(w)  =  /(m  +  n),  (1) 

for  all  rational  values  of  m  and  n. 

Then    /(m)  x  /(n)  x  f{p)  =  f{m  +  »)  x  f{p)  =  f{m  +  n  +  p). 

In  general, 

/(m)  X /(n)  X /(;))  X  ...  x /(r)  =  /(m  +  u  +  j>  +  -  +  r),  (2) 

for  all  rational  values  of  m,  n,  p,  >•>,  r. 
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5.   Fractional  Bzponents.  —  Let 

u 
m  =  n  =p  =  -.  =  r  =  -» 

V 

wherein  u  and  v  are  positive  integers.    Taking  v  factors,  we  now  have 

[/(i)T=/a' •")=/(«>• 

Now,  since  w  is  a  positive  integer, 


Therefore      (1  +  x)"  = 


That  is,  (l  +  x)**:: 


U 

, 

u 

u 

^ 

^~ 

""=1  + 

V 

ll  J 

x  + 

V 
*> 

x^  + 


6.   Negative  Exponents,  Integral  or  Fractional.  —  In  (1),  Art.  4,  let 

w  =  —  n. 
We  then  have   /(- w)  x/(n)=/(n-n)=/(0)  =  l, 
since  /(O)  =  1  +  0  •  x  +  •••  =  1. 

1 


Therefore 


fin) 


=/(-n). 


Since  n  is  a  positive  integer  or  fraction,  (1  +  x)^  =f(n),  and  therefore 
7^4:— =/(- n),  or  (1 +  x)-n=/(-n). 

That  is,      {l  +  x)-''  =  l  +  (~^\x+  (  ~  ")*'  +  — • 
7.  Expansion  of  (a+b)". — We  have 


(a  +  by  = 


«'l  +  « 


=.,1^1): 


and 


ia^,r={^(i^t^=u^(i+ff 


(1) 


(2) 
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When  b  is  numerically  less  than  a, 

and,  by  (1)  above^ 

=  a"  +  Q)  a'-'6  +  ft)  a-=6»  +  •  • ..         (3) 

In  a  similar  way  it  can  be  shown  that,  when  a  is  numerically 
less  than  6, 

(a  +  &)«  =  6"  +  Q  6->a  +  Q  b-'a'  +  .-.        (4) 

Notice  that  when  n  is  a  fraction  or  negative,  formula  (3)  or 
(4)  must  be  used  according  as  a  is  numerically  greater  or  less 
than  6. 

8.  Ex.     Expand  -— — — ■  to  four  terms. 

^         ^(a-462) 

If  we  assume  a  >  4 1'^,  we  have,  by  (3),  Art.  7, 

^  _1_         4  ?>^       J^2  ?>;^        896  h^        ,,, 
^a     3  a  ^a     9  (e'^'a      81  a'-^a 

If  a<46',  we  should  have  used  (4),  Art.  7. 

Any  particular  term  can  be  written  as  in  CK.  XXVll^^^  (kxfv^^ 
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9.  Extraction  of  Roots  of  Numbers. — Ex.   Find  yl7  to  four 
decimal  places.     We  have 

[  ^2  16^  1.2  [ley    1.2.3    vi6y 

=  4(1  4-  .03125  -  .00048  +  .00001 ) 

=  4  X  1.03078  =  4.12302. 
Therefore  -y/lT  =  4.1230,  to  four  decimal  places. 

BXEBCISES. 
Expand  to  four  terms 

1.  (l  +  a)i        2.    (l-a;)-i.  8.    (x^-^y)'^.    4.    (a;-y2)-4. 

6.  (27  +  6x)i    6.    (8o8~36)"i-    7.    (3  +  2x)*    8.    (Sa^-SftS)"** 

9.  (2x*  +  a;2/"2)-8.    10.  [^(a6)- V(a&)]*.    11.  (a^aj"*  -  a"*a;i)-*. 

12.  ^ -.  13.     „  ,  }     .'  14.  ^ 


Find  the 

15.   4th  term  of  (1 -2  x)*.  16.   6th  term  of  (1  + a26~i)-8. 

17.   5th  term  of  (x*  -  x-^)"^.     18.    8th  term  of  (a^y/b  -  2  6^a)"i. 

19.   A;-6thtermof  (l+a;^2^i)-2.     20.   2  Alih  term  of  [a;2  -  V(ay)]*. 

21.  Find  the  term  in  (3  x^  —  x^yy  containing  x^, 

22.  Find  the  term  in  ( a  +  -^— )      containing  a-'^. 

Find  to  four  places  of  decimals  the  values  of 

23.  y/'o.  24.    V27.  25.    ^35.  26.    ^700.  27.    ^258. 


CHAPTER  XXXIII. 

UMDUTUKMINED  COEFFICIENTS. 

§  1.    METHODS  OF  UNDETERMINED  COEFFICIENTS. 

1.  It  is  frequently  necessary  to  change  an  algebraical  ex- 
pression from  one  form  to  another.  One  method  consists  in 
equating  the  given  expression  to  an  expression  of  the  required 
form,  in  which  some  or  all  of  the  coefficients  are  at  first 
unknown,  but  can  subsequently  be  determined. 

In  applying  this  method  of  undetermined  coefficientSy  it  should 
first  be  shown  that  the  assumption  of  the  required  form  is 
legitimate,  that  is,  that  the  given  expression  can  assume  that 
form. 

The  method  depends  upon  the  principle  of  series  proved  in 
Ch.  XXI.,  Art.  12. 

§  2.    EXPANSION  OF  CERTAIN  FUNCTIONS  INTO  INFINITE 

SERIES. 

It  follows  from  the  principle  proved  in  Ch.  XXXI.,  Art.  3, 
that  the  infinite  series 

approaches  in  value  the  fraction for  all  values  of  x  be- 

tween  —  1  and  -f  1.  Conversely,  we  may  look  upon  the  series 
as  the  expansion  of  the  fraction  for  all  values  of  x  between 
these  limits,  but  for  no  other  values  of  x. 

And,  in  general,  an  infinite  series,  no  matter  how  obtained 
from  a  given  function,  can  be  regarded  as  the  expansion  of  that 
function  only  when  the  series  is  convergent. 

This  fact  should  be  kept  in  mind,  without  further  emphasis, 

in  all  the  expansions  that  we  shall  derive. 
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Rational  Fractions. 

2.  In  assuming  as  the  expansion  of  a  rational  fraction  an 
infinite  series  of  ascending  powers  of  x,  we  first  determine  with 
what  power  the  series  should  commence.  This  is  done  by 
division,  when  both  numerator  and  denominator  are  arranged 
to  ascending  powers  of  x.  In  fact,  this  step  also  determines 
completely  the  first  term  of  the  series. 


Ex.  1.  Expand 


2-x 


l-^-X  —  QC^ 

in  a  series,  to  ascending  powers  of  x. 

Since  the  first  term  of  the  expansion  is  evidently  2,  we 


assume 


2-a; 


1  +  X  —  x^ 


=  2  -h  Bx  +  Cx^  -\-  Da^  -\-  Exf" 


wherein  B,  (7,  i),  •••  are  constants  to  be  determined. 
Clearing  the  equation  of  fractions,  we  obtain 


2-x=2  +B 

2 


x+C 

x'+D 

x>+E 

+  B 

+  c 

+  D 

-2 

-B 

-C 

^-\- 


The  series  on  the  right  is  infinite ;  that  on  the  left  may  be 
regarded  as  an  infinite  series  with  zero  coefficients  of  all 
powers  of  x  higher  than  the  first.  By  Ch.  XXXI.,  Art.  11, 
we  have 

2  =  2;  i?  +  2=:-l,     whence  5  =  -3; 


C-^B -2  =  0, 
D  +  C^B=0, 
E^D-C=0, 

etc.. 


whence  (7  =  5; 
whence  Z)  =  —  8 ; 
whence  -&  =  13 ; 
etc. 


Hence,  substituting  these  values  of  B,  C,D,*"  in  the  assumed 
series,  we  have 


2-x 

1  +  X  —  OI? 


=  2-5x^5a?-8a:3^13^4^...^ 
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Let  the  student  compare,  this  result  with  that  obtained  by 
division.  In  fact,  the  latter  method  of  expanding  a  fraction  is 
to  be  preferred  when  only  a  few  terms  are  wanted.  But  the 
successive  coefficients,  after  a  certain  stage,  may  be  computed 
with  great  facility  by  the  method  of  undetermined  coefficients. 
A  moment's  inspection  of  the  preceding  work  will  convince  the 
student  that  the  coefficient  D,  and  all  which  follow  it,  are  each 
connected  with  the  two  immediately  preceding  coefficients  by 
a  definite  relation.     Thus, 

D-\-C-B^Oy  E  +  D-C^O,  F-\-E-D=^0,  etc. 
Ex.  2.  Expand  3^i^' 

in  a  series,  to  ascending  powers  of  x. 

The  first  term  in  the  expansion  is  evidently  ^or\ 
We  therefore  assume 


Clearing  of  fractions,  we  obtain 


x'  +  SD 


aj*4- 


-i        -B 

By  Ch.  XXXI.,  Art.  11,  we  have 

1=1.    35- J=  -1,  whence  iJ  =  -f; 

SC-B=      0,    whence  C=-^; 

3Z>-C=      0,    whence  Z>=-^; 
eLC,  euc. 

EXERCISES  I. 

Expand  the  following  fractions  in  series,  to  ascending  powers  of  ar,  to 
four  terms : 

4.  — 1_.  5.  -L..  6.  ^■>A':. 

!+«  +  «*  l-jr»  X4.2 

7.  ^-^^\\  8.       '-^     .  %,  ^ 


1-^z-x^  6x*-f2x*  ^x^-^•3^^•^^ 
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Snrds. 

3.  Not  every  surd,  even  with  only  integral  powers  of  a; 
under  the  radical  sign,  can  be  expanded  in  a  series  of  inte- 
gral powers  of  x.  If  the  terms  under  the  sign  be  arranged 
in  order  of  ascending  powers  of  x,  the  lirst  step  in  the  process 
of  extracting  the  corresponding  root  will  deteraaine  when  the 
expansion  is  possible.  That  step  will  also  indicate  the  power 
of  X  with  which  the  expansion,  when  possible,  begins. 

Thus  ■^(x—2a^  cannot  be  expanded  in  integral  powers  of  «, 
since  the  first  term  in  any  possible  expansion  must  be  ic*. 

Again,  for  a  similar  reason,  -^(a?  —  2  a^  +  a;*)  cannot  be  ex- 
panded into  a  series  of  integral  powers  of  x. 

Ex.  1.   Expand  ^(1  -  or*  -f  2  a^), 

in  a  series,  to  ascending  powers  of  x. 

The  first  term  in  the  expansion  is  evidently  ±  1.  We 
therefore  assume 

V(l  -  ar^  +  2ar')  =(1  +  Bx  +  C^  -f  Dx^-hEa^)-\-  ... 


a;-f-2C 

ic"  -\-2D 

a^-f  2^ 

+  B2 

-\-2BC 

-\-2BD 

Squaring  both  sides  of  the  equation,  we  have 


l__a:2  4-2aj3  =  l  +25 


Hence 

1  =  1. 

2  5  =  0,  whence  5  =  0; 

2  0+52  =  -l,  whence  C  =  -|; 

2i)  +  2  5(7=  2,  whence  i)  =  +  1 ; 

2^+25Z>+O2=0,  whence  JB:  =  -^; 

etc.,  etc. 

We  consequently  have 

V(l  - ^J"  +  2a^=  ±  1  :f  |ar*  ±  a^s  :f  ^a?*  ± 


a;*-f 


•••. 


i 
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EXERCISES  II. 

Expand  the  following  expressions  in  series,  to  ascending  powers  of  x, 
to  four  terms : 

1.    v(l+aj).  2.    V(l-2aj*).  8.  ^(l-x^). 

4.   V(4-2x  +  a;2).         6.    y/(b +  Sx  +  9x^).         6.    ^(l-a;  +  a;2). 

§3.     REVERSION  OF  SERIES. 

4.  If  one  variable  be  equal  to  a  series  of  positive  integral 
ascending  powers  of  a  second  variable,  the  second  variable  can 
be  expressed  in  a  series  of  positive  integral  ascending  powers 
of  the  first.    This  process  is  called  reversion  of  series. 

Ex.  1.     Revert  the  series 

Assume  aj  =  ^y-f- -By^H- Cy  +  ••.,  (1) 

and  substitute  in  the  second  member  of  the  last  equation  the 
value  of  y  given  by  the  first.    Then 


a^-f 


+  45 

+    C 

Hence  -4  =  1. 

2A  +  B  =  0,    whence  5  =  -  2 ; 

3^4-45  +  0  =  0,    whence  (7=     5; 
etc.,  etc. 

Substituting  these  values  of  A,  By  C,  •••,  in  (1),  we  have 

If  the  series  for  y  in  terms  of  x  contain  a  term  free  from  x, 
we  must  findr  a  value  of  a;  in  a  series  of.  powers  of  y  minus 
that  term. 
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Ex.  2.   Revert  the  series 

y  =  l-|-a;-f-a5^+a^-f--., 

or  y  — 1  =a;4-ar^  +  aj^H .  (2) 

We  assume 

aj  =  ^(y-l)-f5(y-l)»+C0-l)«H-...  (3) 

Substituting  in  (3)  the  value  of  (y—1),  given  in  (2),  we  obtain 

+  C(a;  +  »'  +  a5^+---)^H • 

Collecting  terms  containing  like  powers  of  x,  we  have 


x  =  Ax-\-A 


x"-^  A 


ji 


x^-\- 


4-2B 
-h  C 

Equating  coefficients  of  like  powers  of  x,  we  obtain 

A  =  l,       whence    A  =  l; 

JB-f.(7=0,       whence    B=—l; 

A-{-2B-\-C  =  0,      whence  (7=1. 
etc.  J  etc. 

Substituting  these  values  of  the  coefficients  in  the  assumed 
series,  we  have 

EXERCISES  III. 
Revert  each  of  the  following  series  to  four  terms : 
1.   y  =  5c  + ic2  +  x8+ .-.  2.   2/  =  x  +  3x2  +  5x3+ .... 

3.   ?/  =  x-Jx2+ix3 .  4.   y  =  l -»  + 2x-2— .... 

g  2   ,  £  ,  ^  ,  6.   y  =  ax  +  6x2  +  cx8  +  .... 

§4.     PARTIAL  FRACTIONS. 

1.  It  is  frequently  desirable  to  separate  a  rational  algebrai- 
cal fraction  into  the  simpler  (partial)  fractions  of  which  it  i»j 
the  algebraical  sum. 


M]  Partial  fractions.  441 

2aj  1  1 


E.g.y 


1— iB*       1—0?       1  +  05 


The  process  of  separating  a  given  fraction  into  its  partial 
fractions  is,  tberefpre,  the  converse  of  addition  (including  sub- 
traction) of  fractions ;  and  this  fact  must  guide  us  in  assuming 
the  forms  of  the  partial  fractions.  We  shall  separate  the 
given  fractions  into  the  simplest  partial  fractions,  that  is,  frac- 
tions which  cannot  themselves  be  further  decomposed. 

We  shall  also  assume  that  the  degree  of  the  numerator  is  at 
least  one  less  than  that  of  the  denominator.  A  fraction  whose 
numerator  is  of  a  degree  equal  to  or  greater  than  that  of  its 
denominator  can  be  first  reduced  by  division  to  the  sum  of  an 
integral  expression  and  a  fraction  satisfying  the  above  condi- 
tion.    The  latter  fraction  will  then  be  decomposed. 

The  denominators  of  the  partial  fractions  can  be  definitely 
assumed.  For  they  are  evidently  those  factors  whose  lowest 
common  multiple  is  the  denominator  of  the  given  fraction. 
But  there  is  one  case  of  doubt,  namely,  when  a  prime  factor  is 
repeated  in  the  denominator  of  the  given  fraction. 

6-^20?^       =     ^      I        ^        I      ^     - 
(l-.aj)»(l-f-aj)     l-a:     (1-a?)^     l+a' 

3-haj«         _       2        ,      1 


(l-a;)2(l+a;)      (1  -  «)•  '  1  +  a? 

We  could  not  have  decided,  in  advance,  whether  either  of 
the  two  given  fractions  is  the  sum  of  two  or  of  three  partial 
fractions.  There  must  necessarily  be  a  partial  fraction  having 
(1  —  a;)'  as  a  denominator,  since,  otherwise,  the  L.  C.  M.  of  the 
denominators  would  not  contain  the  prime  factor  1  —  a;  to 
the  second  power.  But  it  cannot  be  determined,  in  advance, 
whether  there  is  a  partial  fraction  having  1  —  «  as  a  denomi- 
nator. 

In  8uoh  cases,  therefore,  it  is  advisable  to  make  provision 
for  all  possible  partial  fractions  by  assuming  as  denominators 
itll  repeated  factors  to  the  first  power,  second  power,  etc. 
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The  numerators  of  partial  fractions  thereby  assumed,  which 
should  not  have  been  included,  will  acquire  the  value  zero 
from  the  subsequent  work,  so  that  those  fractions  drop  out  of 
the  result. 

The  numerators  of  the  partial  fractions  must  be  assumed 
with  undetermined  coefficients.  Since  the  numerator  of  the 
given  fraction  is,  by  the  hypothesis,  of  degree  at  least  one  less 
than  the  denominator,  the  same  must  be  true  of  each  partial 
fraction.  We  therefore  assume,  for  each  numerator,  a  complete 
rational  integral  expression  with  undetermined  coefficients  of 
degree  one  lower  than  the  corresponding  denominator. 

If  any  term  in  the  assumed  form  of  the  numerator  should 
not  have  been  included,  its  coefficient  will  prove  to  be  zero. 

An  exception  to  this  principle  occurs  when  the  denominator 
of  the  partial  fraction  is  the  second  or  higher  power  of  a  prime 
factor,  as,  (1  —  x)^.  In  that  case  the  numerator  is  assumed  as 
it  would  be  according  to  the  above  principle  if  the  prime  factor 
occurred  to  the  first  power  only. 

We  may  briefly  restate  the  above  principles : 

Separate  the  denominator  of  the  given  fraction  into  its  prime 
factors.  Assume  as  the  denominator  of  a  partial  fraction  each 
prime  factor;  in  particular,  when  a  prime  factor  enters  to  the  nth 
power,  assume  that  factor  to  the  first  power,  second  power,  and  so 
on,  to  the  nth  power,  as  a  denominator. 

Assume  for  each  numerator  a  rational  integral  expression,  vM 
undetermined  coefficients,  of  degree  one  lower  than  the  priif^ 
factor  in  the  corresponding  denominator. 

Let  us  first  decompose  the  two  fractions  which  we  have  used] 
to  illustrate  the  theory. 

Ex.1.  ,    ^-?f,     ^^^+,^^„+     ^ 


(1  -  x)%l  -\-x)     1  -  a;     (1  -  «)«  '  1  +  a;     . 

Since  the  prime  factor  in  the  denominator  of  each  partirf 
fraction  is  of  the  first  degree,  each  numerator  is  assumed  to  ^ 
of  the  zeroth  degree. 
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Clearing  the  equation  of  fractions,  we  have 

e  -2a^  =  A(l  -  x){l  +  x)  -{-  B(l  -{-  X)  -^  C(l  -  xy 
=  ('-A  +  C)x'-^(B'-2C)x-^A-^B-^C. 

Since  this  equation  must  be  true  for  all  values  of  x,  we  have 

B-2C=      0,    Whence  ^  =  3,  5  =  2,  (7  =  1. 

^4-5  +  0=      6.. 

Consequently 

6-2ar^  3  2  1 


(1  -  a)Xl  +  a?)      1  -  oj     (1  -  a?)2  ■  1  -f.  aj 
Ex.  2.  3  +  a?^        __    A  B  C 


(1  -  a:)2(l  +  a;)      1  -  a?      (l-xf     1 -^  x 

The  forms  of  the  partial  fractions  are  assumed  the  same  as  in 
Ex.  1.    We  have 

3-{-x'=(-A'hC)x^+(B-2C)x-^A-^B  +  C, 

and  then     —^  +  (7=1, 

B-2C=0,    Whence^  =  0,  5  =  2,  (7=1. 
A'^B-hC=3.. 

Therefore  3  +  a^        _       2  1 


(1  -  a;)2(l  +  a?)      (1  -  ic)^  '  1  +  a: 

When  the  factors  of  the  denominator  of  the  given  fraction 
are  of  the  first  degree,  as  in  Exx.  1  and  2,  the  work  may  be 
shortened. 

Begin  with  the  equation 

6  -  2ar^  =  ^(1  -a:)  (1  +  «)  +5(1  +  aj)  -f-  C(l  -  xf, 

of  Ex.  1.     Since  this  equation  is  true  for  all  values  of  x,  we 
may  substitute  in  it  for  x  any  value  we  please.     Let  us  take 
such  a  value  as  will  make  one  of  the  prime  factors  zero. 
Substituting  1  for  x,  we  obtain 

4  =  2  5,  whence  5  =  2. 
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Next,  letting  a;a«  —  1,  we  have 

4=32  4(7)  whence  C»l. 

There  is  no  other  value  of  x  which  will  make  a  prime  factor 
zero,  but  any  other  value,  the  smaller  the  better,  will  give  an 
equation  in  which  we  may  substitute  the  values  of  B  and  C 
already  obtained. 

Letting  a;  «=  0,  we  obtain 

6=A-{-B-\-0,  whence  ^=»3. 
The  same  method  can  be  applied  to  Ex.  2. 

x^-x-^-S^        x^-x  +  3        ^    A  Bx+C 

■Ex-3-       a^^i        (aj-l)(aj«-fic4-l)'^a-l     aj'  +  aj  +  l* 
In  this  example  the  one  prime  factor  being  of  the  second 
degree  we  assume  the  corresponding  numerator  to  be  a  com- 
plete linear  expression. 

Clearing  of  fractions,  we  have 

x'-x-\-3  =  A{x'-{-x-^l)  +  (Bx+C){x-l)  = 

{A  +  B)a^'h(A-B-^C)x-{-A-a 

Equating  coefficients  of  like  powers  of  x,  we  obtain 

A'hB  =  l,  ^-.jBH-(7=-1,  A-C==3', 

whence,  A  =  l,  B  =  0,  C=  -2. 

Or,  we  might  have  used  the  second  method,  beginning  with 

x"  -  x  +  3  =  A(a^  -{- X  +  1)  -{-  (Bx-{-  Cr)(x  -1). 

Letting  oj  =»  1,  we  obtain 

3  =  3^,  whence  A  =  l. 

Since  no  other  value  of  x  will  make  a  factor  vanish,  we  take 
any  simple  values.     When  a?  =  0,  we  have 

3  =  A-C,  whence  (7  =  -  2. 
Finally,  letting  a;  =  —  1,  we  have 

6  =  A-j-2B-2C,  whence  -5  =  0. 


Ex.  4. 


2~2a;  +  4ar^  _Ax+B  ,    Cx-^D  ,      E 

1  Tz    :     srs  "r 


(l  +  a^\l^x)      l  +  aj«      (l4-aj*y  ■  1-a? 


I 
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The  prime  factors  in  the  denominator  of  the  first  two  partial 
fractions  being  of  the  second  degree,  expressions  of  the  first 
degree  are  assumed  as  numerators. 

Clearing  of  fractions,  we  have 

-^(A-B  +  C-D)x-^(B-hD  +  E). 

Equating  coefficients  of  like  powers  of  x,  we  obtain 

-A  +  E=0,  A-B  =  0,  -^  +  5~C7  +  2JE;=4, 
A''B  +  C-Dz=^^2,  JB-hZ>  +  ^=2; 
whence         ^  =  1,  5  =  1,  C=-2,  D  =  0,  E=l. 
Therefore 

(1+02)2(1-0;)     l  +  a^     (1 4-0^2  ■^l__a.' 
Separate  the  following  fractions  into  partial  fractions : 

X. — - — —•  7a,    — •  jf.  • 

7  26  -  a;2  _  12  a;2  -  4  ««  -  1 

4.  -^.  6.   -^.  6.  1J^±^. 

«2  -  4  1  -  x2  a;2  -  9 

x»-aj       '  '   9-aja*  *    (x+l)(x-l)2* 

jQ       4a;  jj  x2  +  5a;  +  10 


a;2-l  (a;  +  l)(a;  +  2)(x  +  3) 

12    6x(x  +  3) jg    3-x 

(2a+l)(2x-l)(x  +  l)'  '   (2x  +  l)(2x  +  3)(x-l)' 

14,      g2-H90x-9  ^y       ^x-f  2 


6(x2  -  9)(x  -  3)  (x2  -  l)(x  -  2) 


16.  1 X7.         ^      '  X8. 

(x-l)«  (x-l)*  x«-l 

x»+  1  «•- 1  x«+ 1 

I  28.   _J 24.     ^'-Ift^-l^ 


X*-l  X2(X2+1)  (X«-9)(X-1) 

44 -Ox  ^        I  87.       ^ 


88^  +  64  x»  +  x  ••-I 


CHAPTER  XXXIV. 

CONTZNUED  FRACTIONS. 

1.  If  the  numerator  and  denominator  of  JJ  be  divided  by 
the  numerator,  we  have 

30     30  -s-  30         1 


43     43-5-30     1+tt 

Reducing  ^,  and  subsequent  fractions,  in  a  similar  way,  we 
obtain 

30  1  1  1 


43     1^13-^13     i  +  _JL_      14.       1 


30^13  2-h±  2-h     1 


13  3^1 

4 

The  complex  fraction  thus  obtained  is  usually  written  more 
compactly  thus : 

1111 
l_|.2+3-|-4* 

Observe  that  in  the  last  form  the  signs  H-  are  written  on  a 
line  with  the  denominators  to  distinguish  the  complex  fraction 
from  the  sum  of  common  fractions.  It  is  important  to  keep 
in  mind  that  in  both  forms  the  numerator  at  any  stage  is  the 
numerator  of  a  fraction  whose  denominator  is  the  entire  com- 
plex fraction  which  is  written  below  and  to  the  right  of  that 
particular  numerator. 

2.  A  Continued  Fraction  is  a  fraction  whose  numerator  is  an 
integer,  and  whose  denominator  is  an  integer  plus  a  fraction] 

4\^ 
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whose  numerator  is  an  integer,  and  whose  denominator  is  an 
integer  plus  a  fraction,  etc. 

A  continued  fraction  frequently  occurs  in  connection  with 
an  integral  term. 

^'  1+^^ ^1+2+3  +  4 

2  +  -^ 


-i 


In   such  cases  it  is  customary  to  call  the  entire  mixed 
number  the  continued  fraction. 

The  general  form  of  a  continued  fraction,  therefore,  is: 


n  + rh =^4._^u^2    Jh 


d    4-        ^2  <^  H-  ^2  +  ^8  H- 

3.  We  shall  confine  ourselves  in  this  chapter  to  continued 
fractions  in  which  the  numerators  are  all  1,  and  the  denomi- 
nators all  positive  integers ;  of  the  general  form,  therefore, 

^111 


in  which  the  d's  are  all  positive  integers,  and  n  is  a  positive 
integer  or  0. 

The  n  and  the  d's  are  called  Partial  Quotients. 

4.  A  Terminating,  or  Finjte  Continued  Fraction,  is  one  in 
which  the  number  of  partial  quotients  is  limited,  as  in  the 
example  given  above. 

A  Non-terminating,  or  Infinite  Continued  Fraction,  is  one  in 
which  the  number  of  partial  quotients  is  unlimited  or  infinite. 
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To  Convert  a  Common  Fraction  Into  a  Terminating  Continudd 

Fraction. 

&  Compare  the  work  In  Art.  1  of  reducing  |f  to  a  continued 
fraction,  with  the  work  of  finding  the  G.  C.  M.  of  30  and  43 : 

30)43(1 
30 

13)30(2 
26 

4)13(3 
12 

1)4(4 
4 

Observe  that  the  successive  quotients  in  the  latter  process 
are  the  partial  quotients  of  the  continued  fraction.  This  is  as 
it  should  be,  since  a  comparison  of  the  two  processes  shows 
that  the  successive  steps  of  division  in  getting  the  partial 
quotients  are  identical  with  those  in  finding  the  G.  C.  M. 

The  method  is  evidently  perfectly  general  and  may  be  ap- 
plied to  any  common  fraction.  If  the  fraction  be  improper, 
the  first  quotient  will  be  the  integral  part  of  the  continued 
fraction,  and  the  remaining  quotients  the  successive  partial 
quotients  of  the  continued  fraction  proper. 

161 
Ex.   Reduce  —  to  a  continued  fraction. 

45 
By  the  method  of  G.  C.  M.,  we  have 

45)151(3 
135 

16)45(2 
32 

13)16(1 
13 

3)13(4 
12 

1)3(8 
3 

Therefore,  1^  =  3  +  —  —  —  -. 

'  45         ^2+1+4+3 
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To  Reduco  a  Terminating  Continued  Praotdon  to  a  Common 

Fraction. 

6.  We  have  only  to  retrace  the  steps  taken  in  the  preceding 
article  in  forming  a  continued  fraction  from  a  common  frac- 
tion.   Thus, 

m 

1111       114        113     30 


14.2+3+4     1  +  2+13     1+30     43 

^  Evidently  this  method  is  also  perfectly  general. 

We  therefore  conclude  that  any  common  fraction  can  be 
converted  into  a  terminating  continued  fraction,  and,  con- 
verselyi  that  any  terminating  continued  fraction  can  be  reduced 
to  a  common  fraction. 

The  latter  reduction  becomes  laborious  in  the  case  of  a  con- 
tinued fraction  with  many  partial  quotients,  and  a  simpler 
method  will  now  be  given. 

7.  A  Convergent  of  a  continued  fraction  is  that  part  of  it  ob- 
tained by  stopping  with  a  definite  partial  quotient. 


ThuS|  in 


111 


1+2+3+4 


1  ♦112 

the  first  convergent  is         -;  the  second  is  - —  ->    =  - ; 


the  third  is 


the  fourth  is 


111 


l_|.2  +  3+'       10' 

1_1_1_1    ^80 

1  +  2  +  3  +  4'       43* 


For  convenience,  we  will  call  the  integral  term,  when  there 

is  one,  the  zeroth  convergent,  so  that  the  nth  convergent  will 

always  end  with  the  nth  partial  quotient.     We  will  denote  the 

N   N  2^ 
successive  convergents  by  --^,  -rr^,  j^f  etc. 

JJq  JJi  JJf 
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The  above  convergents  may  then  be  written  thus : 

iVa^  7  ^3x2  +  1^3xiSrg+iVr^ 
A     10     3x3  +  1     3xA  +  A' 

^4^30^4x    7-f-2^4xiV^8  +  iV^2 
A     43     4x10  +  3     4xA  +  A' 

That  is,  to  form  the  numerator  of  the  third  convergent, 
multiply  the  numerator  of  the  second  by  the  third  partial 
quotient,  and  to  the  product  add  the  numeratoi:  of  the  first 
convergent.  To  form  the  numerator  of  the  fourth  convergent, 
multiply  the  numerator  of  the  third  convergent  by  the  fourth 
partial  quotient,  and  to  the  product  add  the  numerator  of  the 
second  convergent.  In  like  manner,  form  the  denominators 
from  the  denominators  of  the  two  preceding  convergents. 

In  general, 

Tlie  numerator  of  any  converrjent  after  the  second  {after  the 
first  if  there  he  a  zeroth  convergent)  is  formed  by  multiplying  the 
numerator  of  the  immediately  preceding  convergent  by  that  partial 
quotient  tvith  which  the  convergent  to  be  computed  ends^  and  to 
the  product  adding  the  numerator  of  the  second  preceding  conver- 
gent; the  denominator  of  the  same  convergent  is  formed  in  like 
manner  from  the  denominators  of  the  two  convergents  immediately 
preceding. 

The  principle  holds  for  the  second  convergent  when  there  is  a  zeroth 
convergent ;  and  in  all  cases  for  the  third  convergent. 

For  .^  =  ^^=^+l  =  !^^?L±i, 

Do      1     l>i  di  dv 

Z>2  di  -f  ^2  did2  +  1  did2  +  1 

_  d-zCnd^  +  1)  +  ?i  _  djNi  +  iVo 
did2  -f  1        ~  d2Di  +  Do 
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Ds  di-\-  d2-{-  ds  (?i  +  dids  4- 1  did^ds  -{•  di-{-  ds 

_  ndidjds  +  ndi  -f  nds  +  d^ds  +  1 
did2ds  -{■  di  +  ds 

__  d^Cndidj  4-  /i  +  <^2)  +  (yt(?i  +  1)  _  dsN'2  -f  ^1 

If  the  principle  holds  up  to  and  including  any  convergent,  it  holds  foi 
the  next  convergent. 

Suppose  it  holds  up  to  and  including  the  A;th  convergent.  We  then 
have 

^=d^-±-    1 


dk     dkDk-i  +  Dk-2 


Now  t^^  =  d[4._l_    I 

Dk+i  di  + 


dk-^     ^ 


d2  + 

dk+i 
differs  from  the  preceding  convergent  only  in  having 


dk-^    ^ 


dk+i 
as  a  denominator  where  the  preceding  has  dk.    Therefore,  if  we  substitute 

d,  +  _!_  for  dk  in  <?*^*-i  -^  ^*-^ 
dk+i  dkDk-i  +  Dk-2 

we  obtain  an  expression  for  — ^±^» 

Bk+i 

without  assuming  that  the  principle  holds  beyond  the  ^th  convergent. 
Consequently, 

Nk±i_\dk+i[ dk^k+i^k-i  +  N'k  1  -f  dk+iNk-2 


Dk+\ 


(a,  +  -^\Dk-x  +  Dk-2     <^^MDk-i  +  Dk-i  +  dk^iDk  2 
\         dk+i/ 


^  dk^i(dkNk-\  +  yk-i)  -f  iV>-i  ^  dk^xNk  +  iV]fc-i^ 
djk+i(rft/>*-i  +  Dk-2)+  Dk-\     dk+\Dk  +  Dk-\ 

a  result  in  acconlance  with  the  principle. 

Therefore,  since  the  principle  holds  to  and  including  the  third  con- 
vergent, it  holds  for  the  fourth ;  then,  since  it  holds  for  the  fourth,  it 
holds  for  the  fifth  ;  and  so  on. 

This  method  of  proof  is  called  Proof  by  Katheiiutical  Induction. 
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Proptrtiet  of  Convergenta. 

8.   (i.)  Tlie  successive  convergents,  beginning  with  the  zeroth, 
are  cUtemately  less  and  greater  than  the  continued  fraction* 

Thus,  from  1^.3  +  JLXJ^l, 

xuuB,  lu  ^         ^24-1+4+3' 

we  have      ^o  =  5,    ^  =  1,   ^«=^,   ^^  =  ^,   ^^«il^ 
Do     1'    A     2'   A      3'   D,     14'   A     46' 

,        3^161  7^151  10^151  47^151 

and  —  <  — 1   —  > ,   —  <  — ••   —  > • 

1      46'   2      45'    3       46'   14^  45 

The  symbol  ^,  read  difference  between,  is  placed  between 
two  numbers  to  indicate  that  the  less  is  to  be  subtracted  from 
the  greater.    E.g.,  3'^4  =  4'^3^4  —  3  =  1. 

(ii.)  TJie  difference  between  any  two  consecutive  convergents 
is  1  divided  by  the  product  of  their  denominators. 

Thus, 

3     7        1       7     10        1       10     47         1 
1     2     1x2'   2      3      2x3'    3      14     3x14' 

(iii.)  Each  convergent  is  nearer  in  value  to  the  continued 
fraMion  than  any  preceding  convergent. 

Thus, 

151  3^16.  151   7^13.  151  10  J^. 
45 '"l  45'  45 '^2  90'  45 '^  3 '^135' 

and  t^>77;t> 


45   90   136 

(iv.)  The  convergents  of  even  order  continually  increase,  but 
are  always  less  than  the  continued  fraction ;  while  the  convergents 
of  odd  order  continually  dea^ease,  but  are  always  greater  than  the 
continued  fraction. 

V„  3     10     151.    7^47 
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In  a  terminating  continued  fraction,  the  last  convergent 
will,  of  course,  be  the  continued  fraction,  and  therefore  neither 
greater  nor  less  than  itself. 

The  proofs  follow: 

Let  Ka=n+-i--i---i-.... 

ai-f  «2+  «8+ 

(L)  The  zeroth  convergent  is  too  small  by 

1       1 
— —  .... 

In  the  first  convergent,  the  partial  quotient  di  is  too  small  by •••; 

-t  i  02  + 

hence  -^  is  too  great,  and  therefore  n  +  -r  ^  ^^  great. 

di  ai 

In  the  second  convergent,  the  second  partial  quotient  d2  is  too  small 

by  — i— :  hence  —  is  too  great,  and  therefore  di-\ —  is  also  too  great : 
^  d8+  d2  d2  ^ 

finally is  too  small,  and  n  H is  too  small. 

di-{-  di  di+  d2 

And  so  on. 

(ii.)  Since  ^^^^^  N,D,^i -^  D.lSr,^^ 

Dk     Dm  DhDh+i 

we  have  only  to  prove 

NkDk+i  -  />*^*+i  =  1. 

The  law  holds  for  the  first  two  convergents. 

For  ^'^     ^1  _  n  .  ndi  4- 1  _  ndx  ^(nr?i  +  1")  _  1 

Do^  Di     1  di  I'di  di 

If  it  holds  for  any  two  consecutive  convergents,  it  holds  for  the  second 
of  these  two  and  the  next  convergent 
We  have 

Therefore,  if  the  principle  holds  for 

it  holds  for 

Dm'"  Di^ 
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(iii.)  ^Lttl  differs  from  Fonly  in  having  d*+i  where  V  has 

dk+i  +  - —  +  —,  =  K,  say. 
Then  iV*  ^  <g*^*-i  +  ^*-2     j^  ^  ^iVit  +  iVit-i 


But 


Dm  Dk     KDm  +  Dm-i      DkiKDt  +  Dk-i) 


1 


DM{KDt  +  A-i) 


and 


Dk-i  Dh-x     KDk+Dt-i       Dk-iiKDk  +  DM-i) 

K 


D,.iiKD,  +  2>*-.i) 
But  K>1  and  Dk-i<Dk.    Therefore, 

Hence,  any  convergent  is  nearer  in  value  to  the  continued  fraction 
than  the  immediately  preceding  convergent,  and  consequently  than  any 
preceding  convergent. 

(iv.)  The  proof  follows  at  once  from  (iii.)  and  (!.)• 

Limit  to  Error  of  Any  Convergent. 

9.  Since,  by  Art.  10  (i.),  the  value  of  a  continued  fraction 
is  between  the  values  of  any  two  consecutive  convergents,  it 
must  differ  from  either  of  them  by  less  than  they  differ  from 
each  other. 

Therefore,  an  error  of  taking  -  *  for  the  continued  fraction 

is,  by  Art.  10  (ii.),  less  than 

But  A+i  =  ^*+i  A  +  D,^i  <  ^*+i^*- 


Therefore,  the  error  of  ^  is  less  than 


1 


D^  df,^iD- 


2 
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Hence,  to  find  a  convergent  which  differs  from  the  continued 

fraction  by  less  than  — ,  we  have  only  to  compute  successive 

m 

convergents  up  to  — *,  wherein  dj^^iD^  <  m. 

Ex.   Find    an  approximation    to    3.14159,   correct    to   five 
decimal  places. 
We  have 

111111 


3.14159  =  3  H- 


7+15H-l-+-25+l-h7H- 

rry.  .  .  3  22  333  355 

The  successive  convergents  are  -,  — ,  — — ,  --  -,  .... 

^  1'  7 '  106'  113 

The  error  of  — —   is  less  than  and  with  greater 

llo  Zo(lloy 

reason  less  than  ^^,^^^  .^  =  .000004. 

25(100)-^ 

355 

Therefore  — —  is  the  required  approximation. 

To  Reduce  a  Quadratic  Surd  to  a  Continued  Fraction. 

10.  The  general  method  may  be  illustrated  by  particular 
examples. 

Ex.   Eeduce  yl4  to  a  continued  fraction. 

Since  the  greatest  integer  contained  in  ^14  is  3,  we  assume 

Vl4  =  3  +  i. 

Then  d,=        ^        =Vl4  +  3^Vl4-h3, 
'      V14-3       14-9  5 

Since  the  greatest  integer  in  this  value  of  dj  is  1,  we  assume 

5  rf, 

Then  d, ^ 6(vl4  +  2)^Vl4  +  2. 
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In  like  manner,  we  assume 

Similarly, 

dfjc  = •  etc. 

Since  this  process  may  be  continued  indefinitely,  we  obtain 
an  infinite  continued  fraction  by  substituting,  in  succession, 
the  values  obtained  for  di,  d^,  d^,  •••. 

We  then  have 

Vl4  =  3  +  ^  =  3  +  -i-i  =  3+   111 


=  3  + 


1111 


1+2+1+6+ 
Observe  that  the  value  obtained  for 

is  the  same  as  that  for  di,  so  that 

^6  =  ^2>  dj  :=  d^,  dg  =  cf^  d^:s  d^^  dif  etc. 

Therefore  the  partial  quotients  1,  2,  1,  6,  are  repeated 
indefinitely. 

U.  A  Periodic  Continued  Fraction  is  an  infinite  continued 
fraction  in  which  the  partial  quotients  are  repeated  in  sets  of 
one  or  more. 

Ex.   Eeduce  -   ^-;P^  to  a  periodic  continued  fraction. 

0 

Since  ^^y^  <  1,  we  assume  ^-Zi::s/1  =  1 . 

Then  d, 6 3(5+V3)^^^ 

'     5-V3  11  dt 
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Likewise,  d,  =  _-|— -  =  3 V3  H- 6  =  10  +  i. 

Finally,      d^  =  ^       ^^  =  d,. 

Therefore,  only  the  third  and  fourth  partial  quotients  are 
repeated,  and  the  required  fraction  is 

111111 
1+  1+5+  10+5+10+*"* 

Application  of  Convergents. 

12.  It  is  often  convenient  to  substitute  for  a  fraction  with 
large  terms,  or  for  a  quadratic  surd,  a  convergent  with  com- 
paratively small  terms,  provided  that  convergent  approximates 
closely  enough  to  the  true  value. 

1 


Ex.1.  t1^  = 


2  +  ^ 


l+-i 


6+i 


By  Art.  9,  we  should  expect  the  third  convergent  to  be  a 
close  approximation,  since  the  following  partial  quotient,  50, 
is  large. 

We  have      ^  =  1  ^^  =  1,  Ks  ^  L^  K^  ^  3^. 

A    ^  A    3'  A    20'  A     1003 

Therefore,  by  Art.  9,  the  error  of  the  third  convergent  is 

less  than  -— — tt^;^}  and  with  greater  reason  less  than 
20  X  1003'  ^ 

=  .00005. 


20  xlOOO 

Consequently,  ^  represents  the  true  value  of  ^ff^  correctly 
to  four  decimal  places. 
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Ex.  2.    Given  \/14  =  3  +  - —  - —  - — •  •,  find  the  error 

rxi.  4.V,  .1+2+1+6  + 

01  the  seventh  convergent.  •       i       •       i 

The  student  may  satisfy  himself  that  — ^  =  —--. 

^  ^  Dj     120 

The  error  of  ^  <  6(120)2  <  — L-  <  .000011... . 

A  ^       82400 

Therefore  f |^  is  correct  to  four  decimal  places. 

To  Reduce  a  Periodic  Continued  Fraction  to  an  Irrational 

Number. 

13.  We  will  take  as  an  example  the  result  of  Ex.  Art.  10. 
Assume  a?  =  3  + 

then  x  —  3  = 


•  •  *. 


1+2+1+6+1+      ' 
1111 


1+2+1+6+ 

Since  the  partial  quotients  1,  2,  1,  6  are  repeated  in- 
definitely in  that  order,  the  continued  fraction  whose  first 
partial  quotient  is  the  first  periodic  number  (i.e.,  1)  at  any 
stage,  and  which  is  continued  indefinitely,  differs  in  no  respect 
from  the  given  periodic  continued  fraction.  For  example,  the 
periodic  continued  fraction  which  follows  the  heavy  plus  sign 
(+),  in  the  value  of  a?  —  3  above,  is  the  same  as  the  entire  con- 
tinued fraction,  which  is  the  value  of  x  —  3. 

We  may  therefore  substitute  a;  —  3  for  the  part  of  the  con- 
tinued fraction  which  follows  that  particular  plus  sign.  We 
thus  have 

^3^   111  1        ^111        1     ^ll+3a; 

l+2+l+6  +  a;-3     1+2+1+3  +  a;      15+4ic' 

From  this  equation  we  obtain 

4  a^  =  56,  or  a?  =  ^^14. 

14.  If  the  continued  fraction  be  not  periodic  from  the 
beginning,  we  first  reduce  the  periodic  part  by  itself  as  above, 
and  substitute  its  value  in  the  given  continued  fraction.  The 
latter  is  then  a  terminating  continued  fraction  and  can  be 
reduced  to  a  simple  fraction,  whose  numerator  and  denominator 
will  not,  however,  be  rational. 
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Ex.  a;  = 


2  4-1+3+5+3+  5  +  -, 
the  periodic  part  commencing  with  the  third  partial  quotient. 

Assume       y  =  - —  - —      =  - — =  ^^    ^  ; 

^      3+5+...     3+5  +  2/     16+y' 

hence  2/^  + 16  y  =  5  +  y, 

and  ^^-15  +  V245. 

But       0,-1       1     _l  +  2/_V245-13_32-v245 
2+1  +  2/     3  +  2/     V245-9  41 

Compute  the  successive  convergents  to 

1    J_J_JLJ_1.  2    24--i-^-i--J-.l 

H-  2+  2+1+3  '5+  3+  2+  1+  4 

Reduce  each  of  the  following  fractions  to  a  continued  fraction,  find  its 
convergents,  and  determine  a  limit  to  the  error  of  the  third  convergent. 
8.   H.  4.   AS.  5.   H.  6.  W.  7.  W- 

«•   T¥ift-  ^-  W-  10.  27i}.  11.  .4751.  12.   6.0372. 

Reduce  each  of  the  following  surds  to  continued  fractions,  find  the 
first  five  convergents,  and  determine  a  limit  to  the  error  of  the  fourth 
convergent. 

18.    V7-  W-    \/23.  15.    V2.5.  16.    y/29.  17.    2^45. 

18.    L±:^.  19.    22  -  V7^  3^    2+^.  2j     n+VZ. 

6  4  2-V3  6 

Reduce  each  of  the  following  periodic  continued  fractions  to  a  surd  : 

111111 


22. 


28.   3  + 
24. 


1+2+3+1+2+3  + 
1111 


6+1+6+1+ 
111111 


1  +  2+7+3+7+3  + 

25.  Express  the  decimal  .43429,  which  will  occur  in  the  next  chapter, 
as  a  continued  fraction,  find  its  fifth  convergent,  and  determine  the  limit 
to  the  error  of  this  convergent. 

26.  Express  the  decimal  2.71828,  which  will  occur  in  the  next  chapter, 
as  a  continued  fraction,  find  its  seventh  convergent,  and  determine  a 
limit  to  the  error  of  this  convergent. 

27.  The  true  length  of  the  equinoctial  year  is  366<>  6»»  48™  46».  Reduce 
the  ratio  6*»  48™  46*  24»»,  to  a  continued  fraction,  and  hence  show  how  often 
leap  year  should  come. 


CHAPTER  XXXV. 

LOGARITHMS. 

1.  An  equation  of  the  form  6**  =  a,  in  which  it  is  required 
to  find  one  of  the  three  numbers,  a,  6,  w,  in  terms  of  the  two 
other  numbers,  supposed  to  be  known,  leads  to  three  different 
operations. 

(i.)  Given  b  and  w,  to  find  a.  We  then  have  a  =  b\  Ex- 
pressions of  the  form  6**  have  been  considered  in  the  preceding 
chapters. 

(ii.)  Given  a  and  w,  to  find  b.  We  then  have  b  =  ^a.  Ex- 
pressions of  the  form  -^a  have  already  been  considered. 

(iii.)   Given  a  and  6,  to  find  n.    Designating  the  unknown 

number  by  a,  we  have 

b'  =  a. 

This  relation,  wherein  a  and  b  are  real  and  positive,  forms 
the  subject-matter  of  this  chapter.  It  will  be  proved  later 
that  a  value  of  x  can  always  be  found  to  satisfy  the  given 
equation. 

This  value  of  x  is  frequently  an  irrational  number.  We  must 
therefore  prove  that  the  principles  established  in  Ch.  XXVI. 
for  rational  powers  hold  also  for  irrational  powers. 

Irrational  Powers. 

2.  An  Irrational  Power  is  a  power  whose  exponent  is  an  irrational 
number ;  as  x^^, 

.  3.   Let  h  be  any  real  positive  number  greater  than  1,  and  7  be  a  posi- 
tive irrational  number  defined  by  the  relation  (Ch.  XVIII.,  Art.  6) : 

??!<7<???d:i, 
n  n 
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m  m-H 

Then  the  two  rational  powers  6»»  and  b  "    have  the  properties  (i.) 
and  (ii.),  Art.  6,  Ch.  XVIII. 

Since  —  increases  and  ^  "*"     decreases  as  n  increases,  it  follows  from 
n  n  „ 

Ch.  XVII.,  Art.  8  (i.)  and  (ii.)  and  Art.  7  (i.),  that  6"  increases  and 

m+\  m  m+l 

b  "    decreases  as  n  increases,  and  that  6»*  <  6  »»  . 

m+l  m  ml 

The  difference  6  »»   —  6»  =  6*»  (6»»  —  1)  is  positive,  and  can  be  made  less 

than  any  assigned  number,  however  small. 

1 

For,  let  6»  -  1  =  d,  (1) 

1 

wherein  d  is  positive,  since  6">1,  by  Ch.  XVII.,  Art.  8  (ii.). 

We  are  then  to  prove  that  d  can  be  made  less  than  any  assigned  num- 
ber, however  small,  by  increasing  n  indefinitely. 

From  (1),  we  have  6»  =  1  +  d,  or  6  =(1  -f  d)*. 
By  Ch.  XVII.,  Art.  15,  l  +  nd<(l+  d)^. 

Therefore  l  +  nd<b,  or  d<  ^-^. 

n 

Consequently,  as  n  increases  indefinitely,     ~    ,  and  hence  also  d,  de- 

n 

creases  indefinitely,  and  can  be  made  less  than  any  assigned  number. 
But  6«,  <  6  ♦*  ,  ia  less  than  some  definite  finite  number  i?.    There- 


m+l 


fore,  6  »   —  6«< 


!?      7?(6-l) 


By  increasing  n  beyond  any  assigned  number,  however  great,  — ^^ 

can  be  made  less  than  any  assigned  number,  however  small. 

m  m+I 

Therefore  the  two  series  of  powers  ft"  and  b  ••    determine  a  positive 
number  which  lies  between  them;    This  number  is  defined  as  a'.    That  is, 

m  m+l 

6»  <5^<6~ii~. 

4.    In  like  manner  it  can  be  shown  that  if  —  /  be  an  irrational  num- 
ber, defined  by  the  relation 

m-\-l    .      y   .     m 
<.—  i<^ 1 

n  n 

m+l  m 

then  the  two  series  of  powers,  b     "    and  b  ",  determine  a  positive  num- 
ber which  lies  between  them.    This  number  is  defined  as  a~A    That  is, 

m+l  m 

h    •   <b-'<b  ". 
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&   It  follows  directly  from  the  definition  of  6-^,  that  b-^  =  — 

6.    It  can  now  be  proved  that  the  principles  of  rational  powers  hold 
also  for  irrational  powers. 

Let  b'i  and  b'  be  two  irrational  powers  defined  by  the  relations 

6^<6/t<6~'^,  b^<b'*<b~^. 

(i.)  If  the  corresponding  rational  powers  of  the  series  which  define 
b'l  and  b't  be  multiplied^  we  obtain  the  two  series  of  numbers 

mi    vtf  mi+1    ms+l 

6"»6"«  and  6  «i  6  *•«  . 

The  numbers  of  these  series  have  the  properties  (i.)  and  (ii.),  Art.  6, 
Ch.  XVIII.    The  proof  is  similar  to  that  given  in  Ch.  XVIII.,  Art.  15. 
Therefore  the  two  series 

6"«6"*  and  6  *»  b  "• 

determine  a  positive  number  which  lies  between  them.    This  number  is 
defined  as  the  product  b^ibh. 

mi    iitj  wH'H^   mj+1 

That  is,  6»»6''«<  bW*<b  "!&"«. 

In  like  manner  it  can  be  shown  that  the  two  series 

mi    TOj  mi+1    m^-f  1 

6">   "«  and  6  "i       "« 

determine  a  positive  number  which  lies  between  them.    This  number  is 
defined  as  ?>^i+^2. 

m|  ,  ^  mi+1    mj+1 

That  is,  6"!    "» ^  jA+z*  <  5  «i       «*  * 

mi    mj  ^  1  ^  mi+1  m^-fl  mj-fl .  w>+l 

But  since     6"»  b"^  =  6"i   "«  and  6  "1  &  "«    =  6  "1       "«  ' 

the  two  numbers  b^^'^^*  and  6'»6'»  are  determined  by  the  same  relation, 
and  are  therefore  equal. 

That  is,  bW^  =  6^i+^ 

In  a  similar  manner  the  principle  can  be  proved  when  the  exponents, 
either  or  both,  are  negative  irrational  numbers. 

(ii.)  We  have         ^  =  b^^b-^*  =  6'H-(-/«)  =  5/1-/2 

wherein  Ii  and  /2,  either  or  \)oO:\,  «bT^  xv^^^xivq^. 
Pr'mci^le^  (IIL)-(V.),  C\i.  X^VA.,ct^xv\i^^TCiN%.$Lm^55;\\sC^^^^7^^^ 
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7.  In  the  proofs  of  the  preceding  principles;  the  base  was  assumed 
tc  be  greater  than  1.  Similar  reasoning  will,  however,  apply  when  the 
l>a8e  is  less  than  1  and  positive. 

For,  if  6  <  1  and  positive,  it  can  be  shown  that  the  irrational  power  is 
defined  by  the  relation 

m-fl  m 

h  "  <6^<6". 

Solution  of  the  Equation  6^  =  a. 

8.  (i.)  First,  let  6  >  1.    The  powers 

...,  6-2,  6-1,  60,  61,  62,  ..., 

increase  toward  the  right  beyond  any  positive  number,  however  great, 
as  the  exponents  increase  without  limit.    For,  by  Ch.  XVII.,  Art.  15, 

(l  +  d)*>l  +  nd, 

wherein  n  and  d  are  positive.  We  can  make  \  +  nd  greater  than  any 
assigned  number,  however  great,  by  increasing  n  without  limit.  But 
1  +  d  represents  any  number  greater  than  1. 

The  same  series  decreases  toward  the  left  below  any  assigned  positive 
number,  however  small,  as  the  absolute  values  of  the  exponents  increase 

without  limit,  by  Ch.  XXVII.,  §  3,  Art.  8.     For  6-'»  =  l-Y,  and  i  <  1. 

Then  a  will  either  be  equal  to  one  of  these  powers  or  lie  between  two 
consecutive  powers.  In  the  former  case,  x  is  equal  to  a  positive  or  a 
negative  integer.  In  the  latter  case,  x  lies  between  two  consecutive  num- 
bers of  the  series 

•••  —  2,   —  Ij  0,  "4"  1»  +  2,  •••, 

Let  6*  and  6*+i  be  the  two  powers  between  which  a  is  found  to  lie ; 
i.c.,  6*  <  a  <  6*+i,  wherein  k  is  0,  or  any  positive  or  negative  integer. 

Then  x  lies  between  k  and  A;  +  1 ;  or,  A;  <  a;  <  A;  +  1. 

The  interval  between  A;  +  1  and  Ar,  =1,  we  now  divide  into  ten  equal 
parts,  and  form  the  series  of  powers, 

6*,  6*-^A    ft»+A    ...,  5*<-A,  6»+i. 

Then  a,  which  lies  between  6*  and  6*♦^^  must  either  be  equal  to  one 
of  these  powers,  or  lie  between  two  consecutive  pow(»rs. 

In  the  former  case,  x  is  equal  to  a  fraction  k  -f  — .  wherein  k\  is  one 
of  the  numbers  1,  •••,  9. 

In  the  latter  case,  let  6  *"  and  6  w  be  the  two  powers  between 
which  a  is  found  to  lie  ;  that  is, 

»+*»  »+»i±i 

«>    ^'<a<b     w^  . 
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Wherein  k  is  one  of  the  numbers  0,  1,  •••  9.    Then  x  lies  between 

ifc  4-  *i  and  A;  +  *L±1  . 

or,  A;  +  ^<x<it+^ijti. 

By  continuhig  the  process,  we  can  prove  that  a  either  is  equal  to  a 
power  of  the  form  6  lo  io»  ioj»^  or  lies  between  two  consecutive  powers 
6*'^io^io»'*"'"^io^,  and  6    w  i^     lo^. 

In  the  former  case,  a  =  b    ^  lo*       ^v  and  therefore 

a  rational  number. 
In  the  latter  case, 

and  therefore, 

10     102^      ^lOP^^        10^103         ^    lOi*  ^^ 

As  in  Ch.  XVIII.,  Art.  7,  we  may  designate 

^10     102^  lOp    ^  n 

and  A;  +  ^  4-  -^  +  •  •  •  +  ^^^  by  ^L±i. 

10     102  lOi*      ^      « 

The  relations  (1)  and  (2)  then  become 

6"  <«<&»»       (3),     and     ^ < x  < ??Llti.  (4) 

n  n 

It  follows,  from  the  nature  of  the  process  by  which  —  is  obtained, 

that  6«  increases,  but  remains  always  less  than  a,  and  therefore  becomes 

more  and  more  nearly  equal  to  a.  For  the  same  reason,  b  "  decreases, 
but  is  always  greater  than  a,  and  therefore  becomes  more  and  more 
nearly  equal  to  a. 

It  will  now  be  proved  that  as  n  increases  beyond  any  assigned  number, 

m  m+1 

however  great,  5**  and  b~^  dvS.fet  itcstsi  a  \ii  loss  than  any  assigned 
number,  however  small. 
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m  m+l  N 

For,  &"  and  b  "   differ  from  each  other,  tni  hence  from  a,  which  lies 
l>etween  them,  by  less  than  any  assigned  number,  however  small. 

At  the  same  time,  as  was  proved  in  Ch.  XVIII.,  Art.  7,  —  and  

n  n 

<lif[er  from  each  other,  and  therefore  from  a  common  limit  which  lies 

"between  them,  by  less  than  any  assigned  number,  however  small.    This 

common  limit,  therefore,  is  such  a  value  of  x  as  makes  6*  =  a. 

We  have,  therefore,  proved  that  for  given  values  of  a  and  b,  when 

6  >  1  and  a  is  positive,  there  is  a  definite  value  of  x  which  satisfies  the 

equation 

6"  =  a. 

(ii.)  When  6<  1  and  positive.   Then  1>1  and  positive.    Therefore, 
by  (i.)  there  is  a  value  of  x  such  that 


(i)-=- 

(!)•. 


Therefore,  there  is  always  a  value  of  z  such  that  &*  =  (!,  when  6  <  1 
and  positive. 

Logarithms. 

9.  The  value  of  x  which  satisfies  the  equation  &"=a  is  called 
the  logarithm  of  a  to  the  base  b. 

The  Logarithm  of  a  given  number  a  to  a  given  base  b  is,  there- 
fore, the  exponent  of  the  power  to  which  the  base  b  must  be 
raised  to  produce  the  number  a. 

E,g,,  since  2^  =  8,  3  is  the  logarithm  of  8  to  the  base  2 ; 
since  10*  =  100,  2  is  the  logarithm  of  100  to  the  base  10. 

10.  The  relation  &"  =  a  is  also  written  x  =  log^  a,  read  x  is 
the  logarithm  of  a  to  the  ba^e  6.     Thus, 

2«  =  8      and  3  =  log28, 
10^  =  100  and  2  =  logiol00, 

are  equivalent  ways  of  expressing  one  and  the  same  relation. 

U.  The  theory  of  logarithms  is  based  upon  the  idea  of 
representing  all  positive  numbers,  in  their  natural  order,  as 
pibwers  of  one  and  the  same  base. 
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Thus,  4,  8, 16,  32,  64,  etc.,  can  all  be  expressed  as  powers  o:£ 
a  common  base  2 ;  as  4  =  2*,  8=2^,  16  =  2*,  etc.     Since,  also, 
all  the  numbers  intermediate  between  those  given  above  can 
be  expressed  as  powers  of  2,  the  exponents  of  these  powers 
are  the  logarithms  of  the  corresponding  numbers. 

The  logarithms  of  all  positive  numbers  to  a  given  base  form 
what  is  called  a  System  of  Logarithms.  The  base  is  then  called 
the  base  of  the  system, 

12.  Neither  the  number  1,  nor  any  negative  number,  can  be 
taken  as  the  base  of  a  system  of  logarithms.  For,  since  any 
power  of  1  is  1,  it  is  evident  that  any  other  number  than  1  can- 
not be  represented  as  a  power  of  1. 

It  is  also  impossible  to  represent  all  positive  numbers  as  real 
powers  of  a  given  negative  number. 

It  follows  from  Art.  S  that  any  positive  number  except  1 
may  be  taken  as  the  base  of  a  system  of  logarithms. 

13.  The  following  properties  of  logarithms  evidently  follow 
from  the  properties  of  powers. 

(i.)  TJie  logarithm  of  1  to  any  base  is  0.  For  b^  =  1,  or 
log,l=0. 

(ii.)  The  loganthm  of  the  base  itself  is  1.  For  b^  =  b,  or 
logj  6  =  1. 

The  following  properties  of  logarithms  hold  when  the  base 
is  greater  than  1. 

(iii.)  The  logarithm  of  an  infinite  is  an  infinite.  For  6*  =  oo , 
or  logj  00  =  00  .  • 

(iv.)  The  logarithm  of  0  is  a  negative  infinite.  For  6-*=0, 
or  logft  0  =  —  00  . 

(v.)  The  logarithm  is  positive  or  negative,  according  as  the 
number  is  >  or  <  1. 

For  any  positive  number  >  1  lies  between  1  and  +  oo .    Therefore  its 
logarithm  lies  between  0  and  +  oo  ,  and  is  positive.    Any  positive  number 
<  1  lies  between  0  and  1  •,  lYietftiot^  \\s>  Vi^iMtv^km  lies  between  —  oo  and 
0,  and  is  negative.  j 
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14.  The  following  relation  will  be  found  useful : 

*^«6"  =  a. 
For  let  log5  o  =  x,  or  6*  =  o. 

Substituting  in  the  last  relation  log*  a  for  x,  we  have  h^^j,  a  =  a. 

The  truth  of  this  relation  is  self-evident.    It  asserts  that  the  logarithm 

of  a,  to  the  base  by  is  the  exponent  log(  a ;  but  the  italicized  words  are 

just  the  words  for  which  the  expression  log&  a  stands. 

EXERCISES  I. 

Express  the  following  relations  in  the  language  of  logarithms : 
1.  62  =  26.  2.  26  =  32.  8.  7*  =  343.  4.  3^  =  2187. 

6.  4*  =  266.  6.  3*  =  27.  7.  6*  =  125.  8.  S*  =  612. 

Express  the  following  relations  in  terms  of  powers  : 
9.  log8  81  =  4.     10.  log9  81  =  2.   11.  log4  64=3.       12.  log264=6. 
18.  log8  612  =  3.  14.  logs 729=6.   15.  log,  16= -4.  16.  logio.001= -3. 

Determine  the  values  of  the  following  logarithms  : 

17.  log2  32.  18.  log,  128.        19.  log2.6.  20.  log2.26. 

21.  log4  64.  22.  logei8.  23.  log2.125.         24.  logs .04. 

25.  log729  3.  26.  log8i26  5.        27.  Iog24oi7.  28.  logs  .03125. 

29.  log4. 15625.     80.  \og2T^j.       81.  loge4.5.  82.  log82.126. 

To  the  base  16,  what  numbers  have  the  following  logarithms  ? 
88.  0.  84.  i.  85.   -2.  86.  }.  87.  -J. 

Solve  the  following  equations  : 

88.  log2X  =  3.  39.  log2X  =  .5.  40.  log2X  =  T^. 

41.  logx  9  =  2.  42.  log,  27  =  -  3.  43.  log,  8  =  i. 

Principles  of  Logarithnui. 

15.  The  logarithm  of  a  product  is  equal  to  the  sum  of  the  loga- 
rithms of  its  factors;  or, 

log6  (m  xn)  =  log6  m  +  logt,  /i. 

Let  log5 w  =  X  and  log^ n  =  y; 

then        b'  =  m  and  ft*'  =  n,  and  therefore,  mn  =  b*b»  =6*+ir. 
Translated  into  the  language  of  logarithms,  this  result  reads 

logk(mu)  =  x-V\|. 
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But  X  =  logft  m  and  y  =  Iqgt  n, 

and  consequently 

\ogb(mn)  =  logft  m  +  log6  n, 

for  all  positive  values  of  5. 

This  result  may  be  readily  extended  to  a  product  of  any  number  of 
factors.    For, 

\ogb(mnp)  =  log*(wn)  +  logip  =  logj-m  +  log*  n  +  \ogip. 
And,  in  like  manner,  for  any  number  of  factors. 

E.g.    Given  log2  32  =  5,  and  log2  64  =  6;  what  is  the  loga- 
rithm of  2048  to  the  base  2  ? 
Since  2048  =  32  •  64,  we  have 

logj  2048  =  logj  32  +  logj  64  =  5  4-  6  =  11. 

16.  TJie  logarithm  of  a  quotient  is  equal  to  the  logarithm  ofth 
dividend  minus  the  logarithm  of  the  divisor;  or, 

log6  {m-i-n)  =  logb  m  —  log^  n. 
Let  logi  m  =  a;  and  logi  n  =  y ; 

then       6*  =  wi  and  by  =  n,  and  therefore  m  -j-  n  =  6*  h-  6*  =  h*-y. 
In  the  language  of  logarithms  the  last  equation  is 

logj  (m  -7-  n)  =  a;  —  y  =  logj  m  —  logjn, 
for  all  positive  values  of  h. 

E.g.     Given  logg  3  =  1  and  logg  2187  =  7,  what  is  the  loga- 
rithm  of  729  to  the  base  3  ? 

Since  729  =  ^^J^, 

we  have      logs  729  =  logs  2187  -  logg  3  =  7  - 1  =  6. 

17.  Both  m  and  n  may  be  products,  or  the  quotient  of  two 
numbers. 

^'9'y     logio  1^  =  logio  (4  X  5)  -  logio  (9  X  8) 
y  X  o 

=  logio  4  H-  logio  5  -  logio  9  -  logio  8. 

18.   The  logarittim  oi  \J[ie  ^^cv^^c^^"^  ^1  ^^^  number  is  the 
opposite  of  the  logaT\t\mi  ol  ^iJti^  ^^xns^^x. 
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^or,  logi  - = logi  1  -  logj  n 

n 

=  —  logi  iiy  since  logj  1=0. 
£-9^.,  loga  4  =  2,  and  loga  i  =  —  2. 

19.  The  logarithm  of  any  power,  integral  or  fractional,  of  a 
'^wmber  is  equal  to  the  logarithm  of  the  number  multiplied  by  the 
exponent  of  the  power;  or, 

log(mP)  =  plogm. 

Let  logi  m  =  X,  then  &«  =  w. 

Raising  both  sides  of  the  last  equation  to  the  pth  power,  we  have 
bP*  =  w,  or  logft  {mp)  z=px=p  logb  m, 

Ejg.,  if  logs  25  =  2,  what  is  logj  (25)»  ? 

We  have        log^  (25)8  =  3  log^  25  =  3  x  2  =  6. 

20.  When  the  exponent  is  a  positive  fraction  whose  numerar 
tor  is  1,  this  principle  may  be  conveniently  stated  thus : 

The  logarithm  of  a  root  of  a  number  is  the  logarithm  of  the 
number  divided  by  the  index  of  the  root. 

For,  logi  (w»)  =  ilog  m  =  !2SL!?. 

q  '  q 

E.g.,  U  log;  2401  =  4,  what  is  logy  V^^Ol  ? 

We  have 

logy  V2401  =  Jlogy2401  =  ^-4  =  2. 

2L  It  can  readily  be  seen  from  the  preceding  principles 
and  examples  that  if  the  logarithms  of  all  numbers  to  any  one 
base  are  given,  certain  numerical  calculations  can  be  greatly 
simplified  by  replacing  the  operations  of  multiplication  and 
division  by  those  of  addition  and  subtraction,  and  the  opera- 
tions of  involution  and  evolution  by  those  of  multiplication 
and  division. 
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Express  the  following  logarithms  in  terms  of  log  a,  log  6,  logc,  aik.^ 
logd: 

'■^'^'f-   '••''«ai-    "-'<   *-^^(ir- 

6.  logaVV^Vc.  e-»083^  .       '■  '""'^^ 

Express  the  following  sums  of  logarithms  as  logarithms  of  products  ^d 
quotients. 

8.   log  a  4-  log  6  —  log  c.  9.   log  a  -  (log  b  +  log  c). 

10.   31oga-Jlog(6  +  c).  11.   ilog(l-.aj)+Jlog(l+x). 

12.   21og?4-31og^.  18.   21oga-41og6  + Jlogc. 

0  a 

Given  logio2  =  .3010,  logio3  =  .4771,  logioS  =  .6990,  logio  7  =  .8451, 
find  the  values  of  the  following  logarithms,  to  the  base  10  : 


14.   log  5. 

15.   log 6.                 16.   logs. 

17.   log  9. 

18.   log  12. 

19.   log  36.               20.   log  108. 

21.   log  41. 

22.    log2f 

28.   log5f               24.   log5f. 

25.   log  360. 

26.   log  3072. 

27.   log  3500. 

28.    log  5880. 

29.    log  V7*^. 

80.    logVlSO. 

81.    logV^lS. 

"■  '°«^- 

38.   log  -V^i  X  V^Q^ 
^  ^72  X  ^8J 

84.   logimi. 
(11*)* 

Find  the  values  of  the  following  fractions : 

35.  \^^72. 
log  9 

86.    ^^S625. 
log  126 

87.   ^^^243 
log  3 

88.   Prove  that  the  ratio  of  the  logarithms  of  two  numbers  is  the  same 
for  all  bases. 

Systems  of  Logarithms. 

22.   The  two  most  important  systems  of  logarithms  are : 

(i.)  The  system  whose  base  is  10.      This  system  was  intro- 
duced, in  1615,  by  the  Englishman,  Henry  Briggs. 
Logarithms  to  the  base  10  are  called  Common,  or  Briggs's 
Logarithms. 
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(ii.)  The  system  whose  base  is  the  sum  of  the  following 
^^ifiiiite  series, 

1.1.        1 


"*"l"^1.2"^1.2.3"^1.2.3.4 


+ 


The  value  of  this  sum,  which  to  seven  places  of  decimals  is 
2.7182818,  is  denoted  by  the  letter  e. 

Logarithms  to  the  base  e  are  called  Natural  Logarithms; 
sometimes  also  Napierian  Logarithms,  in  honor  of  the  inventor 
of  logarithms,  the  Scotch  Baron  Napier,  a  contemporary  of 
Briggs.  Napier  himself  did  not,  however,  introduce  this  sys- 
tem of  logarithms. 

These  two  systems  are  the  only  ones  which  have  beea  gen- 
erally adopted ;  the  common  system  is  used  in  practical  calcu- 
lations, the  natural  system  in  theoretical  investigations.  The 
reason  that  in  all  practical  calculations  the  common  system  of 
logarithms  is  superior  to  other  systems  is  because  its  base  10 
is  also  the  base  of  our  decimal  system  of  numeration. 

The  logarithms  of  most  numbers  are  irrational,  and  thus 
approximate  values  are  used. 

PropertieB  of  Common  Logarithms. 

23.  In  the  following  articles  the  subscript  denoting  the 

base  10  will  be  omitted. 

We  now  have 

flO«=       1,  orlogl       =0, 

10^=      10,  or  log  10     =1 

102=    100,  or  log  100   =2 

1 103  =  1000,  or  log  1000  =  3; 


(a) 


W 


•           .           . 

10-1  = 

.1, 

«              • 

or  log 

•         • 

.1 

• 

-1; 

io-«= 

.01, 

or  log 

.01 

= 

-2; 

10-3  = 

.001, 

or  log 

001 

=s 

-3; 

10-^  = 

•            •            • 

.0001, 

•               • 

or  log 

•         • 

.0001 

•               • 

• 

-4; 

• 

Evidently  the  logarithms  of  all  positive  numbers,  except 
positive  and  negative  integral  poweta  oi  10,  ^Qv\%\%t  ^il  ^»Lva^Rr 
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gral  and  a  decimal  part.    Thus,  since  10^  <  86  <  10^,  we  hav^ 
1  <  log  85  <  2,  or  log  85  =  1  +  a  decimal, 

24.  The  integral  part  of  a  logarithm  is  called  its  Charact^.^ 
ifltic. 
The  decimal  part  of  a  logarithm  is  called  its  Mantissa. 


Since  a  number  having  one  digit  in  its  integral  part,  as 
7.3,  lies  between  10°  and  10\  it  follows  from  table  (a)  that  its 
logarithm  lies  between  0  and  1,  i.e.,  is  0+a  decimal.  Since  any 
number  having  two  digits  in  its  integral  part,  as  76.4,  lies 
between  10'  and  10*,  its  logarithm  lies  between  1  and  2,  that  is, 
is  1  +  a  decimal  In  general,  since  any  number  having  n  digits 
in  its  integral  part  lies  between  lO'*"^  and  10",  its  logarithm 
lies  between  n  —  1  and  n,  i.e.,  is  w  —  1  +  a  decimal.  We  there- 
fore have : 

(i.)  The  characteristic  of  the  logarithm  of  a  number  greater 
than  unity  is  positive,  and  is  one  less  than  the  number  of  digits  in 
its  integral  part. 

E.g.,  log  2756.3  =  3  -f  a  decimal. 

Since  a  number  less  than  1  having  no  cipher  immediately 
following  the  decimal  point  lies  between  10°  and  10~^,  it  follows 
from  table  (b),  that  its  logarithm  lies  between  0  and  —  1,  i.e., 
is  —  1  -f  a  positive  decimal.  Since  a  number  less  than  1 
having  one  cipher  immediately  following  the  decimal  point  lies 
between  10"^  and  10~*,  its  logarithm  lies  between  —  1  and  —2, 
i.e.,  is  —2-\-a  positive  decimal.  In  general,  since  a  number 
less  than  1  having  n  ciphers  immediately  following  the  deci- 
mal point  lies  between  10""  and  lO"^""*"'^,  its  logarithm  lies 
between  —  n  and  —  (n  + 1),  i.e.,  is  —  (n  +  1)  +  a  positive  dect-| 
mat.     We  therefore  have : 

(ii.)  The  characteristic  of  the  logarithm  of  a  number  less  thanil 
is  negative,  and  is  numerically  one  greater  than  the  numbei*oj\ 
ciphers  immediately  following  the  decimal  point. 

E,g.,  log  .000S5  =  —  4  -V  ^  (kcimaZ  fraction. 

It  follows  conyeiaeVy  itom  ^\.^  ^w^  i>:\>i  \ 
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(iii.)  If  the  characteristic  of  a  logarithm  he  -fw,  there  are  n-\-l 
digits  in  the  integral  part  of  the  corresponding  number. 

(iv.)  If  the  characteristic  of  a  logarithm  he  —  ?i,  there  are  n— 1 
ciphers  immediately  following  the  decimal  point  of  the  correspond- 
xng  numher. 

26.  It  has  been  found  that  538  =  lO^-^**  to  four  decimal 
places,  or  log  538  =  2.7308.     We  also  have 

log  .0538  =  log  ylff^  =  log  538  -  log  10000  =  2.7308  -  4 
=  .7308  -  2  ; 

log  5.38  =  log  f^  =  log  538  -  log  100  =  2.7308  -  2 
=  .7308 ; 

log  53800  =  log  (538  x  100)  =  log  538  -h  log  100 
=  2.7308  +  2  =  4.7308. 

These  examples  illustrate  the  following  principle: 

If  two  numbers  differ  only  in  the  position  of  their  decimal 
points,  their  logarithms  have  different  characteristics  hut  the 
same  positive  mantissa. 

If  n  denote  the  number  of  places  through  which  the  decimal  point  has 
been  moved  in  a  given  number  a,  we  have 

log  (a  10«)  =  log  a  +  n  log  10  =  log  a  +  n, 
and  log  (a  -f- 10«)  =  log  a  — n  log  10  =  log  a  —  n, 

since  moving  the  decimal  point  a  given  number  of  places  to  the  right  or 
left  is  equivalent  to  multiplying  or  dividing  by  a  power  of  10. 

27.  The  characteristic  and  the  mantissa  of  a  number  less  than 
1  may  be  connected  by  the  decimal  point,  if  the  sign  (— )  be 
written  over  the  characteristic  to  indicate  that  the  character- 
istic only  is  negative,  and  not  the  entire  number. 

Thu^  instead  of  log  .00709  =  .8506  -  3  =  -  3  -h  .8506,  we  may 
write  3.8506 ;  this  must  be  distinguished  from  the  expression 
—  3.8506,  in  which  the  integer  and  the  decimal  are  both 
negative.     Similarly, 

log  .082  =  2.9138,  while  log  820  =2^1^. 
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28.  The  logarithms,  to  the  base  10,  of  a  set  of  consecutive 
positive  numbers  have  been  computed.  The  student  is  referred 
to  Tables  of  Logarithms,  and  to  works  on  Trigonometry,  for 
specific  directions  in  the  use  of  logarithms. 

29.  The  following  relation  is  sometimes  useful : 

log^a.log„6  =  l. 
If  logi  a  —  x  and  log«  h  =  y, 

we  have  6*  =  a    (1)    and    a¥  =  b.    (2) 

Raising  (1)  to  the  yth  power,  we  obtain 

b'f  =  a>f,  =  b. 
Therefore  a;y  =  1,  or  logj  a  •  log«  6. 

30.  If  the  logarithms  of  any  system  (i.e.,  to  any  base)  have  been 
calculated,  the  logarithms  of  any  other  system  (i.e.,  to  any  other  base) 
can  be  easily  obtained  from  them. 

Let  loga  N=x   and  logt  N'=y  ; 

then  N  =  a'  and         N  =  bK 

Consequently,  a'  =  6*. 

The  last  equation  is  equivalent  to 

X  =  loga  b»  =  y'  log«  b  ; 

X  1 

therefore,  y  = = •  x. 

loga  b     loga  b 

Hence,  to  transform  'the  logarithm  of  a  number  from  base  a  to  base  6, 
divide  it  by  loga  6,  t'.e.,  the  logarithm  of  the  new  base  to  the  old  base.       ' 

It  follows  that  if  the  logarithms  of  any  system  (say,  to  base  a)  have 
been  calculated,  the  logarithms  of  any  other  system  (say  to  base  b)  are 
obtained  by  multiplying  each  logarithm  of  the  first  system  by  the  constant 

number .    The  latter  number  is  called  the  Modulus  of  the  svstem 

loga  b  -^ 

b  with  respect  to  the  system  a. 

31.  If  the  natural  logarithm  of  a  number  iV  be  denoted  by  n  and  its 
common  logarithm  by  m,  then 

JV=€»»=  10"». 
From  this  equation  we  obtain 

n  logio  e  —  m  logio  10  =  m, 

1                              1 
or  71  = ; •  m  = .  m. 

logio  e  logio  2.7182818... 

The  value  of  logio2.71%^?>\%...  *\^  Vsvc^^tl  to  be  .4342045,   to  seven 
places  of  decimals. 


..  i" 
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Consequently,  n  = x  m  =  2.3025851  x  m, 

.4842945 

or  loge  iV  =  2. 3025851  logio  N, 

The  number  2.3025851  is  therefore  the  modulus  of  the  natural  system 
with  respect  to  the  common  system  of  logarithms,  i.e.,  is  the  number  by 
which  each  logarithm  of  the  common  system  must  be  multiplied  in  order 
to  give  the  logarithms  of  the  natural  system. 

Similarly,  logio  N  =  0.4342945  logio  iV, 

or,  4342945  is  the  modulus  of  the  common  system  with  respect  to  the 
natural  system  of  logarithms. 

EXERCISES  III. 

Given  log  2  =  .3010,  log  3  =  .4771,  log  7  =  .8451,  find  the  logarithms  of 
the  following  numbers  ; 

1.    .2.  2.    .002.  3.   600.  4.    7000.  5.   .0003. 

6.  ?2.  7.   -5.  8.   'M.  9.  ^'  10.   :205?. 

.3  20  .002  .0219  .0072 

Determine  the  number  of  integral  places  in  the  following  powers  : 
11.    2>oo.  12.    76 >:  13.    5i'>o\  14.  294»w. 

Exponential  and  Logarithmic  Equations. 

32.  An  Exponential  Equation  is  an  equation  in  which  the  unknown 
number  appears  as  an  exponent  of  a  known  or  an  unknown  number; 
as,  a'  =  h. 

A  Logarithmic  Equation  is  an  equation  in  which  the  logarithm  of  the 
unknown  number,  or  of  an  expression  containing  the  unknown  number, 
enters  ;  as,  log(a;  +  1)  =  2. 

The  solutions  of  certain  forms  of  exponential  and  logarithmic  equations 

will  be  considered. 

Exponential  Equations. 

33.  Ex.  1.     Solve  the  equation  3'  =  9. 
Taking  logarithms,      ac  log  3  =  log  9  =  2  log  3. 
Hence  x  =  2. 

This  result  Qould  have  been  obtained  by  inspection,  by  writing  3*  =  3^. 

Ex.  2.     Solve  the  equation       3*  =  5. 

Taking  the  logarithms  of  both  sides  of  the  equation,  we  have 

xlog3=log6,    or    «  =  !^  =  ?:5??2=  1.465.      . 
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Ex.  3.   Solve  the  equation  9^/(*+l)  =  27  . 3/(«+i). 
Replacing  9  by  3^,  and  27  by  3*,  we  obtain 

Hence  2^{x  +  1)  =  3  +  y/(x  +  1), 

or  X  =  8. 

Ex.  4.  Solve  the  equation  4 .  5*+i  —  6*  =  96. 

Since  5*+^  =  6.5*, 

we  have  4  •  6  •  5*  —  6*  =  96, 

or  19 .  5*  =  96 ; 

whence  6*  =  6,   or  ac  =  1. 

Ex.5.  Solve  the  equation  10 -2* -2^*  =  16. 

Since  2^*  =  (2*) 2,  we  solve  the  equation  as  an  equation  in  2*  as  the 
unknown  number.     Replacing  2*  by  y,  we  obtain 

y2  -  10  2/  =  -  16  ; 

whence  y  =  8  and  2. 

We  therefore  have  the  two  exponential  equations : 

2*  =  8,  or  a:  =  3, 

and  2*  =  2,  or  a;  =  1. 

Ex.  6.    Solve  the  equations  2* .  3*  =  18  •..,  (1) 

6«.7i'  =  246  ....  (2) 

Taking  logarithms,  we  obtain  from  (1) 

a:  log  2  -f  y  log  3  =  log  18,  (3) 

and  from  (2)  x  log  5  +  y  log  7  =  log  245.  (4) 

From  (3)  and  (4),  we  have 

log  7  .  log  18  -  log  3  .  log  245      , 
log  7  •  log  2  —  log  3 .  log   5         ' 

-  log  5  •  log  18  4-  log  2  .  log  245 
^  ~      log  7  •  log  18  -  log  3  .  log    5    ~ 

This  example  could  also  have  been  solved  by  inspection. 

Since  18  =  2  •  3^  and  245  =  5  •  7% 

we  have  ^^^  .  3^  =  2  .  32,  (5) 

2/y  =  5  .  72.  (6) 

Assuming  tentati^^^^K  and  y  =  2  in  equation  (5),  we  see  that 
these  values  also  s^^^^^Hjbn  (6). 
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Logarithmic  Equations. 

34.   Ex.  1.   Solve  the  equation   Jlog(x  —  9)-f  \bgy/('2x  -  1)=  1. 

By  the  principles  of  logarithms,  we  obtain  successively 

log  V(«  -  »)  +  log  VC^  «  -  1)  =  log  10, 
logV[(«  -  9) (2 «  -  1)]  =  log  10. 
Therefore  V[(«  -  9) (2  a  -  1)]  =  10, 

or  2x2-19a;  +  9  =  100. 

The  roots  of  this  equation  are  —  13  and  J. 

Ex.  2.   Solve  the  equation 

log(x  +  12)  -  logx  =  0.8461  +  log(6  -  6x). 

By  the  principles  of  logarithms, 

log^-±J2  ^  log  7/6  _  5^.^^  since  0.8161  =  log  7. 

X 

Consequently  ?_±i?  =  42-36  x, 

X 

or  x+12=42x-36x«. 

The  roots  of  this  equation  are  ^  and  \\. 

Ex.  3.   Solve  the  equation  x'o«*  =  100  x. 
Taking  logarithms,  we  obtain 

(logx)2  =  log  100  +  logx, 
or  (log  x)  2  —  log  X  =  2. 

Solving  this  equation  as  a  quadratic  in  log  x,  we  obtain 

logx  =    2,  or  X  =  100; 
logx  =  -l,  or  x  =  ^. 

EXERCISES  IV. 

Solve  the  following  exponential  equations : 

1.   2' =  64.  2.   3»  =  81.  8.   2'-i  =  .52*-*. 

4.    {\\y  =  .75«-3.  5.   43X-1  =  .5.-5.  ^.   4x  =  8. 

7.  8' =  32.  8.  6'=(v6)-^  9.   4'H  =  8.2'+«. 

10.  2&^»-'  =  626 .  6'+3.  XI.    7v^(»-«)  =  343  •  49v'(«-3). 

12.  27J'('-8)=(v3)«v^('+3).  13.    v'«"~'=«*  '• 

14.  ^a'+2  =  ^a'-3.  15.    ^a'+«  =  V«'"'. 

16.  4»-6.2»  +  8  =  0.  17.  9«  +  248  =  36.8«. 
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Given  log  2  =  .3010,  log  3  =  .4771,  log  5  =  .6990,  log  7  =  .8461,  solve  the 


following  equations : 

18.  10- =  6. 
21.  1000*  =  6.3. 

3*  .  6»  =  76, 

2*  'l9z=  98. 


19.  6'  =  10. 
82.  (J)»  =  f 

^    f  14«  .  By  =  896, 
I    6*  .  91^  =  406. 


20.  lOO' 
28.  (i)« 


26. 


x^  = 


8. 
i- 


y2  =  x^. 


Solve  the  following  logarithmic  equations : 

27.  logx  +  log(x  +  3)  =  1.  28.  log4  +  21ogx  =  2. 

29.  logs  +  31oga;  =  3.  80.  2 logx  =  1  +  log (x  +  H)- 

81.  log  V(7  X  +  6)  +  log  v/(2  X  +  3)  =  1  +  logf. 

82.  log (7  -  9x)2  +  log(3x  -  4)2  =  2. 

88.   log  (x  +  V«)  -  log  (x  —  v^x)  =  log  4  —  log  x2  —  log  x. 

84.   L«^£^L_  =2.      85.     log(2«^-3)       .        ^    log(35-x3) 

log  (3  X  -  16)  log  (4  x2  -  16)     ^  log  (5  -  X) 


c 


